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PREFACE 


THE present work is based on lectures which the autho is 
accustomed to give at Yale University on advanced calculus and 
the theory of functions of real variables. It falls in two volumes, 
and the following remarks apply only to the first. 

The student of mathematics, on entering the graduate school of 
American universities, often has no inconsiderable knowledge of 
the methods and processes of the calculus. He knows how to 
differentiate and integrate complicated: expressions, to evaluate 
indeterminate forms, to find maxima and minima, to differentiate 
a definite integral with respect to a parameter, etc. But no em- 
phasis has been placed on the conditions under which these pro- 
cesses are valid. Great is. his surprise to learn that they do not 
always lead to correct results. Numerous simple examples, how- 
ever, readily convince him that such is nevertheless the case. 

The problem therefore arises to examine more carefully the 
conditions under which the theorems and processes of the calculus 
are correct, and to extend as far as possible or useful the limits of 
their applicability. 

In doing this it soon becomes manifest that the style of reason- 
ing which the student has heretofore employed must be abandoned. 
Examples of curves without tangents, of curves completely filling 
areas, and other strange configurations so familiar to the analyst 
of to-day, make it clear that the rough and ready reasoning which 
rests on geometric intuition must give way to a finer and more 
delicate analysis. It is necessary for him to learn to think in the 
e, © forms of Cauchy and Weierstrass. 

We have here the beginnings of the theory of functions of real 
variables, and the twofold problem just sketched characterizes 
sufficiently well the subject-matter and form of treatment of the 


present volume. 
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To obtain a foundation, the author has begun by developing the 
real number system after the manner of Cantor and Dedekind, 
postulating the theory of positive integers. To obtain sufficient 
generality, he has employed from the start the more simple prop- 
erties of point aggregates. No attempt, however, has been made 
to state every theorem with all possible generality. The author 
has allowed himself a wide liberty in this respect. Some theorems 
are stated under very broad conditions, while others are enunciated 
under extremely narrow ones. Some of these latter will be taken 
up later on. 

Two features of this volume may be mentioned here. In the 
first place, the Euclidean form of exposition has been adopted. 
Each theorem with its appropriate conditions is stated and then 
proved. Without doubt this makes the book less attractive to 
read, but on the other hand it increases its usefulness as a book of 
reference. One is thus often saved the labor of running through 
a complicated piece of reasoning to pick up sundry conditions 
which have been introduced, sometimes without any explicit 
mention, in the course of the demonstration. 

Secondly, numerous examples of incorrect forms of reasoning 
currently found in standard works on the calculus have been 
scattered through the earlier part of the volume. It is the 
author’s experience that nothing stimulates the student’s critical 
sense so powerfully as to ask him to detect the flaws in a piece of 
reasoning which at an earlier stage of his training he considered 
correct. 

A few new terms and symbols have been introduced, but only 
after long deliberation. It is hoped that their employment suffi- 
ciently facilitates the reasoning, and the enunciation of certain 
theorems, to justify their introduction. It may be well to note 
here the author’s use of the word “any” in the sense of any one 
at pleasure, and not in the sense of some one. The words “ each,” 
“every,” “some,” “any,” are often used in an indiscriminate 
manner, and to this is due a part of the difficulty the beginner 
experiences in modern rigorous analysis. 

No attempt has been made to attribute the various results here 
given to their respective authors. That has been rendered un- 
necessary by the very full bibliographies of the Encyclopddie dey 
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Mathematischen Wissenschaften. The author feels it his pleasant 
duty, however, to acknowledge his large indebtedness to the writ- 
ings of Jordan, Stolz, and Vallée-Poussin. He hopes, however, 
that it will be found that he has not used them servilely, but in an 
individual and independent manner. 

Finally, he wishes to express his hearty thanks to his friend 
Professor M. B. Porter, and to his former pupil Dr. E. L. Dodd, 
for the unflagging interest they have shown during the composi- 
tion of this volume and for their many and valuable suggestions. 


JAMES PIERPONT. 
New Haven, Conn., August, 1905. 
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A list of some of the mathematical terms and symbols employed in this 
work will be found at the end of the volume. 
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FUNCTION THEORY OF REAL 
VARIABLES 


CHAPTER I 
RATIONAL NUMBERS 
Historical Introduction 


1. The reader is familiar with the classification of real numbers 
into rational and irrational numbers. The rational numbers are 
subdivided into integers and fractions. 

Besides the real numbers there is another class of numbers 
currently employed in modern analysis, viz. complex or imaginary 
numbers. In this work we shall deal almost exclusively with 
real numbers. 

Historically, the first numbers to be considered were the posi- 
tive integers 1, 2, 3, 4, 5, 6,... (¥ 

We shall denote this system of numbers by &. 

It is not our intention to develop the theory of these numbers ; 
instead, we shall merely call attention to some of their funda- 
mental properties. * 

In the first place, we observe that the elements of & are ar- 
ranged in a certain fixed order; that is, if a, ) are two different 
numbers, then one of them, say a, precedes the other 6. This we 
express by saying that a is less than 6, or that 6 is greater than a. 
In symbols peak Fo 


* For an extended treatment of this subject we refer to the excellent work of O Stolz 
and J. A. Gmeiner, Theoretische Arithmetik, Leipzig, 1900. 
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We say the system % is ordered. Furthermore, if a=b, b=¢, 
then a=c. Also if a=6 and b>e, then a>c. Also if a>, 
b>c, then a>e. Secondly, we observe that the system (} is 
infinite; after each element a follows another element, and so on 
without end. 

On the elements of § we perform four operations, viz. addition, 
subtraction, multiplication, and division. They are called the 
four rational operations. Of these operations, two may be re- 
garded as direct, viz. addition and multiplication. The other two 
are their inverses, viz. subtraction, the inverse of addition; and 
division, the inverse of multiplication. 

The formal laws governing addition are: the associative law, 
expressed by the formula 


a+(b+c)=(a+b) +e; 
and the commutative law, expressed by 
at+b=b+a, 
As regards the position of a +6 in the system 3, relative to a or 


6, we | 
pb ks Qa ORON NOs 


We have also the relation 
bh a) bait os 


The formal laws governing multiplication are the three fol: 
lowing : 


The associative law, expressed by 
a-be=ab-e. 
The distributive law, expressed by 
(a+b)e=ac + be, a(b+c)=ab+ae. 
The commutative law, expressed by 
ab = ba. 
We have also the relation, with respect to order, 


G0 0b lind. 
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Another important property is this: 
If ac=be, then a=6b. 


The result of subtracting 6 from a is defined to be the number 
x in }, satisfying the relation 


@=b- x. 


But when a2), no such number exists in &. 
Similarly, the result of dividing a by 6 is defined to be the 
number z in &, satisfying the relation 


= bo. 


If, however, a is not a multiple of 6, no such number exists in . 

Thus when we limit ourselves to the number system %, the two 
operations of subtraction and division cannot always be _per- 
formed. In order that they may be, we enlarge our number 
system by introducing new elements, viz. fractions and negative 
numbers. 

The introduction of fractions into arithmetic was comparatively 
easy; on the contrary, the negative numbers caused a great deal 
of trouble. For a time negative numbers were called absurd or 
fictitious. That the product of two of these fictitious numbers, 
—aand —6, could give a real number, +a6, was long a stumbling 
block for many good minds. 

The introduction of irrational numbers, z.e. numbers dike 


V9, V5, 1=8.14159--, ¢= 2.7182 ..., 


never excited much comment. In actual calculations one used 
approximate rational values, and it was perfectly natural to sub- 
ject them to the same laws as rational numbers. It is true that 
the Greeks of the time of Euclid were perfectly aware of the 
difficulties which beset a rigorous theory of incommensurable 
magnitudes ; witness the fifth and tenth book of Euchd’s Ele- 
ments. But these subtle speculations found little attention during 
the Renaissance of mathematics in the seventeenth and eighteenth 
centuries. The contemporaries and successors of Newton and 
Leibnitz were too much absorbed in developing and applying the 
‘nfinitesimal calculus to think much about its foundations. 
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At the close of the eighteenth*and the beginning of the nine- 
teenth centuries a change of attitude is observed. Gauss, La- 
grange, Cauchy, and Abel called for a return to the rigor of the 
ancient Greek geometers. Certain paradoxes and even results 
obviously false had been obtained by methods in good repute. It 
became evident that the foundations of the calculus required a 
critical revision. 

Abel in a letter to Hansteen in 1826 writes: * “I mean to 
devote all my strength to spread light in the immense obscurity 
which prevails to-day in analysis. It is so devoid of all plan and 
system that one may well be astonished that so many occupy 
themselves with it, —what is worse, it is absolutely devoid of 
rigor. In the higher analysis there exist very few propositions 
which have been demonstrated with complete rigor. Every- 
where one observes the unfortunate habit of generalizing, without 
demonstration, from special cases; it is indeed marvelous that 
such methods lead so rarely to so-called paradoxes.” 

In another place he writes: + “I believe you could show me 
but few theorems in infinite series to whose demonstration I could 
not urge well-founded objections. The binomial theorem itself 
has never been rigorously demonstrated. . . . Taylor’s expan- 
sion, the foundation of the whole calculus, has not fared 
better.” 

The critical movement inaugurated by the above-mentioned 
mathematicians found its greatest exponent in Weierstrass. It 
is no doubt largely due to his teachings that we may boast to-day 
that the great structure of modern analysis is built on the securest 
foundations known; that its methods have attained, if not sur- 
passed, the justly famed rigor of the ancient Greek geometers. 
The saying of D’Alembert, “ Allez en avant, la foi vous viendra,” 
has lost its force. To-day, it is not faith that is required, but a 
little patience and maturity of mind. 

As Weierstrass has shown, it is necessary, in order to place 
analysis on a satisfactory basis, to go to the very root of the 
matter and create a theory of irrational numbers with the same 
care and rigor as contemplated by Euclid, in his theory of incom- 
mensurable magnitudes, only on a far grander scale. It is too 


* Abel, Quvres, 2° ed., Vol. 2, p. 263. t Abel, /.c., p. 257. 


FRACTIONS 5 


early to make the reader see the necessity of this step, but it will 
appear over and over again in the course of this work. 


Fractions 


2. Before taking up the theory of irrational numbers, we wish 
to develop in some detail the modern theory of fractions and 
negative numbers. We shall rest our treatinent of these numbers 
on the properties of the positive integers 3, which we therefore 
suppose given. One of these properties, on account of its impor- 
tance, deserves especial mention, viz.: 


Lf the product ab is divisible by c, and if a and e are relatively 
prime, then b is divisible by ec. 


3. Let us begin with the positive fractions. As we saw, divi- 
sion of a by 6, where a, 6 are two numbers in 9, is not possible 
unless @ is a multiple of 6. Our object is therefore to form a new 
system of numbers, call it ¥, formed of the numbers of & and cer- 
tain other numbers, in which division shall be always possible. 

We start by forming all possible pairs of numbers in Y. These 
pairs we represent by the notation 


O(a Gd) 8 = (0; U1) =<: 


In any one of these pairs, as «=(a, a’), we call a the first con- 
stituent and a! the second constituent of «. 

The system § consists of the totality of these pairs «, £, --- 

The elements of § we have represented by the symbol (a, a’). 
Any other symbol would do. The customary ones are a/d and 
ae0. 

We have purposely avoided these symbols, so familiar to the 
reader, in order that his attention shall be more closely fixed on 
the logical processes employed. 


4. The objects of § have as yet no properties ; we proceed to 
assign them one arithmetic property after another, taking care 
that no property shall contradict preceding ones. We begin by 
setting § in relation to §. We say: (a,a’) shall be a number e, 
in 3, when a=a'e. Thus, any element of & whose first constituent 
is a multiple of its second, is an element of 3, i.e. a positive integer. 
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From this follows that every number a of $ lies in J. For, 
(a, 1) lies in §. On the other hand 


(a1) = 4: 
Hence a lies in §. 


5. We define next the terms, equal, greater than, less than. 


Let Ce (a). ia Cbsnah) 


pee Pa 
We say: as 


We observe that to decide the equality or inequality of two 
elements in §}, the operations required are on the elements of %. 


8 according as ab! = a'b. 


6. We deduce now some of the consequences of the above defi- 
nition of equality and inequality. In the first place, suppose @, P 
both he in §; 7.e. let 


a= (ae', @) =a, A ==. (00'., 00) = 0, 


by 4. Now, according to the definition in 4, 
according as 


that is, according as 


Thus, when @ considered as a number of 3, equals 8 considered 
as a number of 3, the two are equal, considered as numbers in §, 
and conversely. 


y Path 8 a=, B=y, then a=8. 

For, let a= (a, a’), B=(b, b'), y=(e, e'). 

Since a=vy, ac’=a'e, by 5. el 
Since B=y, be! = ble. (2 
Multiply 1) by 6’, and 2) by a’ and subtract. 

Then ab'c! = a'be'. 


oe a! = 'b, ate = 
by 6. ‘ ell 
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8. The two numbers (ma, ma’) and (a, a’) are equal. 


This follows at once from the definition in 5. From this fact 
we conclude: We can multiply the first and second constituent of a 
number without changing its value. 


Conversely: 
If the first and second constituents of a number have a common 
factor, it can be removed without changing the value of the number. 
9. Let a, a' be relative prime. For a=(a, a') and B=(b, b') 
to be equal, it is necessary and sufficient that 
= ta, 6! = ta’. al 
Obviously if 1) holds, ~= 8. The condition 1) is thus sufficient. 
It is necessary. For, from «= £, we have 
ab' =a'b. (2 
We apply now the property mentioned in 2. Since a’6 is 


(livisible by a, by virtue of 2); and since a, a' are relative prime, 
6 must be divisible by a. Say 


ate (3 
Similarly, since ad! is divisible by a’, and a, a' are relative prime, 
b' must be divisible by a’. Say 
Peale (4 
Putting 3), 4) in 2), we get s=¢. 
Hence 3), 4) give now 1). 


10. Our next step is to define the four rational operations on 
the elements of ¥. 
We begin by defining the two direct operations. 


Let a=(a, a), B=(6, 6"). 
We define addition by the equation, 
a+ B=(ab'+a'b, a'b'); ad 


and multiplication, by 


a8 =(ab, ab’). (2 
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It can be shown that the operations just defined enjoy the same 
properties as those of ordinary fractions. Without stopping to 
show this in detail, we demonstrate a few of these properties, by 
way of illustration. 

11. Let «, 8 lie in 3; and say 

c= (ad, a) =a, B=a(bdl bry —16. 
Then « + @, as defined in 10, 1), should give a+6; and ef, as 


defined in 10, 2), should give ad. 
This is indeed so. For 


a+ B=(aa'b' +a'bb', a'b'), by 10, 1) 
=(a+6,1), by 8 
=a+6, by 4. 


Similarly, 
a+ B= (aa'bd', a'b'), by 10, 2) 


== 10sg i) DYES 

= ab, by 4. 
12. From ay = By, follows «= B. 
For, let y=(e, c'!); we have: 

ay =(d, a')(¢, ¢) = (ae, a'c'), by 1072) 
By (0, 0h) Come ie (be. bie). 
Since by hypothesis wy = By, we have 
ach'c' = ale'be, by 5. 
S20 =O. 


-. a= 8B, by 5. 


13. We establish now the following relations: 
1) «+8>«. 
2) If B>y, then «+ B>a+y. 
3) If «+ B8=a+y7, then B=y. 
4) If «>B8 and B>y, then a>y. 
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To prove 1): 
a+ B=(a, a’')+(b, b')=(ab' +a’b, a'b'), by 10, 1). 
But a'(ab! + a'b)>aa'b’. 
“. e+ B8>a, by 5. 
To prove 2): 
a+ B=(ab' +a'b, a'b') 


=(aver abe, abc), bys. é: 
Similarly, 
a+97=(ae'+a'e, a'c’) 


= (ab'e! + a'lb'e, a'b'c'). (5 
By hypothesis 8>y; hence, by 5, 
bee b ec. (6 


Comparing 4), 5), we see the second constituents are equal, 


while the first constituent in 4) is greater than the first constituent 


in 5), by virtue of 6). From this follows, by 5, that a+B>a+/¥, 


which is 2). 
To prove 3): 
Suppose the contrary; then since 8#y, either B>y or B<y¥. 
If B>y, then a+ B>a+¥, by 2). ae 
If B<y, then e+y>a+ 8, by 2). (8 


But both 7), 8) contradict the hypothesis that «+ S=«+y. 
To prove 4): 

Since «> B, ab! >a'b. (9 
Since B>y, be! > ble. (10 


From 9), 10) we have 
abb'e' > a'bb'e; 


whence ae!>a'e. 


Hence, by 5, 
a>y. 
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14. As an illustration of the demonstration for the formal laws 
governing addition and multiplication, let us show that the dis- 


tributive law holds in §. We wish to prove that 


1) a(B + ¥) = «8 + ay. 

Now B+y=Cbe' +8'c, b'c'), by 10, 1). 
a(B+y)=(a, a’): (be! +b'c, b'e') 

2) =(abe' +ab'c, a'b'c'), by 10, 2). 

Also 


w= (ab) 05) Ov==( ded ). 


2. «8 + ay =(aa'be' + aa'b'e, a'b'e') 


3) =(abe' + ab'c, a'b'c'), by 8. 


The comparison of 2), 3) gives 1). 


15. We turn now to the inverse operations, subtraction and 


division; considering first dzvision. 


We define the quotient of « by 8 to be the element or elements, 


&, if any exist, of § which satisfy the relation 
Deore 
Set &= (a, 2’). Since & must satisfy 1), we have 
(a4) =, 6) @ 2) =Cz,0'2'): 
The first and third members give, by 5, 


ab'a' = a'bz, 
which z, z’ must satisfy. 
A solution of 2) is obviously 


2= ab’, z'=a'b. 


Thus, 
E= (alah) 


is a solution of 1). This is the only solution of 1). 


pose 7 is a solution. Then by definition 
“a= Bn. 
BE = Bn, 


f=». 


Then 1), 8) give, by 7, 
which gives, by 12, 


qd 


For, sup- 


(3 
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16. The quotient of « by £, we shall now represent by «/f. 
All the numbers of § may be regarded as quotients of numbers 
in §. For, let e=(a, a’) be any number of §. It evidently 
satisfies the equation a=a'z, 
which, as we have just seen, admits only one root, viz. the quotient 
of a by a’. 

Hence t=(.a)—0/a', 


Thus the elements or numbers in § are ordinary positive frac- 
tions. 


17. We have now this result. In the system %, division is 
always possible and unique. In the old system 3, this is not 
true; the division of a by 6 being only possible when a is a 
multiple of 6. We see, then, that, on properly enlarging our 
number system by introducing new elements, we obtain a system 
@ which has this advantage over %, that the quotient of any two 
oumbers in ¥ exists and is unique. 


18. We treat now subtraction. 
We define the result of subtracting 8 from « to be the element 
or elements, call them &, in %, which satisfy the relation 


a=f +E. a 
If 8 S a, tnere exists no number £ in § which satisfies 1). For, 
BP at B+&=a+ >a, by 13,1). 
If 8 >a B+E>at & by 13, 2). 
Also a+é&>a, by 13,1). 


- B+&>«, by 13, 4). 
Thus when 8S a4, 8 + &>a, and hence 8 + &#a, 
Suppose then, that B<«. Then 
ab' > a'b. (2 
From 1), we have, setting & = (z, 2’); 
(a, a') = (6, b') +, 2’) 
= (hz' +h'z, b'z'), by 10, 1). 
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Hence by 5, observing 2), 
a'b'a = v' (ab! —a'b). (3 
A solution of 8) is evidently 


z= ab'—ab, ze =a'd'. 
Hence 
E = (ab! —a'b, a'b') 
is a solution of 1). 
This is the only solution; for if 7 is a solution, we have, by 


definition, 


a=B+y. (4 
The comparison of 1), 4) gives 
feces = (8 a= i 


Hence, by 13, 3), 
E= 7. 


19. We have thus this result: In the system %, the subtraction 
of 8 from «@ is possible and wnique, when a > 8; when « < 8, it is 
impossible. That is, there is no number & in § which satisfies 18, 
1). When subtraction is possible, we represent the result of sub- 
tracting 8 from « by « — B. 


Negative Numbers 


20. In the system of positive fractions §, subtraction is only 
possible when the minuend is greater than the subtrahend. To 
remove this restriction, we propose to form a new number system 
F, which contains all the numbers of §; and in which subtraction 
of a greater from a less shall be possible. Since the method of 
forming # is identical with that employed for %, we shall be more 
brief now. The numbers in § we now denote by a, 6,¢,... , 
while the Greek letters a, 8, y, . . . shall denote numbers in the 
new system f. 


21. 1. We begin by taking the elements of § in pairs, to form 
new objects, which we denote by the new symbol fa, 6}. The 
totality of all such pairs forms the system R. 

Next, we place # in relation to §. Let a= fa, bt. In case 
a> 6, we say « shall be the number a — 6, which obviously lies in 
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&§- Thus every number in § lies in R. For, let a be any number 


in §, and let 6 be any other number in §. Then 
ja+6,b}=(a+b)—b=a; 
that is, a lies in R. 
2. We next order the system R. We say 


fa, a} = 5b, b', 
according as 
a+ Za +b. 


3. Addition is defined by the relation 


a+ B= ja,a'} + jb, 6 = fa+b, a’ + 6}. 


Multiplication is defined by 
a-B = Sab+a'b', ab’ +a'bi. 
4, As a consequence of 1), we have 
fa, a't = fa+b,a' + Bb}, 
where 0 is any number in @&. 


In words, 4) states : 


qd 


é 


(4 


We can add the same number b to both constituents of « = fa, a'} 
without changing the value of «; and if a, a' are both > b, we can 


subtract b from both constituents, without altering the value of «. 


5. It is easy now to prove results analogous to those in 6, 7, 11, 
14; in particular the associative, commutative, and distributive 


laws. 


22. According to our definition of equality, all the elements 
of R whose first and second constituents are the same, 7.e. all 


elements of the type 
fa, a, 
are equal. We set 
fa, as = 0, 
and call this number zero. 
(lien tian ¢ = a,c |, 
Ge ofan > 03 


i da, ely: 
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Numbers in R which are > 0, are called positive ; those < 0, are 
called negative. The number 0 is neither positive nor negative. 
From this, it follows that the positive numbers of # are simply 
the numbers of §; while 0 and all negative numbers do not lie 


in %. 
23. 1. We observe that 


«+0=a=0+42, qd 
a-0=0=0-a, e 
To prove 1). 
Let Ceand. at wei Ot. 
Then a+0=fa+, a’ +6}, by 21, 3; 


=ia0d |. bywl. 43 
— &, 


To prove 2). 
a-O0= fab+a'b, ab+a'b} 


2. We also note the relations 


0+0=0, 0-0=0. 


24. We can prove now easily the Rule of signs. The product of 
two positive or two negative numbers is positive. The product of a 
positive and a negative number is negative. 


Let Oe iat te aa Sb, OFF. 
193 a, B>0, then «B>0. 
For here @>a, b-0', by 22, 


- a8 = fab +a'b!, ab! +a'bt = {b(a—a')+a/b', ab’, by 21, 4 
=jb(a—a'), b'(a—a')t, by 21, 4 
>0, since b(a—a') >b'(a—a'). 

20: a, 8<0, then «B>0. 

Here a'>a, b'>b, by 22. 
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w. 8 =fab+a'(b' —b), ab’}, by 21, 4; 
=ja'(b'—b), a(b’—b)}, by 21, 4; 
>0, since a’(b'—6b) >a(b! —b). 
a; a>0, B<0, then «B<0. 
Here CPI SIS, 
“. eB = fab+a'(b' —b), ab’? 
= fa'(b'— bd), a(b'—b)} 
<0, since a’(6'— 6) <a(b!—6). 


25. The product of any two numbers in R vanishes when, and 
only when, one of the factors is zero. 

Let a, 8 be any two numbers in R. 

We saw in 28 that 


when either « or B=0. 

Conversely, if «8 = 0, either « or B=0. 

For, if neither @ nor 8=0, these numbers are either positive or 
negative. Their product is therefore either positive or negative 
by 24, and hence not zero. This is a contradiction. 

26. Let us consider the following important formule, viz.: 

1) If B>y, thena+P >a+¥. 
2) From «a+ 8=a+y, follows B=y. 
8) If «#0 and «8 =ay, then B=y. 
To prove 1): 
e+ B= fat+b, a'+b't, by 21, 38; 


=fatb+ec,a+b'+c'}, by 21, 4. (4 
Similarly, 
at+y=fateoat+et=fatb+ea+b'+e'f. (5 
BIE a) b+e!>b' +c, by 21, 2. 


~atb+ec>at+b'+e. (6 
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If we now apply the definition forsgreater than given in 21, 2 
to a+ 8 and «+y, the relations 4),5),6) show that «e+ B>a+¥. 


To prove 2): 

Suppose the contrary, t.e. suppose B>y or B<y. 

lis = ry; a+8>a+y, by 1). 

lieve, at+ty>a+f, by 1). 

Thus in both cases, e+ 8#«+y, which is contrary to hypothe- 
sis. Henee B=y¥. 


To prove 5): 
From «8 = ay we have 


u(B—y)=0. 
Applying 25, we have B= y¥. 


27. We turn now to subtraction. This we define as in %, viz.: 
the result of subtracting @ from @ is the element or elements &, of 


FR, which satisfy a= B+E. ad 


This equation gives, setting & = {2, 2’, 
ja, at = 1d, b'} + fx, at = fb+a, b'4+2'}, by 21, 3. 


Hence by 21, 2, 
a+6'+2'=a' +642. 


This equation is evidently satisfied by 
g=a+6', z'=a'+6. 


Hence 
E= fat, a'+b} (2 


is a solution of 1). 
This is the only solution. For, let » be a solution. Then by 


definition, eon a 
The comparison of 1), 3) gives 
B+&E=B+y. 


Hence by 26, 2), ae 
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28. We have thus this result: in the system R subtraction is 
always possible and unique. The result of subtracting 8 from «@, 
we represent by «— 8; itisanumberin R. Then any number 
«a= ja, a's in KR, is the result of subtracting a' from a, or 


(== 0 —= Oh 


For, 
be a=ja+b, bt, by 21, 4. 
Similarly, 
a'=Sa'+6, 6}. 
Hence 


a—a'=fa+b, b} — fa'+6, b} 
=fa+26, a'+ 26}, by 27, 2) 
0.0 |, by. 21,4. 
29. 1. Let «=a, a'} be any number of FR. 
The number fa’, a} is called minus a, and we write 


,a—=— a. 


Then 
Also, 


—(—a)=—fa', at = fa, at=a. 
a+(—«@)= fa, a'} + fa’, a} 
=fata,a+ai=0 
=ua— a, 

If « is positive, —e is negative; and conversely, if « is nega- 
tive, —a is positive. 

2. The number —a may be defined as the number &, such that 

a+ E = (0). 

For, £=—« satisfies this equation; and, as we saw in 27, this 
equation admits but one solution. This shows that the numbers 
in R, #0, may be grouped in pairs, such that their sum is zero. 

Sel oe = then «= ps 

For, multiplying both sides of —a#=—B8 by —1, we geta=£. 

4. Every number a, of R, different from zero, can be written 


in the form 
a=a, Or «=—=—a4, 


where a is a number in §. 
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For if # > 0, we already know by 22 that « is a number in ¥. 
If «<0, then —« is positive, so that — «=a, a number in § 
Multiplying this equation by —1, we get 


a=—a. 


30. 1. We treat now division. 


We say: the result of dividing « by B is the number or num- 
bers &, of R, such that 
C= ED. (1 


Suppose B#0; then there ts one and only one number &; i.e. in 
this case, division is possible and unique. 


There can be at most one. For, if 7 satisfies 1), we should have 


C= np. (2 
Comparing 1), 2), we have 
EB = nf; 
whence by 26, 38), 
E =». 


To show that there is always one solution of 1), we have the 
following cases. 


Let «, B>0; thena=a, B=, by 29,4; and 1) becomes 


a= &b, (3 
But by 15 the solution of 3) is 
= (a, b)=a/b. 
Let «, 8B<0; then Sage w / 
a=—a, B=—b), by 29, 4. 
Then 1) becomes 
—a=—6§; 
or by 29, 3, 
a = bé. 
Hence as before, 
E= a/b. 


Let a>0, 8<0; then «=a, 8 =-- 6, and 1) becomes 


a = — bE. (4 
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Set —&=n; then 4) gives 
a = bn. 
Hence, n = a/b 
and 
—E=— a/b. 
Lfa<0, and B>0, we get again 


—E=—-a/d. 
Finally, let «=0; then 1) becomes 

Ore Ge: 
Hence by 25, 

E=0. 


2. We consider now the case that B = 0. 


The equation 1) admits now no solution, unless «#=0 also. 
Yor, when 8 = 0, BE =0, whatever & may be. 

If now « = 0, the equation 1) is satisfied for every number € in 
R. We have thus this result: When the divisor is zero, division 
as either impossible or entirely indeterminate. 

For this reason, division by zero is excluded in modern mathe- 
matics. The admission of division by zero by the older mathe- 
maticians, Euler for example, has caused untold confusion. We 
shall see it is entirely superfluous. 


Some Properties of the System R 


31. The system R, which we have just formed, is made up of 
the totality of positive and negative integers and fractions, and 
also zero. It is called the system of rational numbers ; any element 
in it being called a rational number. ‘The elementary arithmetical 
properties of these numbers having been established, there is no 
further occasion to employ the special notations (a, 6) and fa, 6}; 
we shall, instead, employ the customary ones. Furthermore, we 
shall represent for the rest of this chapter the numbers in & 
indifferently by Greek and Latin letters a, 6, ¢, +++ &, B, y, + 

For the sake of completeness we now proceed to deduce a few 
properties of R, although the reader is probably familiar with them. 
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3%. The system R is invariant with respect to the four rational 
operations. 

This simply means that the addition, subtraction, multiplica- 
tion, and division of any two elements of #, division by 0 of 
course excluded, always leads to an element in f. 

We saw this is not true for the systems § and &. 


33. 1. The system R is dense. 


This term, taken from the theory of aggregates, which we shall 
take up later, simply means that between any two numbers a, 6 
in R, exists a third and hence an infinity of numbers. 

For, let 


and say a>b. 
Then 
d = a,b, — ab, 
is an integer > 1. 
Let e be a positive integer. By taking it large enough, we can 


make 
ed>n, 


where v is an arbitrarily large positive integer. 
Let h be any integer, such that 


Cyd, <h< eayby. 


Then 
h 


eb,by 
lies between a, 6 and represents at least » numbers. 


2. The system 3 is not dense. For, if we take a=n and b=n+1, 
no element of $ hes between a and 6. 

From this results a remarkable difference between % and R. 
After any element » of § follows a certain neat element, viz.n +1. 
Not soin R. If ais any number of R, there exists no next num- 
ber toa. For, if 6 were that number, there would lie no number 
of R between a and 6. But since R is dense, there lie an infinity 
of numbers of & between a, 6. 
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34. 1. The system R is an Archimedian system. That is, there 
is no positive number a in & so small but that some multiple of 
a, Say na, is greater than any prescribed positive number 6 of R. 

For, let te 

C= oe . 
a 


Let us choose n so large that 


N> apd. 
Then 


na = M1 HOP, 4 b> F, 


Ay ay 
2. Let a be an arbitrarily large number of R; there exists a post- 
tive integer n, such that a/n <b, where 6 ts arbitrarily small. 
For, by 1, there exists a positive n, such that 
4 
nb>a. 


Hence 
a/n<b. 


35. Let us lay off the numbers of # on a right line Z, just as is 
done in analytic geometry. 


=B 


Q Oy ef 


Thus, having chosen an arbitrary point O as origin, and an arbi- 
trary segment OU as the unit of length, to the positive number 
p in &, corresponds the point P on L to the right of O, and at a 
distance p from 0. To the negative number —>p, corresponds the 
point Q, lying to the left of O, and such that OQ=p. To zero 
corresponds the origin 0. 

Let a, 6, e, «+ be numbers of R, to which correspond the points 
A, B, 0, -» on LD. If a<85, the point B lies to the right of A; 
if a<b<e, the point B lies between A and @. 

The point A, corresponding to the number a, is called the 
representation or image of a. 

The points corresponding to the numbers in R we call rational 
points. 

Then, since R is dense, the aggregate % formed of the totality 
of rational points is also dense. That is, if P, Q be any two points 


22 RATIONAL NUMBERS 


of 9, there lie an infinity of points between P, Q which belong 


to Y. 
Furthermore, if P be any point of 9%, there is no neat point to P. 


This representation of the numbers of R by points on a right 
line is of great assistance to us in our reasoning, as we shall see. 


Some Inequalities 


36. We have seen in 29, 4 that every number a#0 in R, may 
be written 
a= +4 


where a, is a positive number. 
The numerical or absolute value of a is a, and is denoted by 


|@). 
We have thus, 
|a| = ay 
We also set 
LO [== .0: 
For example : 
I-#|=$; |+4#l=#; 


[8 —7/=|7-3|=4. 


37. 1. We have now the following fundamental relations : 


Olea oneal ad 
lja—b|=|b—al; 2 
la + b|<|a|+|d]; 6} 
|a+b|/S||a|—|8]|s (4 

|ab| =|a|-|b|; (65 

Pa: #0. (6 


They are readily proved. For example, consider 3). 
There are various cases, according as a, 6 are positive, negative, 
or zero. We treat one specimen case- 
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Dette 0, Oe 0. wat Leb, aah = — b,ci6) > 0. 
Then a+b=a—b, a—b=a+by. 
Ifa>b, |a+b|=|a —b)|=a—b)<atb,=|a|+|d). 
Ifa<by, |a+b|=|a—b)|=b,-—a<atb,=|a\+/0]. 
|ja—b|=|a + 6)|=a+ 6) =|a|+|9}. 


Which establishes 8) for this case. The other cases are treated 
similarly. 


2. By repeated applications of 3), 5) we get 


Ja; tag+--+a,|<|a,|+ > +la,| 5 (7 
| y+ dy +> Gy | = || | Aq] ++ [Qn (8 
Se) Let Ae Ui and) idl A; (9 


Then from 9) follows 
—-A<a<A; (0 


and conversely from 10) follows 9). 


38. 1. An important relation is the following: 


Let la—bl|< A, |b-—ce|<B. ad 
Then ja—cl< A+B. @ 
For, from 1) we have, by 87, 8, 

—A<a—b<A; 

—B<b—c<B. 
Adding, 


—(A+ B)<a—c<A4+B, 
which gives 2). 


2. A special but common case of the above is when A= B; then 
ja—e|<2A. (3 

We shall say that 2) or 8) is obtained from 1) by adding. 

39. It will be useful to bear in mind the geometric interpreta- 


tion or image of certain inequalities which recur constantly in the 
following. 
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Let a be an arbitrary rational number. 


ab a atb 


eC F_—_—""MNS 
0) 


On either side of the point a let us mark off points a—6, a+6, 
at a distance 6 from a. The rational numbers # whose images 
fall in the interval a— 6, a+ 6, evidently satisfy the relation 


CU 
or what is the same, 
—b<x2—asd. 


That is, x satisfies the inequality 
jz—al<. Gi 


Conversely, the images of the rational numbers 2 which satisfy 
1) le in the interval a— 6, a+. 
Similarly, the images of the rational numbers w which satisfy 


0<27—a<, 
lie in the interval a, a+6; while those corresponding to 


0V<a—a2<d 
lieina—Jd,a. 


Rational Linits 


40. In the next chapter we shall have a good deal to say of 
infinite sequences and their limits. We proceed to define them 
as far as rational numbers are concerned. 

Let A be a set of rational numbers such that: 


1°. It is determined whether a given number belongs to A 
or not. 


2°. There is a first number a,, of the set, a second number Oe 3 
and in general, after each a, follows a certain number a,,,;. 

The set A is then called an infinite sequence or simply a sequence, 
and is denoted by 


A=ady dy + or by A= fag}. 
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EXAMPLES 
41, 1. If we take a, =n, 
: Al 123, ce =n 
is a sequence, 


2. If we take a, = 1 , we get a sequence 
n 


Aba! Ladino: ={+}. 
203 n 
3. If a, = 1, we get a sequence 
Zi) 1D IG tly Ty coe Sail, 


4. Let A consist of the rational numbers lying in the interval 0, 1, arranged in 
order of magnitude. 

This set A is not a sequence. For, although it is perfectly determined what 
numbers belong to A, and although there is a first element a = 0, there is no second 
element, no third element, etc., by 33, 2. Thus, while condition 1° is satisfied, 
condition 2° is not. 


42. 1. We define now the term limit. 

Let / be a fixed rational number. We say: / is the limit of the 
sequence A = $a,}, when for each positive rational number e, small 
at pleasure, there exists an index 7, such that 

|J—a,|<e Gl 
for every n>m. 

In symbols we write ar ; 

== limi, 


n=o 
we also use the shorter forms 
Pe amor. =, 
when no confusion can arise. 
We shall also employ at times the symbol 


f= Lim Gi. 


When 7 is the limit of A, we say A is a convergent sequence, 
and that a, converges to / as a limit. 
2. Notation. We shall find it extremely convenient to employ 
the following abbreviation : 
e>0, m, |l—a,|<¢e, n>m (2 
to mean that, for each positive rational ¢ there exists an index m, 


such that |\l—a,|<e for every n>. 
The reader should therefore repeat the italics often enough to 
himself to be able to read the line of symbols 2) without hesitation. 
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3. The reader should observe that from 2) we can conclude 
also that for each positive M there exists an m’, such that 


|2— a4] <a> n>m'. 


If, therefore, {a,{ has the rational limit 7, we can write 


0, 5 Sete: =, >m. 3 
e>0, m, | alae m C 


We have, of course, changed the notation slightly in 3) by 
dropping the accent of m’. 


43. The graphical interpretation of this definition will prove 
most helpful in our subsequent reasoning. 


O l 


Let us lay off the points on our axis, corresponding to the num- 
bers a,, also the point corresponding to 7. On either side of J lay 
off the points 7 —e«,/+ e. These determine an interval, marked 
heavy in the figure, which we shall call the e-cnterval. 

If now J is the limit of the sequence A, there must exist for 
eacn little e-interval, an index m, such that the images of all the 
numbers @n415 Gms, ++ fall within the e-interval. See 39. 

In general, as € is taken smaller and smaller, the index m 
increases. The definition, however, only requires that for each 
given ¢ there exists some corresponding m such that 42,1) holds 
for every n greater than this m. 


44. Another useful graphical interpretation of the definition of 
a limit is the following. 


ey 
m+l m+2 mt3 
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We take two axes 2, y as in analytic geometry. On the a-axis 
mark off points 1, 2, 3, --- at equal distances apart. Lay off 
the numbers a4, a, a3, **- as ordinates on lines through the 
points 1, 2, 3, + parallel to the y-axis. (See Fig.) These 
points we may consider as the images of the numbers a,. On 
either side of the line y = 1, draw parallel lines at a distance e 
from it. We get then a band, shaded in the figure, which we 
shall call the e-band. 

Then, if 7 is the limit of A, there exists for each e an index m, 
such that the images of all the numbers ay41, Qnio «+ fall 
within the corresponding e-band. 


45. EXAMPLES 
ite A={+}; lim ad =lim! =0, 
n n 
2. A={1—7}; lim(1—7)=1. 
n n 
3. A=1, —4,+4, -},-- an = (— 1)tit; Lim Gy = OF 


The reader will find it helpful to construct the graphs, ex- 
plained in 48, 44, for each of these sequences. 


46. If it is known of two rational numbers p, q, that |p —q|<«, 
however small e>0 may be taken, then p= q. 

For, if p#q, say p>gq, then p—gq is a definite positive 
rational number; call it d. Then |p —4q| is not <d, and this 
contradicts the hypothesis. Hence p= q. 


47. A rational sequence A={a,} cannot have two rational limits l,l’. 
For, since a, =/, we have by definition, 

e>0, m, |l—a,|<e n>m. es 
Also, since a, = 1’, we have 

e>0, m,, |l!’—a,|<¢, n> mg. (2 
Let m>m,, m,; then from 1), 2) follows 

e>0, m, |l—a,|<¢, n>m. (3 

e>0, m, |l'—a,|<e n>m. 4 
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The inequalities 3), 4), holding now for the same m, we can add 


them, and get, by 88, 3), 
|[Z—U|<2e. (6 


But since e is small at pleasure, so is 2e. The inequality 5) 
gives, by 46, ay 


48. If the rational sequence {a,} has a rational limit 1, there exists 


an index m, such that 
Dade Baile, G 


where b is any rational number <1, and e any rational number >I. 
For, since a, = 1, 
e>0, m, |l—a,|<e. n>m. 
w. l-e<a,<Il+e. (2 
Since ¢ is arbitrarily small, we can take it so small that 
lL—e>b, lte<e. 
Then 2) gives 1). 
49. Let the two sequences {a,}, {b,} have the rational limits a, b 
respectively. Then 
lim(a,+6,)=a+6; lim(a,—6,)=a—6. 
For, |(a +8) — (a, + b,)|=|(a—a,) + ( —8,)| 


<la—a,|+|d—6,| qd 
by 37, 3). 
Since a, =a, we have 
e>0; m', |a—a,\<e/2. n>m"!. 2 
Since 6, = 6, we have 
e>0, m'’, |b—6,|<e/2. n>m". (8 


By choosing m so large that m>m', m'', we can suppose 2), 3) 
hold for the same m.* 


* When a>b,a>c,a>ad- 
we shall often set more shortly a>b, c, dee 
Similarly a=0, d=£0, c#0~ 


may be written more shortly Gy 05, ¢; «== 0 
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Then 1) becomes, using 2), 3), 


\(a+6)— (4, +5,)|<5 +5 =6. n>m. 


This states that 
lim (a,+6,)=a+t+6. 


Similarly, we prove the other half of our theorem. 


50. If the two sequences }a,', {b,$ have the rational limits a, b 
respectively, then 
lim 4,6, = ab. (1 
For, 
d, = ab — a,b, =a(b —b,) +b,(a —a,). 


*. \d,|<|a||b—6,|+|6,| |a—a,|, (2 
by 37, 3), 5). 
Since 5,+46, we have, by 48, 


|6,/<B. n>m'. 
Also, by 42, 3, 


b—45,! : 
| a <a 


Since a, =a, we have, by 42, 3, 


|a — 4a,|<- ah a>m", 
Evidently by taking m large enough, we can use the same m in 
these three inequalities. 
Then they give in 2) 
a 
\d,|<|a|—— - i Frias 5 5 
which proves 1). 


51. Let the two sequences {a,}, {b,{, have the rational limits a, b. 
vespectively. Let b and b, #9. 

Then 
qd 
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For, 
dat — In Wn = Fy _ (ab, — ab) + (ab — 4,6) 
* teed. aero. bb, 
Sab =o) 
bb, rare 
| eee @ 


Since 60, |b|>0. Let B be a rational number, such that 
0< B<|d}. 


Then, by 48, there exists an m, such that 


[Onl bes n>m. (3 
Also, by 42, 3, 
e>0, m, |b—5,|/<* | (gs n>mM. (4 
2\ a) 
e>0, m, la—a,|<. n>m. (5 


By taking m large enough, we can use the same m in these 
inequalities. Putting 3) in 2), we get 


fale elie + aoa 


[o|B 


€ i.e 
<oyee by 4), 5), 
which proves 1). 


CHAPTER II 


IRRATIONAL NUMBERS 
Insufficiency of R 


52. Although the system of rational numbers R is dense, and 
so apparently complete, it is easy to show that it is quite insufficient 
for the needs of even elementary mathematics. 

Consider, for example, the length 6 of the diagonal of a unit 
square. This length is defined by the equation 


S32. al 


We can show there is no number in & which satisfies 1). For, 
suppose . 
) - fe 


where a, 6 are two positive integers, which we can take without 
loss of generality, relatively prime. 


Then 1) gives 
a? = 2 b?, 


Let p be any prime factor of 6. It is then a divisor of a’, and 
so of a. Thus a and 6 are both divisible by p. They are thus 
not relatively prime, unless p = 1. 

Thus 6=1; and 6 is an integer. But obviously there is no 
integer whose square is 2. 


53. 1. A similar reasoning shows that 
Va 


does not lie in R, unless a is the nth power of a rational number. 
31 


32 IRRATIONAL NUMBERS 


The numbers 
e = 2.71828-+, m= 3.14159-- 


can be shown to be irrational; the numbers 
log a, e*, sing, tan 


are in general not rational. 


2. Let us show that hed 
aes 9 


the base being 10, does not lie in R. 
If 7 were rational, we should have 


a 
t= 3° 
where a, 6 are integers. 
Then a 
Metis es Usa (Ql) 


Obviously 7 cannot be negative; we can thus suppose a, 6 > 0. 

Now any integral positive power of 10 is an integer ending in 
0; while any integral positive power of 5 ends in 5. 

Thus 1) requires that a number ending in 0 should equal a 
uumber ending in 5, which is absurd, Hence 7 is not rational. 


Cantor's Theory 


54. 1. The preceding remarks show clearly the necessity of 
forming a more comprehensive system of numbers than R. How 
this may be done in various ways has been shown by Weierstrass, 
Cantor, Dedekind, Hilbert, and others. 

We adduce now certain considerations which lead up to Cantor’s 
theory. 

We have seen no rational number exists which satisfies the 


equation 
oe qd 


It is, however, possible to determine an infinite sequence of 
rational numbers 
Ay, Uy, Ag, **° (A 


lim Ap” = 2. 


such that 
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The method we now give for finding such a sequence A has no 
practical value; it has, however, theoretical importance. 
For a,, we take the greatest integer, such that 


ee. 
In the present case, a, = 1. 
From the numbers 
1 ose, co 9 
Cet ag Clay tos Cl 10) C 


we take for a, the number whose square is <2, while the next 
number of 2) gives a square >2. 


Suppose 
PE aie: “. 
Then 


From the numbers 


al 
Ma 703" Ay + 


2 


10” 6 (3 


9 
een 
we take for a, the number whose square is <2, while the next 
number of 8) gives a square > 2. 

Suppose A 

aie 
Then 1X2 
ag <2< (a+ yp): 


We may proceed in this way without end, and get thus an 
infinite sequence of rational numbers, 


ay 5 

(04 
= 4% +753 

OS) OS a, LOL. 
d= A, + 705 itso {oa? 


pal Ap ee 2 
= Ag+ s9=%1 + 197 702 F703 


Cale on io eee near , 
Tom aia of 40 ar aie + Joni 
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By actual calculation we find the numbers 
Chee Ki re “xr 
are respectively 
Tae dy4) 1 Al ee ee 


2. We show now that 
lim @,2 = 2. 


For, from 
2 ) 1 ; 
ay <2<(a, + =~) 
we have 
0<2 Ane ; 
<ai-— An <q An te 107-1 > fe 
3 i 
. |2 Fe ae < 107-1 a {Q2@-D° 


Obviously now, for each rational e>0, we can find an m, such 


that 


3 1 
10"-1 oF 1 020"—-D <é 
Then 


|2—a,7|<e. n>m. 
Hence 
lima, se: 


55. 1. The method given in 54 for forming the sequence q,, 
@y, dg, +++ admits a simple graphical interpretation. 


O i, syle oO ik 


We first divide the indefinite right line Z into unit segments; 
a, is end point of one of these segments. In the present case 
a,=1. 

We next divide the segment 1, 2 into 10 equal parts; a, is the 
end point of one of these segments. In the present case a, = 1.4. 

We next divide the segment 1.4, 1.5 into 10 equal parts; az, is 
the end point of one of these segments. In this way, we continue 
subdividing each successive little interval or segment into 10 
smaller parts, without end. 
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We observe that each little segment is contained in the im- 
mediately preceding one, and therefore in all preceding ones. 
Also, that the lengths of these segments form a sequence 


1 af ui 


a an? ane? apne? 
10-102" 1:08 


whose limit is zero. 


56. 1. The method of 54 may be used to find an infinite sequence 
of rational numbers 


which more and more nearly satisfy the equation 


107 = 5, 
which defines log 5, 
We find : 


a,=0, d,=':6, a,=.69, a,=.698, 


2. The same method may evidently be applied to any problem 
which defines an irrational number. In each case it leads to a 
sequence of rational numbers 


Ay, Ag, gy se vA 

such that 

1°. Each number a, satisfies more nearly than the preceding 
ones the conditions of the problem. 

2°. For each positive rational e, arbitrarily small, there exists 
an index m, such that 

| a, ce a,,| = é, 

for every n, vy >m. 


57. Regular Sequences. 1. It is this second property of the 
sequences A, that “‘antor seizes on to construct the elements of 
his number system. We lay down now the following defindtions. 

Any infinite sequence of rational numbers 


Ay, As) a3) 


which has property 2° in 56 is called regular. 
As in 42, 2, we shall indicate this property by the abbreviated 


notation : e>0, m, |a,—a|<e nv>m. @ 
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2, Every regular sequence defines a number, which we represent 


by the symbol 
Ce hy Ue OI) 


The totality of such numbers forms a number system, called the 
system of real numbers. 

We shall denote it by 9, which may be read German R. 

For the convenience of the reader, we shall denote in this chap 
ter the new numbers, z.e. the numbers in St, by the Greek letters 
a, B, y, ++; while the Latin letters a, 6, c, --- denote numbers 
in the old system RA. 

To see if a given sequence is regular, we must see if the in- 
equalities 1) are satisfied. For this reason we shall speak of these 
inequalities as the e,m test. 


3. The em test is equivalent to the following: 
e>0, m, |a,—a,|<¢6& n>m. (2 


The difference between 1), 2) being that in | a,—a,,|, only one 
index, ”, varies. 

For, when 1) holds, 2) is satisfied. For we pass from 1) to 2) 
by setting v= min 1). 

Conversely, if 2) holds, 1) is satisfied. 

For, since € in 2) is small at pleasure, 
let us take 


o 
e< 3" 
Then 2) gives 
|, On| <5 n> mM. 
Also 
Ja, Onl <5 v>m. 


Adding the inequalities, we get, by 38, 3), 


\¢, —at< 7c, 2, v= mn, 


which is 1). 
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4. We observe finally that we may replace n, »>m in 1) by 
n,Vv>™. 
For i 


la, —a,|<e, GB 
for every n, vy Sm, it is true for every n, v>m. Conversely, if 3) 
is true for every n, v>m, it is true for every n,ySm+1. We 
would therefore in 1) replace m by m + 1. 

58. EXAMPLES 


1. That the sequences A, defined in 54, are regular, is readily shown. We have 


4 On—-1 
An =a sae eee ye 
ent a pu ot 


10”-1 
+ ai b)-1 
Gh, = (0) ae see —— 6 
y iets 10 ap 008 Sp 10r=1 
For simplicity, suppose »>n; 
es — &n On+1 ae Oy-1 1 
ane Oyanr Das ior ' 1Qn+1 i ae 10r=1 s 10n-1’ qd 
as the considerations of 55 show. 
If we choose m so large that 
il 
107-1 <Se; 
then, by 1), 
Ay — On<e. nvm. 
The e,m test is therefore satisfied. 
2. Consider the sequence 
1 i al 1 
foe Or ua ira 
Here 
ee il — ee 1 
= as |S sb S|) Se ce 2 
|an — ay| ee es ( 
If we take now 
2 
m>-) 
é 
then j 
Lag ee 
edb = es n,v>m. 


(2 iB. i 
Hence 2) gives 


tm — W|<5+5=6 


3. Consider the sequence 
Do les. ile tela Gas 


Here dane at 0, 


and this sequence evidently satisfies the e,m test, and is therefore regular, 
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4. Consider 1. a1 Foe 


Here [@n — a] =0 or 2. 


Evidently no m exists, such that 

|an — a,|<e. nv>m. 
The sequence is thus not regular. 
5. Consider WOR CR 25 


Here [an — a,|=|n — >}, 


and the e,m test is obviously not satisfied. ‘The sequence is therefore not regular. 


59. For any regular sequence of rational numbers aj, dy, +++ there 
exists a positive number M, such that 


|a,|< M. n= 1, 2, 3, + qa 
For, the sequence being regular, 
e>0, m, |a, — n|<e. n>m. 
Hence Qn — €< An <n, + € (2 


Let M be taken greater than any of the m+ 2 numbers. 


||, | aq a | n> [om — et, [am + €|. 


Then 2) proves 1). 


60. The elements of 9 have as yet no arithmetic properties; 


these we proceed now to assign, employing the method already 
used in the systems § and R#. 


Our first step is to place ® in relation to R. 


Let & = (Ay, Ay, +++) 
be an element of %. If there exists a rational number a, such that 
lim @, =a, 
we say a= a. 


61. 1. Hvery number a of R lies in R. 
For, consider the sequence, 


a+l, a+, a+, oes 
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This sequence is regular, since 


a 4 ==> —'—* 


The number e=(a+1,a+4,a+h, +) 
therefore lies in f. 

On the other hand, a, =a. 
Hence = a. 


2. Let a4, a, --- be any sequence of rational numbers, having 0 
as limit; then 
0 =(a,, Ap, see). 


In particular, 0=C, 4, 5, ---) 
=(-1,-} -h +) 
m= (1, = 4, i, a i, see) 
= (07 0F 0.52) 

62. 1. We define now the terms equal, greater than, less than. 

The object of this is simply to arrange or order the elements of §. 


Let 
PRM GP RC ey ocoW yn ek (Nace) 


a=, when lim(a, —6,)=0;3 qa 


We say 


or, what is the same thing, when 
e>0, m, |a, —5,|<e. n>m. (2 


2. We say «> when there exists a positive rational number 
ry and an index m, such that 


a, —6,>1r. n>m. (3 

We say similarly, «< , if 
b, — a, > 1, n>m. (4 
or An —bn<— Pf. (5 


3. Numbers of 9 which are >0 are called positive; those <0 
are negative. 
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63. It can be shown that from this definition of equality and 
inequality the usual properties of these terms can be deduced. 
For example, 


Ifc= 6, B=y, then «= y- 


For, setting 
C= (a, Ass wee) 


B = (41, boy a) 
= (i Oe vee), 
we have 
a, — Cy = (Gy, a bn) me (6, ee Cy) = 0, 
since 


a, — 6, =0, 6, —¢, =9, 
by hypothesis. 


! 
64. Ti w=(a,, ad, ---)=(4,, Gq, >), We Say (@,, a, «--) and 
(ay', a', ++) are different representations of the same number «. 
Every number «in R admits an infinity of representations. 


~ 4 


In fact, there are obviously an infinity of rational sequences 


21) Za, Zan °° 
having zero as limit. 
Then 
(a, + 2, A, + 2g, se) 
represent an infinity of representations of «. 


65. 1. We wish to apply the definition of 62 to the case that 
one of the members, say £, is a rational number 6. 


Let «o=b. 


For 8=4, we can take the representation 
B=b=(, b;-.-). qd 
Then 62, 1) requires that 
lim (a, —6)=0; 
whence lim a, = 6. 


Thus the definitions of 60 and 62 are in accord for this case. 
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DeLee = b: 
Since 6, =6 by 1), the relation 62, 3) becomes here 

a, —b>r, n>m. (2 
Let «<b. 
Then 

b—a,>r, n>mM. (8 

or 
a, —-b<—r. (4 


3. Tf «= (ay, ay, +++) > 0, there exists an index m, and two positive 
rational numbers A, B, such that 


A,B; n>m. (5 
and conversely. 


For, set = 0, then 2) gives, replacing r by A, 

E> A>): n>m. (6 
On the other hand, 59 gives 

la \=¢0,—< Bb. n>m. (7 
From 6) and 7), we have 5). ‘The second half of the theorem 


is obvious, by 2. 


4, Similarly, we have 
Tf w= (Ay, Ay +**) <0, there exists an index m, and two negative 
rational numbers — A, —.B, such that 


—A<a,<—B; n>m. 
and conversely. 
5. From 38 and 4 we have 
Lf & = (ay, dy, ++) #0, there exists an index m, and two positive 


numbers A, B, such that 


Fi Weed 5 0 a8 n>mM. 


6. In any number «= (ay My ++) #9, the constituents a, finally 
have one sign. 


This follows at once from 3 and 4, 
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66. 1. Let «=(4,, a, -**). 
If a, > 4, n>m. qd 
Then aSa. (2 


For, suppose «<a. Then, by 65, 2, there exists an r>0, and 


an m, such that 
a—a,>r. n>m. 


Hence 
a> a, +r > ays 
and therefore 
An <a, 


which contradicts 1). Hence 2) holds. 


2. Similarly, we show: 
Let G= (dy, ap, +). 
Ihe A, n>mM, 


then a<a. 
67. 1. If from the sequence 
UB. GR. en ¢! 


which defines the number «, we pick out a sequence 


Vike ia LY EG Q@ 
where t4<tg<ig*++3 then also 
a= (Gy Ags eee), 


The sequence 2) is regular. For, since 1) is regular, 


e>0, m, |a,—a,|\<6, n, v>m. 
But then 
la, —a,|<e, fey EF Me pe, Oe 


Hence 2) is regular, and defines a number 8. 

We show now «= 8. Since 2) contains only a part of 1), 
bs, Nise Wi hy Ze Oye" 

Since 1) is regular, 
|@,— a, |<e. n>m. 

Hence, by 62, 1, a=. 
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2. As corollary we have : 


The number «= (ay, dy, +++) ts not altered, if we remove from or 
add to the numbers in the parenthesis, a finite number of rational 
numbers. 


3. We have also: 
Tf in “= (4, As, «<0 B = (1, bay zt) 
C= 04 N70; 


then C=: 


68. 1. [fa=(a,, ay +++) #0, there cannot be an infinite number 
of constituents a, = 0. 
For, say 
=4,=a,=+-=0. 


1 2 8 


Then, by 67, 1, 


Cet ewe) 
But 
(a; Q..9 oe) = (0, 0, se) = (0, 


Hence « = 0, which is a contradiction. 


2. If «#0, we can choose a representation (a4, ag) +++), in which 
all the a, #9. 
For, let 

? = (CHE Beg s+) re 
be any representation of «. . By 1, it contains but a finite number 
of zero. If we leave these zeros out of 1), we do not change the 
value of a, by 67, 2; and get thereby a representation of @, none 
of whose constituents are zero. 


69. 1. Having ordered the elements of #, we proceed to define 
the rational operations upon them. 


Addition. 


Let = (Ay, Ay 1), B= (Oy, by ***) 


be two elements of 9, different or not; then 


a+ P=(a,+ bid, + Ong 2°) a 
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To justify this definition of addition, we show first that 


; a, +b, dg+6,, °° (2 
is a regular sequence. 
Since aj, a, -*- is a regular sequence, we have 


e>0, m, |a, — a,|<¢/2, n, v>m. (3 
Since 6,, 6,, -++ is regular, we have 
e<0, m, |6, —6,|<¢/2, n, v>m. (4 


Evidently we can take m so large that 3), 4) hold for the 
Same mM. 


Now 
| (a, eta b,.) — (a, ae b,)|= C= a,) ca (6, 4 b,)| 


<|a, — a,|+ |b, —,|, by 37, 3) ; 
a5 Pa by 8), 4). 
Thus 2) is regular, and defines a number. 


2. We show next that, if «, 8 are rational numbers, say «=a, 
B=6; then «+8, as defined by 1), isa+0. 
Since @ is a rational number a, 
hind =a. ye60- 
Similar] : 
ys Ling G0: 


put lim (a, + 6,) = lima, + lim 6, = a +4, by 49. 


Thus by 60, 
Hence by 1), 


(a,+6,, a,+ 6, ---)=a+ 0. 
a+ B=a-b. 


70. 1. If B>y, then «+ B>aty. 
Let y = (¢, ¢, +--+). Since B>y, there exists, by 62, 2, a positive 
rational number 7, such that 


b, >¢, +r. n>m™mM. 
Hence, adding a,, 


An + by >a, +e, +P. 


(a, + 5,) — (dy + Oy) > 


H Va Gaon 
ence, by iia oman 
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2. From 1, we conclude, as in 26, that 
Tfa+B=a+y, then B=y. 


71. 1. Subtraction. 


This is the inverse of addition; we define it as we did in ¥ and 
R, viz.: The result of subtracting 8 from « is the number or num- 
bers &, in #, which satisfy 


a=B+é. (1 
There is at most one number E. 
For, suppose a=B+. (2 
Then 1), 2) give, by 63, 
B+E=B+7. 


Hence, by 70, 2, 7 = &. 
To show that 1) admits one solution, we prove just as in 69, 1, 
that ‘inet Sig Nes 
is a regular sequence, and thus defines a number 
E= (a,— 61, a,— by, »*). 
If we put this value of & in 1), the equation is satisfied. 
For, B+ E = (by, bay 2+) + Cay — Fy, y= bay ++) 
= (6, + a, — b,, 6, + a, — by, +++), by 69, 1) 
= (Ay, dy, ) = &. 


2. Thus subtraction is always possible in #, and is unique. 
The result of subtracting 8 from « we represent by a—8; we 


have then sare eta 
8. We represent 0—a by —«. 
Evidently, Te eed ees): 
We observe that a+(—a)=0; 
a+(—f)=4-B; 
—(—a)=«, 
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72. 1. Tf @ ts positive, — a is negative; and uf « is negative, —a 
ts positive. 


For, if «= (aj, ay +++) > 9, we have, by 65, 3, 


a,>A>0. rn>m. 
Now ¢ 
—a=(—a,, — ay *), by v1, 3. 


Hence, by 1), 
—a,<—-A<0. rn>m. 
Hence, by 69, 4, 
—a<0, 


which proves the first part of the theorem. The second part is 
proved similarly. 


2. All the nwmbers of R+0 are of the form « or — a where @ tz 
a positive number. 

Let 8 be a number #0. We need to consider only the case 
that 8 is negative. 

By 71, 3, 


B=—(-8); 
and by 1), — 8 is positive. 


73. 1. Multiplication. 
The product of « by 8 we define by 


G8 = (ayy, Aybg, +++). a 


We have to show that 
/ @yb1, Agbg, o (2 
is a regular sequence. 

Let € be a positive rational number, small at pleasure. 

Then, by 59, there exists a positive WM, such that, 


la,|, |5,|< MM. rn>m. (38 


Also, since the sequences fa,}, {},} are regular, we can suppose 
m in 3) is taken so large that 


ja,—a,|, |b,-B)< n, v>m. (4 


< 
2M 
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Now, 
d, = 4,5, —4,b,=4,(b, —b,)+5,(a, —4,). 
. |d,|2\a,||5, —6,|+ |b, \\a, —a,), by 37, 
tf pte Slee a : 3 
< aut! app PY ® and 4) 
*. |d,|<e, 
and 2) is regular. 


2. If a, 8 are rational, say c=a, B=b, we show that af as 
defined in 1) is ab. 
For, since « and 8 are rational, 
lim a, =a, lim 6, = 6, by 60. 
But then, by 50, 


lim 4,5, = lim a, lim 6, = ab, 


which states that «8 = ab. 


74. 1. The formal laws for addition and multiplication are 
readily proved. We illustrate this by establishing the associative 
law of multiplication. 

We wish to show that 

a-By=a8-y. @! 
We have, by 73, 1), 
By = (8,04. bela, °°). 


Hence 
a- By =(4y, Iq, -**) (yey, b5€) °°) 
=(4,- 6,2, d,-b,¢,, ---)- (2 
Similarly, 
a -y = (Ab, + Cy, Agby * Co, ***)- c 


Since multiplication is associative in R, the two numbers repre- 
sented by 2), 3) are identical, which proves 1). 
2. Asa consequence of the associative law, we have, m, n being 
positive integers, 
ee ae 


which expresses the addition theorem for integral positive exponents. 
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75. 1. The properties af productS relating to greater than, less 


than, are readily established for numbers in R. 


. 


Ifa>8 and y >O, then wy > Sy- 
For, since a> &, we have, by 3 
a, —b,>9r> Q. n> me. 
Since y> there exists & positive rational number ¢ by 6, 3 
such that 
>t n> me 

By taking ® sufficiently large, we ay take the same me in both 

these Inequalities. 


They give 
ye, — bata PO > Q. 


Then, by 62, 2. 


wy > Sy. 
2. From 1 fellows: 
Tfa>8>% 
then > Sm positive integer 


3. From 2 we conelude: 
If a 8>OQ, and = 2 being a positive Integers then 


a= B. 
4. FO<ad<l, then O<& 
For, from 
a<l, 
we have 
ec a 
Also 
we < ed, 
Hence 
es a 
Hence, in general, 
ee 


76. 1. Rule of signs: The product af twe pesitive er twe negative 
mumbers in R is positive. The product of a positive and a negative 
number ts negatire. 
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Let a>0, B>O0; then aB>0. 
By 66, 3, there exist two positive numbers A, B, and an index 


m, such that 
a, > A, b,>B. n>m. 
Hence 


An0, > AB> 0. 
Thus 
aB =(4,b,, ab,, +++) >9, by 66. 
Let a>0, 8<0; then «oB<9 
For, by 65, 3, 4, 
de Ay b6,<—B. n>. 
Si 6,0,<2—AB< 0. 


Thus, by 66, 
ab<0. 


In a precisely similar manner, we can treat the other cases. 


77. 1. The product of any two numbers in K vanishes when, and 
only when, one of the factors is zero. 


In the product «8, suppose a=0; then o8B =0. 


Then 
a=(0,0, 0,%--), B= (bi, b,, *--). 


wt, UB =(0+ by 0+ Boy +) =(0, 0, +++) =0. 
Conversely, if «8 = 0, either « or B=0. 
This is proved, as in 25. 


2. If «#9, and aB = ay, then B=y. 


Proof same as that for 26, 3). 


78. 1. Division. 

The quotient of « by f is the number or numbers &, in #, which 
satisfy 
a= BE. (1 


There are two cases, according as 8=0, or #0. 
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Case I; B#9. 
Since 8 #0, we may suppose, by 68, 2, that in 


B= (Oy bay **)s 


all 6,0. To find a solution of 1), consider the sequence 


ay My ., 
p by by 

It is regular. For, 
d “_ ay a, iow ao; — a,b, 4) a,,(6, ait b,) = b,(a, cae An) 


Me Ss 2 b, bb, b b 


nev 


Jan} 18, — Onl + [onl la, — an}, 


n| 


ny | — |b, | \6,] 


\d 


By 59, 
|a,|< I. n>m. 
By 65, 5, we nave 
A<|b,|<B. rn>m. 


By taking m sufficiently large we may suppose it to have the 


same value in 4), 5). 
Then 4), 5) gives in 3), 
M\b, —6,| Lh 


(6 


Since the sequences {a,}, {O,{ are regular, we may now suppose 


m taken so large that also 


) JeAA : 3. en 
|a,—a,|< oR |b, — 6, |< a Nn, v>m. 
Then 6) gives 
€ € 
[dn »| = 5 te ae 


B-E=(By, by *) & My --) 


= (4, dy, +++) = @, by 73, 1), 


Since 


€ satisfies 1). 


That this is the only solution of 1) follows as in 80, 1, from TT, 2. 
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Case es B= 0. 

We can reason precisely as we did in 30, 2. Hence, when the 
divisor 8 = 0, division is either impossible or entirely indetermi- 
nate. For this reason division by 0 is excluded. 

2. We have thus this result: in the system §, division is always 
possible and unique, except when the divisor is 0, when division is 
not permissible. 


3. The result of dividing « by 8, we represent by «/@ and have 


therefore 
£ =(% My -) 
B b, b, 
i 
iL 


Since 


This is called the reciprocal of £. 


79. 1. The system % is now completely defined ; its elements 
have been ordered, and the four rational operations upon them 
have been defined. As a perfect analogy exists between the sys- 
tems #& and , we are justified in calling the elements of  num- 
bers. In the future, when speaking of numbers, without further 
predicate, we shall mean the numbers in %. As already stated, 
they are called real numbers. 


2. In the eym test, given in 57, we were obliged at that stage 
to take e rational. This is now quite unnecessary, and we shall 
therefore, in the future, suppose € is any positive number in , 
small at pleasure. 


80. 1. We have shown in 61 that ® contains all the numbers 
of R; but we have not shown that it contains other numbers. 
To this end, we show that there is a number a@ which satisfies 


This is easily done. For in 54 we determined a rational 
“i hae a,=1, a,=1.4, a,=1.41, +. £2 


such that ima ae 2: (3 
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The sequence 2) is regular by 58, 1. 
Hence 
(REA Tipe. Gers C09)) 
is a number in {R. 

But, by 73, 1), nC ee 

Hence 3) shows, by 60, that 

ea, 

Hence «@ is a solution of 1). 

2. As we saw in 52 that @ is not rational, we have shown there 
is at least one number in # not in R#. a 

But the reasoning we have just applied to V2 applies equally 
to Va, when this latter is not rational. There are thus an infinity 
of numbers in & not in R, 


Some Properties of ® 
81. If «> 0, there are an infinity of positive rational numbers 
< a, and also an infinity of rational numbers > a. 


If @ is rational, the theorem is obviously true by 388. 
Let 


Then, by 65, 3, 


%=(Ay, Aq °°-)- 


Wie HER Gp me Hee n> mM qa 
But from ae AS 
have, by 66, 1 = 
we have, by 66, 1, aye 


Since there are an infinity of rational numbers between 0 and 
the positive rational number A, the first half of the theorem is 
established. 

Using the other part of the inequality 1), we prove similarly 
the rest of the theorem. 


82. Between a, B, lie an infinity of rational numbers. 


For, let «<8; then, by 81, there exist positive rational num- 
hers A, B, d, such that 


A<a, B>B, d<B—«a. 
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Let ED ie 


we can, by 34, 2, determine the positive integer n so great that 


Pca. 
n 


Then, at least one of the numbers 


D D D 
a ed. bee dial Why eat 
Ate, A+2-, A+(n 1) 


falls between @ and £. 


83. 1. The system R is Archimedian; i.e. for each pair of post- 
tive numbers «< £ there exists a positive integer n, such that na> B. 


For, by 81, there exist positive rational numbers 
cine f. 


Since the system Ff is Archimedian [34, 1], there exists an 
integer n, such that 


na>b. 
But 
na>na, and b> 8. 
Hence 
na> PB. 
2. For any pair of positive numbers a< 8 there exists a positive 
n such that ie 
—< &, 
n 


Proof, as in 34, 2. 


84. Between « and B, «<P, he an infinity of irrational numbers. 
That irrational numbers exist, we have shown in 80, 
Let 7 be an irrational number, r a rational number, and 7 a posi- 
tive integer. 
Z 


Then Lamon, k=ti+r 


are irrational. 
For, if 7 were rational, 7=7j is rational. ‘This is a contradictions 
Similarly, if k were rational, i=k—r is rational, which is a 
contradiction. 
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This established, suppose first that « is rational and positive. 
Let 7 be any positive irrational number. 
Then, by 83, 2, we can take n so large that 


he <B—4«. 
n 
But then 

a<a+ <P; 

n 

z 

and pee 

n 


is irrational. 
Suppose now that a is irrational and positive. 
By 81, there exists a positive rational number 7, such that 


0<r<B—«. 
Then 
a<a+tr<B; 
and o+tr 


is irrational. 
The cases when «, 8 are one or both negative are now easily 
treated. 


85. The system R ts dense, i.e. between any two numbers of RK 
lie an infinity of numbers. 


This follows at once from 82 or 84. 


Numerical Values and Inequalities 
86. We have seen, 72, 2, that any number «+0 can be written 
a=+t &, 


where @ is a positive number. 
We define now, as in 36, the numerical or absolute value of a is 
+ a,, and denote it bv . 


Then by definition 


We set also 
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87. 1. We have now the following fundamental relations : 


|| =| — |; 
|ja— 8|=|B—al; 
ja + B| Sla|+ | Al 


3 


Ja + B| 5 ||«|—|A]|s 


|o8| = |a|- |]; 
a a 
Sallis sh (). 
Cle eee 
Joy tO, ++ FE Om | < | Oy] + ++ + | a|3 
2. From [Oty + Gy +++ On| = | oy] + |g] +++ | Oe 
al< A, 
follows | 
—-A<a<A; 


and conversely. 


(at le—B|<A, [B—91<B, 
follows 
|ja—y|< A+B; 
orf, A= B, 
|a—y|<2 A. 


58 


4. As the demonstration of these relations is exactly the same 


as in 387, 38, we do not need to repeat it. 


5. If we know of two numbers «, B, that |a— B|<e however small 


e>0 is taken; then heey 
The demonstration is the same as in 46. 


88. If w=(ay, dy, +++), then 


|| = Clay], [aah ++) 


Since the sequence Ay, Ag ** 


defines a number, it is regular. 


Hence he 
e>0,m, |a,—4,|<€. 


n,v>™mM. 
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From this we conclude that the sequence 


Jay} aa) qa 
is regular. 


Bory By 81s 4)> 1 ag|—|a| | Slam — ab 
Hence 1) defines a number. 
Set ' 

B= (|ay|, [49], +). 
To show that B =|«a|. 


First suppose a = 0. 


pocu lima, —=i0. 
Hence lim |a,|= 0. 
Therefore 


B= 0yandys =a); 


Suppose «#0. Then, by 65, 6, the constituents a, of « are of 
one sign, for n>. 


Tic 0; CAG n>mM. 

Hence (B= Cla sala anes Oyals Capers ype one <=) 
= me ONGnOs 

{f a<0, On = —|ay|. n>mM. 

Hence B =Clay)s -++3 |@m\ly — Sma — Fan °°2) 


ae —(—|4|, eee =| Gras An+iy Cn+29 ro) 


=—a, by 67, 3 


= 046 


89. In the following articles we give certain equalities and 
inequalities which are often useful. 


Let 0<a<1; then ie es (@l 


>1+.e. @ 
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To prove 1), let us suppose the contrary, viz.: 


1 
1l+a 


=—l—«a. 
Clearing of fractions, 
1<1— 4, or &<0, 
which is a contradiction. 


Similarly, we may prove ye 


90. 1. Let a, a, +++, &,>0 and P,=(1 + 0,)(1 + 0,)---(1 +O). 
acre Prolt+(a, +--+ a,). m>1. 
Pry > LA ey eee Oi) + CO ttg + Oey ig Fee + mim) Im > 2. 
Tn fact, 
Py=At @) 01 +) = 14+ (Gy + MQ) t+ HM > 1+ (oy + Oy) 5 
Py = Pad + 1) = 1+ (my + My + eg) + Oy Oeg $ My lly + Oly lhg + Oy Ogg 
> 14+ (a, +H, + tg) + Og + Hh + Oghy 
> 1+ (a + % + ag). 
In this way we can continue. 
2. Similarly, we can prove: 
Let 0< ty, tty, +++ Gy, <1, and 
Om = 1 — 4) (1 = 0%) ++ = an). 
Then Qin > 1 — Co +++ &,)- m>1. 
<1 — (ey Hee Ohi) (hy lg Fy llg FH o0+ $i 1%m)» mM > 2. 


91. The demonstration of the following identities is obvious: 


1 H1pap peng or tpoo. da 


1l—« a 


(1 ee eT Be— ad | (2 
@48 B BBtS 7 
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92. Let |8,|, |6,;<6, and B#0; Jet 


P es) ato, 
B+ 8, 
Let e>0 be small at pleasure ; we can take d>0 so small that 
pa eres |a|<e. Gi! 
F ees 
or, by 9 ee 
B(B + 6) 
Hence 
elsigaiear ° 8 
taking 6 so small that 
|8|—s>0. 
Let 
le), [Bl <9, 


[B|, |@|-8>h.  h>O. 


Then 2) gives 


jo| <2. 


Hence, if we take Ie 
d< — 


we have 1). 29 


93. Let a, «,, ++ a, be n arbitrary numbers. 
Let By-*Br 5 V1 Vn > 0, 


Vaz jie D ae a a < G, 
~ By By (si 
then 
pees pall ace ek 
~ yy Byte $9 nBn 
For, from 
Bisse T/pGeeh, Semen TA 
(See Bn 
we have By L Ssrlay 
1% es oy 9 °9* YVnOn— PrVntl- 
Adding, a oy 


1% a= lee ie Vn&n = LB 32 O00 aF Bate)s 
which gives the first half of 1). The rest of 1) follows similarly, 
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94. 1. Leta>BS0; andn>1, a positive integer. 


Then n(a — BB" < a" — B"<n(a— Bye, (al 


For, by direct multiplication, we verify 
a B= (a BWI FOB LIE FB). (2 
In the second parenthesis, replace « by 8. Then, since «>, 
a” — B">(a— 8)(R" 1+ Br” 1+..-n terms), 


or a — B">n(a— BB, 
which is a part of 1). 
If in 2) we replace 8 by a, we get the other half of 1). 


2. In 1), set c=1+6,5>0, B=1, we get 
(14+ 6)?>1+76. 
If we set a=1, B=1—6, 1) gives 


(1— 6)" >1—7n6. 
We have thus 


(1+«)">1+na, «+0 and 5 —1, n positive integer. (? 


3. We observe that 1) can be written 


a > B"[B+n(a— B)], (4 
A" > a"Ta—nCa— 8)]. (5 
95. Let a, --- a, be any m numbers. 
Ky Oy htt Oty 
Le n 


is called their artthmetice mean. 


Leet c, +** ty be positive, and P,, = &, + Oy +++ Oy. 
Then P,,<A,", unless the «s are all equal, when P, = A,". 
If o,=a,=--=a,, A,=a, and P,=a,". 


Hence IE Pe wiht 


Suppose now the @’s are not all equal. 
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Let n=2. 

We have ne ( ae ais (s — 6) < (4 + =). 
2 z 2 

Hence PAA 

Let n= 2". 


Since the «’s are not all equal, at least two of them, say aj, a 
are unequal. 


Then ee Bay 
“) 
and 2 
“ty (ats) 
& 5 
Hence 
@, Oy \2/ Oa -- a \* 
cates <{ , 5 ) ( : = “s) ‘ ad 


On the other hand, applying our theorem to 


H+, Ute 
2 \) » 4 
we have A 
y+, | My tage a, + & + & + &,\" 2 
2 ae 4 C 
Hence 1) and 2) give P< Ag. 


In the same way, we may continue for any power of 2. 
WOE DE Ey ea ONT YU ies ME aa et 
We have, by the preceding case, 


Ly Oly 0" Ob, < (“ es = ik aE (3 
Set here 
OF eit SP Of png, 000 a (0 Ay 
Then 8) gives 
PA ee eae (4 
: ld 
since 
Gte-+a,+vA, nA,+vdA, wA, 
SE | a Se whe 
ye be be 


Dividing in 4) by A’, we get 
aA’. 
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96. From algebra we have the Binomial Theorem, 


(a+ 8)" =a + nar1B + manos ar 2Q2 4 ae 2 oye 


jee dp Soe A Bor? + nap 46, CA 
where n is a positive integer. 
The binomial coefficients 
nm-n—1-n—2..n— m+1 
1-2- 


we denote by 


We have obviously, 


Cn) (m1) =(n) 


If we set e= 8=1 in 1), we get 


eats ()+(Q)+4(t)+G} 


If we set e=1, 8@=—1 in 1), we get 


s-1-())+)-- 4-96) 


It is often convenient to set 


n 
(o)=% 
(7) =0, if m>n. 


Tamits 
97. We extend now the terms sequence, regular sequence, limit, 
etc., to numbers in 8. This is done at once; for the definitions 


given in 40, 42, and 57 may be extended to ®t, by simply replacing 
the term rational number by number in Rt. 
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For example, the sequence of numbers in R 
Oy, Oo, Og, °° ¢) 
is regular when, for each positive e (not necessarily a rational 
number now) there exists an index m, such that 
| On — a, | <6, 
for every pair of indices n, v>m. 
Or in abbreviated form, when 
e>0, m, |a,—a|<e n,v>m. (2 


This definition, we see, is perfectly analogous to that given in 
57, 1 for regular rational sequences. Evidently the reasoning of 
57, 8, 4, can be applied to the sequence 1). Thus the e,m test 
given in 2 may also be stated in the form: 


e>0, m, |a,—@m|<e, n>m. (8 
Similarly, > is the limit of the sequence 


Qj, Oo, Og, 
when 
e>0, m, |A—«a,|<e, n>m (4 


As before, we write 


A= lithe, Or A == link o. 


rn=o 


We say also @, converges to X or approaches X as limit. 
This may be indicated by the notation 


C—INa 


98. Let lime, =a and lim 8, = 8. 


Then lim(@,+B,)=e+B; a 
lim @,8, = «B. Q 

Tf B, By, Bg +++ #9, we have also 
limes =. (3 


Bn 


The demonstration is precisely similar to those of 49, 50, 51; 
and thus does not need to be repeated here. 
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99. We prove now the important theorem: 
Let «= (ay, dy, +++), the a’s rational ; then lim a, =a, 
We must show that 
e>0, m, |a—a,|<e, n>m. qd 


Since the sequence 
P Ay, Ay, Ag, °° 
is regular, we have 


o>0, m, |a,—a,|<o, n, v>m. (2 
Now we can write, by 60, 
an = (Ans Any Ans os 
Hence, by 71, supposing v to be fixed for the moment, 
% — Ay, = (Ay — Any Ag — Any Ag — Ay, ***)+ 
By 88, 1 2 3 
|e — dy | = (|4,— ay |, [tg — Ay |, ***)- 
Hence, by 2) and 66, 2, 
|ja—a,|<o. 
Thus if we take o <e, we have 1). 
100. Jf a sequence heen, a Pi 
has a limit r, A is regular. 
For, by definition, 
e>0, m, |A— «,|<e/2, n>m. 
|A — a, |<e/2, v>m. 
Adding, by 87, 3, 


|e, — a |<e€. mn, v>m. 
Hence A is regular, by 97. 


101. 1. Conversely, if A= 0, %, -+ 1s a regular sequence, there 
exists one, and only one, number «, such that 


Lime el 


To show that A cannot have two limits, we need only to repeat 
the reasoning of 47. 
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We show now A has a limit. 
Let Ore Oar Onsmeee (2 


be a sequence of positive numbers whose limit is 0. We choose 
the &’s now, such that 


C= Opi Oe a ft = Ly Zier (3 
are rational. This is evidently possible by 82. The sequence 
Aq, Ag, Ag °° (4 
is regular. 
For, an — a, = hp — &, T (6, ae },)- (5 
Since A is regular, 
E> 0m, Jen = Oy] <5 n,v>mM. (6 


Since, by 100, the sequence 2) is regular, 
|5, — 6,|<e/2. nu>m. (7 


In the inequalities 6), 7), we may take m the same. Then 5), 
6), 7) give \a,—2a | <le, walt 5, 8 
€ € 
< 9 + 9 =€. 
Hence 4) is regular. 
We set & = (A, dy, -*°). 
Then, by 97, 
ines 08 
But, by 3), 
OC, = a, = on 
Hence, by 98, 


lim «, = lim a, — lim 6, 
=a—0 
=d. 


2. As a result of 1 and 100, we have: 


In order that a sequence a, dy, «++ has a limit, it is necessary and 
sufficient that it is regular. 
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102. Let A=«,, a, --- be a sequence. Let us pick out of Aa 


sequenve 
B — ons m5 eee 


where 4 <tg<tg, +. We call Ba partial sequence of A. 


EXAMPLES 

1. A=l, s. . i t ~ 
C=1; = “ ru 
D=A, at > sa eee 

Here B, C, D are partial sequences of A. 

2. OLN o ‘hs > 1, 4 = 
B= tele, 
cobb 


Band C are partial sequences of A. 


103. 1. Among the symbols given in 42, to indicate the limit of 


a sequence 
q A=«,, os coe 


one was 
Tino. 
A 


Analogously, we shall denote the limit of a partial sequence 


Bae, %,, 0 


of A, by 


lim @,,. 
B 


2. We have then, obviously : 
If A is regular, so is every partial sequence B; and 


lime, = lim «,,. 
4 B 
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3. From this, we conclude at once: 


The sequence A cannot be regular, if it contains two partial 
sequences B, CU, such that 


lim «, # lim «,,. 
B c 


4. The sequence A cannot be regular, if it contains a partial 
sequence B which is not regular. 


5. It is sometimes a difficult matter to show that a sequence A 
is or is not regular. The theorems 8, 4 enable us often to show 
with ease that A is not regular. 

Thus, in Ex. 2, 102, 


longo == "le limo, ==.0. 
B c 


Hence A is not regular. 
6. Unless the contrary is stated, it is to be understood that 
lim @, 


has reference to the whole sequence A. 


104. 1. From 98, we conclude the following theorems, which 
are often useful: 

Tf lim (@, + B,)=¢, and lim «, =a; then lim B, exists and equals 
etme (es 


2. Jf lime,8,=7, and lime, =a-#0; then lim§, exists and 
equals m/e. 


,o» Tf lim z =p, and lim 8, =; then lim u«, exists and equals Bp. 


on: 


4. If lim B. 


a/ p. 
The demonstration of these theorems we illustrate by proving 1. 


=p#0, and lima, =a; then lim B, exists and equals 


We have 8, = 2 (G6, + oe 
Applying 98, 1), 


lim £,=+lim(a,+£,)Flima,=+0 Fa. 
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105. 1. Let lima, =a; let B, y be two numbers, such that B<a<y. 
Then 
Ben 4. n>m. 


The demonstration is the same as in 48. 


2. Let line, =a, anda,<a. Let B be any number <x 


Then : 
Deana, a0: n>mM. 


106. 1. Let lima, =«; ff rA<«a,<pforn>m; then 
NEC s 


For, suppose «>p. Let 8 be chosen so that 


w<B<u. 

Then, by 105, 1, Cm eh n>m. 

Hence Gy = J, 
which is a contradiction. 

2. If Oy SNS Byy 
and if limie, = im 8, = ws 
then MS es 

For, by 1, Bor, BSA. 

Hence juan. 

107. Jf We Vas a 
and limes limy, =X; 
then lim’ 6A. 


For, subtracting a, in 1), we get 

Oe Ba nn One 2 
Now lim (y¥, — %) = lim y¥, — lima, =A—A=0. (3 
But 3) states that €>0, m, Yn—%<é n>m. 
Then, by 2), By — hy SE 
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This relation states that 
lim (8, = ax y= 03 
As lima, = , we have, by 104, 1, 
limi, =A. 


108. 1. A sequence A=«,, , +, whose elements satisty the 


relations 
(DETR Ne 


is called an increasing sequence. 


If 


aS OES, Doc 


it is a decreasing sequence. 

If it is either one or the other, but we do not care to specify 
which, we may call it a wnivariant sequence. 

If, on the other hand, 


Oy Sys, N= I, 2, +r 
A is said to be a monotone increasing sequence. 
If 


UF, = Usa 10 dear 


it is a monotone decreasing sequence. 

If A is either one or the other, but we do not care to specify 
which, we may call A a monotone sequence. 

Univariant sequences are special cases of monotone sequences 


2. If there exists a fixed positive number G, such that 
| a, < G, Ws ip 2, aes 


A is said to be limited, otherwise unlimited. 


109. A limited monotone sequence ts regular. 


For clearness, let A=«,, a, +--+ be an increasing monotone 
sequence, and let 
(PeKO N=; 2, ss a 


To snow that A is regular, we must show that 


e>0, m, 0<a,—«4,,<e, n>m. (2 


LIMITS 69 


Since A is monotone increasing, 
0 <a, — Ons 


To show the rest of 2), take m, at pleasure. Either there exists 
an infinite sequence of indices 
My <M, < My < ++ (3 
such that es a 
On, — Sing > € %my— &m, SEs °°° (4 
or there does not. 
Suppose such a sequence 8) exists. Then, however small e has 
been taken, we can take the integer p so large that 


Pet Om, > G. (5 
Adding the first p inequalities 4), we get 

Om — Lm, S pe. 
Hence, by 5), 


which contradicts 1). 
We thus conclude that there exist but a finite number of indices 
m, such that 4) holds. Thus we can take m so large that 


Cm, > Os 


ly, — On <E, n>m, 


which proves the other half of 2). 


110. 1. A limited increasing sequence of great importance is 


Fl (1 ale Hine) oe a 
n 
To show that 1) is increasing, ¢.e. that 
An > An—19 (2 
we employ the relation 94, 5), viz.: 
pr> a" [a —n(a— 8). (3 
Set : : 
= -—-, P=1l+- 
a=1+ ESL ’ B =F on 


in 8); we get 2) at once, for n> 2. 
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To show that 1) is limited, we set 


paseo es. B=1, n=m+1, 
2m 


in 8); we get 
1 a2 
1 KSy 1 oe =] 1 2, eoe 
> 5( oP 5} ) m ’ 
or squaring, 


if 2m 
4> (a + >) % 
Thus om << 4, C 
But, by 2), Aam—1 < Am: © 


As all positive integers are of the form 


2m or 2m—1, 


4) and 5) give cd! Pel aes 
| 


2. Since the sequence 1) is limited and monotone, it has a limit 
by 109. We set 


= lim(1 i ah cyeetn ip iatthu 


As the reader already knows, e = 2.71828 ---, and is the base of 
the Napierian system of logarithms. 
1ll. 1. Let A=«,, aw, --» be a regular sequence, whose limit is «. 


In A exist partial monotone sequences B; and for each such sequence, 


Limo 10h. 
B 


Then are two cases: 1° «—a,, n>m has one sign, when not 
zero; 2° a—a, may have both signs, however large m is taken. 


Case I. To fix the ideas, suppose 
Ot — Oy > 0. n>=mM. a 
In this relation, it may happen that for some m! >m 


«—a,=0. nS. 


LIMITS 7 


In this case, 


is a sequence required in the theorem. 
Let us suppose now that there are in 1) an infinite number of 


indices »,, such that 
(Peel eI), 
Let v, be one of the indices n,; then 
a, <a, 
Let 8, lie between these, so that 
a, <By <a. 


Then, by 105, 1, and 103, 2, there are an infinity of elements CO 
lying between 8, and a. Let «,, be one of these, so that 


By < ay <a. 

Let 8, lie between a, and «; then for some index v, we have 
By <a, <a. 

In this way we find an increasing sequence 


B=a,, %,, 0, oe 


which is a partial sequence. 
Then, by 108, 2, : 
lim o, = a. 


n=o 


The number of sequences B of this type is obviously unlimited. 


Case II. Since there are an unlimited number of indices for 
which Ree (2 
let us denote those values of n for which 2) holds, by 1,, g) %) ** 

Then the partial sequence of A, 


(ete 
A = Oy 5 On 
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belongs to Case I. Hence in A’ lie an infinity of sequences of the 
type B. 


2. The demonstration of 1 shows: 


Tf, in the regular sequence A=, @, +++, the «, do not finally 
become all equal, there exists in A an infinity of partial univariant 
sequences B which have all the same limit as A. 


The Measurement of Rectilinear Segments. Distance 


112. In 89, 43, 44, we have made use of the graphical representa- 
tion of the numbers in R, by points of a right line. We wish now 
to extend the considerations to numbers in ®. With this end in 
view, we proceed to develop the theory of measurement of rectt- 
linear segments and the associated notion of distance. 


113. 1. Let AB, CD be two rectilinear segments. We say AB 
is greater than CD, when, if superimposed, AB contains CD as a 
part; while CD is said to be less than AB. If, when superimposed, 
AB and CD coincide, we say AB and CD are equal. 


2. We assume, with Archimedes, that if the segment AB is laid 
off a sufficient number of times on the line Z, we can obtain a 


r 
C Der, L 


Avg or eS 


segment CD’ greater than any given segment CD. And conversely, 
that it is possible to divide a segment C’D into a sufficient number 


64 E D 
ee i le ees, 


A B 


of equal parts, so that one of them, as C4, is less than any given 
seginent AB, 
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114. 1. Let S= AB be a segment we wish to measure ; and let 
U= CD be a segment which we take as a unit of comparison. 
If we can divide 8 into 7 equal segments, equal to U, i.e. if 


Sia Us 
we say / is the measure of S, or / is the length of 9. 


2. If it is impossible to do this, it may happen that n segments 
S are equal to m segments U; 7.e. 


n> S=m-U. 
We say then, that 


l= 


313 


is the measure or length of S. 


3. In both cases we say S is commensurable with U. 
The segment AB being commensurable, we say its length / ex- 
presses the distance of A from B, or B from A. We write 


t= Dist (A,B), 


or more shortly “e 
T= AB. 


115. We show now that the number /, just determined, is unique. 
This is evident when / is an integer. We suppose, therefore, that 
nS = mU, (ia 
cae nS =m, U. €2 
Multiplying these equations respectively by 11, n, we get 
mS =nymU, nnyS= nm, U. 
“ nymU = nm U. 


“. NM = NM, 


or : ’ 


Thus, the two equations 1), 2) lead to the same value of 0. 
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116. 1. Let : s 
_™ 
n 
be the measure of S. 
Then nS =mU., qd a 
Let us divide U into m equal parts, and call V one of them. 
aticn aV= WV. 
This in 1) gives Aegina 
i S=mV. 


This shows that by taking a new unit V. whose length is 1/n of 
the old unit, the length of S can be expressed as an integer. 


2. The above considerations also give us a new way for defining 
the length of S. In fact, suppose it possible to divide U into s 
equal parts V, such that 


S=rV. @ 
Then . 
yore QB 
$s 
For, rie 


hence, multiplying 2) by s, we get 
sS=rsV=rU; 


so that the length 7 of S is indeed given by 8). 


117. Let S= AB, T= BC be two segments whose lengths 
are respectively _ - 
a c 
(=-, m=-—; A ee. Ba ee 
b d 
B 2 


a, 6, c, d being positive integers 
If we put them end to end, we get a segment W= AC whose 


length, we show, is 
n=l+m. 
By definition we have 


bS= aU, aT= eU. 
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Multiplying these equations respectively by d, b, and adding, we 


et 
S bd. S+bd- T=adU + beU =(ad + be) U. d 
But 
Ms bd- St+bd-T=bd-W. Q 
Hence 1), 2) give 


bdW=(ad + be) U. 
Hence 


118. 1. We turn now to the measurement of segments which 
are incommensurable with the segment chosen as unit. An 
example of such segments is the diagonal of a square, the side 
being taken as unit. 


A A, B By, WE 
jp 
Az Bz 


To measure AB, we begin by marking off points on the right 
line L, at a unit distance apart, starting with A. By the axiom 
of Archimedes, 113, 2, B will fall between two consecutive points 
of this set, say between A,, B,. 


Let 
1, = Dist (A, A,). 


On the segment A,B, we mark off points at the distance 1/n 
apart, where n is an arbitrary positive integer. 

Then B will fall between two of these points which are con- 
secutive, say between A,, B,. 


Let 1, = Dist (A, A,). 


We may continue in this way, subdividing each interval A,,, B,, 
into n equal parts, without end. The point B will never fall on 
the end point of one of these intervals, for then AB would be 
commensurable. The sequence of rational numbers 


Liha Wiveres ad 


so determined is monotone increasing, and limited. In fact, all 
its elements are </,+1. Thus, by 109, the sequence 1) is regu- 
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lar, and so defines a number X. We say 2 is the measure or length 
of AB, and we write as before 


X= Dist (A, B)=A, B. 
2. If we had taken the numbers 
i) Dis (41a. Ss), (Bra at 
where B, denotes the right-hand end of the interval in which B 


fails, instead of the numbers /J,, we would have got a monotone 
decreasing limited sequence 


whose limit \’ =2. 
For, ipsa a 


whose limit is 0. 


119. We have defined the length X of AB by a process which 
subdivides each interval A,, B, into n equal parts. The question 
at once arises: would this process lead to the same number A, if 
we had divided each interval into m instead of equal parts ? 

We prove the following general result: Let us modify the above 
process so as to divide the first interval into n, equal parts, the 
second interval into , equal parts, etc. This system of sub- 


division leads to a sequence which we denote by 
L!, 1! 13), 3 qd 
ae Dict (4,747): 


where 


The limit of 1) being 2’, we show it exists and X=. 

For, each point A,,’ will fall in a certain interval A, Pi, of the 
old system of subdivision, where 2,, is the lowest index for which 
this is true. 


then Dist (AA,,) = Dist (A, Ay!) < Dist CAB, ). 
But, by 118, 2, 
lim Dist (A, A,,) =lim Dist (4, B,) = 


Hence, by 107, lim Dist (A, Ze.) =n. 
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120. The process explained in 118, 119 is obviously applicable 
to the case when AB is commensurable. ‘The only difference is 
that after a certain number of steps the point B may fall on one 
of the end points of the little segments A,,, B,,. In this case the 
corresponding sequence 


Ls on eee ps pe ie eee 


would have all its elements the same after a certain one. 


121. We have now two methods for measuring a commensurable 
segment; viz. those given in 114 and 120. 
Let 7 be the length of AB as given by 114; and X its length 
according to 120. We show 
Ltn. 


Since AB is, by hypothesis, commensurable, we have, by 117, 


preserving the notation already employed, 


{= Dist (A4,,) + Dist (A,,8 


m 


< Dist (AA,,) + Dist eee a 
As 1 
Dist (Ah dh nin- es 
we have, from 1), 1 
0 <l 7 Ln < nn 
where a= DIBt (CA, A): 
Passing to the limit, we have, since 
lim /,,=A, lim —— = 0, 
He 
t= 


122. 1. Let AC, CB be any two segments; we show that 
Dist (AB) = Dist (AC) + Dist (CB). 
This is a generalization of 117. 


B 
A eee ee Pe ee ae — 
Bu Bum 


We begin by supposing that one of the segments, AC, is com: 
mensurable, while the other, CB, is not. Then AB is not com- 
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mensurable. In our process of subdivision, suppose that after the 
mth step, B falls in the segment B,,, B,,'. Then AC and CB,, are 
commensurable. Hence, by 117, 


Dist (AB,,) = Dist (AC) + Dist (CB,,). 
In the limit, we get 
Dist (AB) = Dist (AC) + Dist (CB). 


2. We pass now to the general case. 
After the mth subdivision, 
A Cc B 
ee 
Cn Ce 
let C fall between @,, and @,,'.. Then AC,, is commensurable. 
Hence, by 1, 
Dist (AB) = Dist (AC, 


) + Dist (C,,B). 


Mm 
Passing to the limit, we have 


Dist (AB) = Dist (AC) + Dist (CB). 


Correspondence between R and the Points of a Right Line 


123. 1. On the indefinite right line Z mark a point O as origin. 
Let P be any point on JZ, and let 


r= Dist CO, PP). 
If P lies to the right of O, we associate with P the number +2; 
if P lies to the left of O, we associate with it — 2». With the 
origin we associate the number 0. Thus to any point on Z 


corresponds a number in §t, and to different points correspond 
different numbers. 


2. We ask now conversely: does there exist for each X in KR, 
a point P such that ; 
|A| = Dist CO, P)? 
For all rational numbers this is true by virtue of the axiom of 
Archimedes, 1138, 2. 


Whether it is true for every number in §, cannot be demon- 
strated. We therefore asswme with Dedekind and Cantor that 
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there shall exist one and only one point P which shall lie to the 
right of O, if AX>0, and to the left of O, if X<0, and such that 


|A| = Dist (0, P). 


This we shall call the Cantor-Dedekind axiom or the axiom of con- 
tinuity of the right line. As we proceed, it will be made evident 
that many apparently simple geometric ideas are extremely subtle 
and complex. One of the most elusive of these is the notion of 
continuity. To say the right line is continuous because it has no 
breaks or gaps, is simply to replace one undefined word by another. 


3. We have now established a one to one correspondence between 
the numbers of §t and the points on Z. We may consider the 
points as wmages or representations of these numbers. 


124. 1. The correspondence which we have just defined is a 
generalization of that given in 35 for R. The considerations of 
39, 43, 44 can now be extended to # without any further com- 
ment. The graphical interpretation of sequences and their limits 
which we thus obtain will illuminate greatly the section on limits, 
97-111. We recommend the student to go over the demonstra- 
tions which we gave there, employing graphical representations 
as an aid to the reasoning. Indeed, some of the theorems, when 
interpreted geometrically, seem almost self-evident. 


2. Consider, for example, the theorem of 107. 
We have there three sequences, A = Sa,}, B= {Bn}, C= font. 


The relation 
pcg ©] Sols 


states that the point @,, lies in the interval J, = (@,, Yn)- 

Since now both end points of Z, converge to the point 2, 
evidently any point in J,, as 8,, must also converge to the 
point 2d. 


125. As another example, consider the theorem of 109. 

To fix the ideas, let A=§a,} be a monotone increasing sequence. 
The points in the figure represent «, %, ++ We have drawn a 
curve through them, as the eye seizes more easily the law of 
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increase or decrease of a sequence when such a curve is drawn. 
The reader will observe that since the sequence is monotone, this 
curve can have segments parallel to the axis X. As A is limited, 
allet nes POTN GS OL MAel Cele 6 6 a= saree eee ee eS ena 
tween a certain line G, 
Aides degliie: aha drawl lean Th Skike: ano 
through the first point «, 
of the sequence. To see 
now that A must have a g3 
limit, let us suppose the E 
line G@ moved parallel to 
itself toward X. Evi- 123465 
dently there is a line fF’ below which G cannot move without 
getting below points of A, and which the points of A approach 
as an asymptote. 

Tf A is the distance of # from X, evidently 


X 


lini ==N. 


126. As a final example of the helpfulness of graphical repre- 
sentation, let us consider the theorem of 111. 
The two cases we 
considered there are 
represented in Figs. 1 | 
and 2. The heavy a 
curves represent the 
law of increase and 
decrease of the sequence 
A. The points «,, ¢,, 


++ lie on these curves, " 
but are not indicated. 
The straight lines A 


represent the limit @ of 
A. The light curve — 
in Fig. 1 indicates an 
increasing sequence which one could pick out of A. 

By the aid of such a representation the theorem becomes almost 
self-evident. 


Fig. 1. 


Q2—_—> 


Fic. 2. 
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127. 1. Let A={a,}, B={B,t, C={y,}. 


Let A be monotone increasing, and C monotone decreasing. 
Let 


a, SS Ba <S Yn qd 
and lim (y, — «,)= 0. (2 


Then A, B, Care regular, and have the same limit 2. 
Also 


On < NK Yn: (3 


Graphically, the theorem is obviously true. 
The points «,, y, determine a set of intervals 


i — (@, Yn) 


such that each J, lies in the preceding Z,_,, and hence in all pre- 
ceding intervals. 

By 2) the lengths of these intervals converge to 0. Geometri- 
cally, it is evident that the end points «,, y, of these intervals con- 
verge to the same limiting point A, and that any sequence of points 
8,, where 8, is any point in Z,, must also converge to 2X. 

Arithmetically, the demonstration is as follows: 

By hypothesis, 


12% Ys td (4 
From 1), 


Hence, by 4), 


Thus A is limited. Similarly, @ is limited. 
Thus A and @ are regular, by 109. 


Let 
Fine) (2 a7. (6 


Then 2) and 5) give, by 104, 1, 
limi; ==. 


Then, by 107, 
[OWRD JCP get ji 
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2. The preceding theorem may be put in geometrical language, 
wnd gives: 


Let I, =(,, Yn) be a sequence of intervals n=1, 2, 3, +. Let 
I, lie in I, and let the lengths of these intervals converge to 0. Let 
8, be any point in I, (including end points). Then the sequence 
{B,,% is regular, and all such sequences have the same limit 2. The 
point ® lies in every I. 


3. The reader should avoid the following error: 


Let {a,, {8,$ be two sequences, such that 
lim (@, — 8,) = 0. (6 


Then lim «@,, lim 8, exist and are equal. 
That this conclusion is false is shown by the following example : 


1 n 
%=(- I+ B,=(- 1 


Here neither limit exists, although 6) is satisfied. 


Dedekind’s Partitions 


128. We proceed now to establish the notion of partition,* 
introduced by Dedekind, to found his theory of irrational numbers. 

Let « be any number of #; we can use it to throw all numbers 
of # into two classes A, B. In A we put all numbers <a; in B 
all numbers >a. The number « we may put in A or B. This 
division of the numbers of # into two classes we call a partition, 
and say, « generates a partition (A, B). Geometrically, the point 
« may be used to throw all points of a right line into two classes. 
In class A we put all points to the left of «; in B all points to 
the right of «. The point « we put in either A or B at pleasure. 


Example. 


Let @=V2. In A put all numbers < V2; in B put the numbers S v2. 
This partition may also be generated as Miner in A put all numbers whose 
square is <2; in B all numbers whose square S 2. 


* The German term is Schnitt. 
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129. 1. More generally, we shall say that any separation of the 
numbers of # into two classes A, B, such that 

1° Any number of A is < any number in B, 

2° Any number of Bis > any number in A, 
constitutes a partition (A, B). 


2. The condition 2° is really redundant, as it follows at once 
from: 1°; 

In fact, suppose 2° did not follow from 1°; ¢.e. suppose there 
were a number @ in B, = some number @ in A. Then there is 
an « in A which is not < any number in B, for « is not <8. 
This is a contradiction. 


3. Two partitions (A, B) and (C, D) are the same or equal 
only when A and (@ contain the same set of numbers; or only 
when & and D contain the same numbers, excepting possibly the 
end numbers. 


130. 1. We consider now this question: suppose a law given 
which throws all numbers into two classes A, B, such that every 
number in A is less than any number in B, and every number in 
B is greater than any number in A. Is there a number A in 
which will generate this partition (A, B)? We show there is. 

To this end we construct two sequences 


= 041) Oty yy °° 


T =B1, Bo Bar 


S' being monotone increasing, and 7 monotone decreasing, as 
follows : 
Let «, be any number at pleasure in A, and f; a number in B. 


Their arithmetic mean 
ath, 
2 


lies between @,, A). 
If it lies in A, we set 


bo = 4 (a, AF as B, =; stp 
if it lies in B, we set 


Oty = 04, By = 4(% + Aj). 
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We build now the arithmetic mean of a, 8,, and reason with 
this as before. Continuing this process indefinitely, we get the 
sequences S and 7. 

By 127, 2, the sequences S, 7’ have a common limit, which we 


call 2. 
Let » generate the partition (A’, B’). 


We show that (A B= CB 


by showing 1° that every number in A’ les in A; and 2° that 
every number of A lies in A’. 

1°. Let «+X be any number of A’. By 105, 2 there are an 
infinity of numbers @, lying between «& and dr. But «, is in A, by 
hypothesis. Hence «! <a, is in A. 

2°. Let « be any number of A. We have to show that a=n. 
Suppose the contrary, ’< a. 

Then 


€=a—Nr> 0: 
We can take n so great that 
B,— % = a <e, ad 


On the other hand, by supposition, 


Op NO 
Hence 
|S ad a, > & —A= €, 
which contradicts 1). 


2. We have thus this theorem: 


Every partition can be generated by a number in R. 


131. 1. A partition (A, B) cannot be generated by two different 
numbers X% and p. 

To fix the ideas, let \< pu. 

In the partition (C, D) generated by wu, CO contains all numbers 


<p. It therefore contains numbers >, and hence numbers not 
in A. Hence (A, B), CC, D) are different. 


2. Since each number generates one partition, and each partition 
is generated by one number, we can establish a uniform or one to 
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one correspondence between the numbers of § and the aggregate 
of all possible partitions. 

In fact, to the number @ shall correspond the partition (A, B), 
that « generates. To the partition (#, @) shall correspond the 
number A, which will generate (F, @). 


Infinite Limits 
132. Let A=, a, --- be an unlimited sequence [108, 2]. The 
following cases may occur: 
1°. For each positive number G, arbitrarily large, there exists an 
m, such that «¢, >G, for every n>m. In symbols 
Ga a i OS. 
We say the limit of A is plus infinity ; and write 


lme,=+o, lme,=+0, «,=+0. 


no 


Such sequences are 
2 Io), eae 


Dil 2s os 5 ose 
2°. For each negative number G, arbitrarily large, there exists 
an m, such that «, < G, for every nSm. In symbols 
Cee Uy Gite Qe Cee GIS 
We say the limit of A is minus infinity ; and write 


lime,=—o, lima,=—o, «@, 
n=0 


Such a sequence is 
—10, —100, — 1000, 
In both these cases, we say the limit is definitely or determinately 
infinite. 
3°. The elements «, do not finally all have one sign, but still 
lim | a, | = + 0. 
We say the limit of A is indefinitely or indeterminately infinite. 
Such a sequence is 
oe De Fo, oA HO, 
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133. 1. Case 3 is of little importance. We shall therefore in 
the future, when using the terms the limit is infinite, or certain 
variables become infinite, always mean definitely infinite, unless the 
contrary is expressly stated. 

The symbol + is frequently written without the + sign. 

The symbol +o means that the limit is either +-co or —o, 
and one does not care to specify which. 

The limits defined in the previous sections are called, in contra- 
distinction, finite limits. 

The symbols +0, —o are not numbers; z.e. they do not le 
in ®. They are introduced to express shortly certain modes of 
variation which occur constantly in our reasonings. 


2. Finally, we wish to state, once for all, that the teris, the limit 
exists, the limit is A, etc., or an equation as 


lim @, =A, 


always refer to finite limits, unless the supplementary phrase, “ finite 
or infinite,” is inserted. 


134. A sequence cannot have both a finite and an infinite limit. 

Hor, if A= f«,} has a finite limit, the numbers «a, lie between 
two fixed numbers, by 105, 1. It is thus limited. It cannot 
therefore have an infinite limit. 


135. Let A= j«a,}, and let B be any partial sequence of A. If 


ae &, = + 00, 


then linn ota 00, 
B 


The demonstration is obvious. 


136. If the limit of a sequence A= {a,} is indefinitely infinite, 
its positive and negative terms each form sequences whose limits are 
respectively +0 and —o. 


For, let B= {£,$ be the sequence formed of the positive terms 
of A; and (= ${y,} the sequence formed of the negative terms. 
By hypothesis, 
G>0, m, |a,|>G4, nSm. 
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But then, for a sufficiently large m’, 


ex &, %n<—G, n>m. 


Hence 
lim 8,=+2, limy,=—o. 
137. Let liime,=«, lim 8, =+0;3 
then 1. Tin Cenck B,) =e co, lim é. = 0. 
2. If «= 0, Diner e100. i 
3. If «#0, eee and lim 8, =03 
then lim “2 = +0, 


nr 


The demonstration is obvious. 


138. Let O15 hos Oe, eK B, Be» Boy a 
be two sequences. 
Let ee, = ay: hi 3 1, 2, eco 


Tf lim «,=+0, 
then lim 8, = +0. 
For, by hypothesis, 


G07 inn G, n>m. 


Since Jessie 
we have, a fortiort, 
fer > G. 
Hence 
lim ists =+ 0. 


139. Let A=«,, a, +++ be a monotone increasing sequence. 


B=, Hrsg Gigs *°° by lg<lge 
be a partial sequence of A. 


1h, lim a, = +, then lim «, = + 0. 
B A 


Let 
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For, by hypothesis, 
G>0, m, «> G. n>m. 


But since A is monotone increasing, 


a, > Oe Salis 
Hence (pS (Gir 
and lim @, = + 0. 
140. Let m,, mg, «++ be a sequence of integers whose limit is 
Then ' ; 
dimeric Olea 0 ale 
aay Sepa == Le 
=+o, of o>. 
For, let «>1. 
We set 


a=1+6. o>U: 
we =(1 0)" > 8,, 
8, =1+m,6. 


Then, by 94, 3), 
where 


We apply now 188. 


Since ; 
lim 6, = +00, 


we have, from 4), Pa te 
im a, = +0. 


lige OZ GN, 
W 
e set ¥ 1 
P= oe 
Then 
peo: 
Also 
ain — =a 8 
Pp .) 
As by 3), lim pi = +00, 


we have, by 187, 


which proves 1). 
The truth of 2) is obvious. 


lim a? = 0, 


+00, 
GCG 
(2 
(3 


(4 
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141. We consider now a few examples involving infinite Limits. 
Example 1. 


Ab onl i 
ee ee, 2, 
% Totes cain n 2 
Here 
lim a, = +o. a 
For, let aot asl m= 1, Des oul 
Then 
Le. dre Lee lar | TL _ 
=1 Oo BY Ws = > =, = = eee —ss 
* ee een ea ais 
1 il 
ie Se C= a es ieee i) 
Each parenthesis is >F 
For, 
1k Vie i IES al 
Sante iin aan 
LOR 1s Le 100 | ee ee a. 
sal yaaa haf ae ag i ==, et 
ZT elias Sages ee Geto aspen ka 
Thus - 
ane 
As 


lim m= -++00, 
we have, by 138, Fi ty eon 
But {«,} is a partial sequence of the increasing sequence §@,}. 
Hence, by 189, we have 1). 
142. Hzample 2. 


»=i+ 
a 


am 


where «#0, —1, —2, —3,-- 
Then 


Tet «>0. 
Then there is a positive integer m, such that 


lim «, = +0. ad 


m—1<a<m. 
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Then 
u au p= Only 2, t 
aot+tp m+p 

Hence nee 1 1 uf 
nm i eee Bar amr 2° 

But, by 135, 141, ft Meee 


Hence, by 138, 


Let «<9. 
Then there exists a positive in‘~ger m, such that 


lim @, = +0. 


NA wea mp< Ih. 


Hence 
230 : + pee rel : 
ae oem. a empl een, peeing wre 
Then, by 141 and 138, 
lim y, = +20. 


But fy, is a partial sequence of {a,}. Hence we have again 1), 
by 189. 


143. Hxample 3. 


jy ae AC: CAE, 
" B(B+1) + (B+n) 
where 8B#0, —1, —2, -- 


1°. «e>B, B>0. Let d=a—B8. 


Then 
atm é 
=—1 — 
B+m ice, Me ee 
Hence 
é 6 ) 
a(t Beg olirgty 
ANT B+) VT Ban 
il 1 1 
S14 8(S4 oot + ) 
B B+1 B+n 
by 90,1. Hence, by 142, 


lim Q, = +. 
Vig «> B, B<0. 


If « is a negative integer or 0, Q, finally becomes ‘ad remains 0. 
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Hence lim Q, = 0. ay i he wes ire 


Otherwise, let the positive integer m be taken so large that 


B+m>0. 
Then 
ties aCa+1)-+-(@+m—1) OCIS I Cae ol) ae bas 
"BB+ (B+m—-1)  (B+m)-(B+n) i 


The first factor R is a constant. In S,, set 


a =atm, B'=B+m, n—m=n. 


a (a +1): (ol +n). 
BIB +1) (Bl +n!) 
As a >f'>0, S, falls under case 1°. 
Hence 


Then 


ae 


lim Q,= +0, 
the sign being that of Z#. 
3°. a<P. Ifa=0, —1, —2, ---, evidently Q@,=0. 
Let 


Lissa bets ceo) « not zero or a 
~ a(a+1)---(a+n) negative integer. 


Then P,, falls under cases 1° or 2°. 


n 


But A ey 
ae 

Hence inven tay 

4°, a= @B+0, —1, —2,-.. Here Q,=1. 

Hence Hiya) st 


Different. Systems for Hupressing Numbers 


144. 1. Let a be a positive integer, and m any integer >1. 
Then we can give a the form 
a= a,m" + a,_ym""! + ++ + ap, qd 
where 
0<a,.<m—1, «=0,1,2,- 


and n is a positive integer. 
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The number m is called the base of the system. The base 
being given, the numbers ay. 4,,.+* a, completely define the 
number a, and 1) may be written more shortly 

C= ee Aa: 
When m=10, we have the decimal system. For example, we 


write S086 1108 1047 10-9 
more shortly 31779. 


When m is used as base, the numbers a are said to be expressed 
in an m-adie system. 

2. Let O0<a<1. With a is associated a point on a right line Z, 
whose distance from the origin of reference is «. To measure this 
distance, let us divide the unit interval into m equal parts, each of 
these parts into m equal parts, and so on. ‘Then, as shown in 


2 
118, 120, ica tha TEN UEA cae (2 
where 
1,=4, 
m 
=+2=44+% (3 


a a a a 
lymslg ines et te tan, 
nN mm mM m 


The numbers J,, /,, +++ are completely determined when the num- 
bers aj, a, -*: are given. Thus « is determined when these latter 
numbers are given, and instead of representing « by the system 
of equations 2), 3), we may employ the shorter notation 


C= +A AA sieie 


For example, let «= + and m= 10. 


Here a,=3, a,=3, a,=38, 
Hence 
4 = .3833 + 


which is the familiar decimal representation of 1. 
If we take m= 5, we get the representation 


4 = 1818181 -.. 
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3. Thus every positive number can be written in the form 
Any An *t' Ay * bi babs S00 
where the a’s and 0’s are [0 and 2m—1. 


4. Certain numbers admit a double representation, in an m-adic 
system; viz. those numbers in which the 8's, after a certain stage, 
all equal 0 or all equal m—1. In this case we have 

© 6 = AyAy_1 *** Ay + by by +++ 6, 0000 --- (4 
&= M,N + by + (6,-1)\(m—1)(m— 1) (5 
For example, when m = 10, 
23.5650000 --- 
ane 23.5649999 ... 


represent the same number. In the future we shall suppose that 
all such numbers are represented by the form 4), which we shall 
call the normal form. 


5. Numbers of the type 
Aj ny *** Uy * Bybg +b 000 «+ 


all digits after b, being 0, are usually written more shortly, by 
omitting these zeros. Such numbers are said to admit a finite 
representation. 


145. The expression of a positive number N in normal form in an 
m-adie system is unique. 
1°. Let N be an integer. We show first that 
m” > dy + aym + +a,_\m". @! 
This is obviously true for »=1. We apply now the method 
of complete induction. Supposing 1) is true for n=s, we show it 
is true forn=s+1. Let, then, 
m >a) tamer tay 
Then, since both numbers on the left and right are integers, 
m! — (ay + ayn + +a, am) S 1. 


ence =A = 
H m+! — (ay) ++ + a,_ym' msm. 
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Subtracting an integer b= 0, 1, +. m—1, from both sides, 
m1 —(b + aym + am + +.» + a,_ym*) > 0. 
Hence, changing the notation slightly, 
m1> a)! +a 'm + +a, m, (2 
if the a’ are Zm—1. 

This established, let 

M= ay + aym + agm? ++» + a,m’, 

N= by + bm + bym? + +++ + by’, 


where a, +0, 6,# 0. 

Then 1) shows that if r2s, then MZWN. 

Hence, if Mis to equal J, it is necessary that r=s. 

If r=s, then 1) shows that M2, according as a,26,. ‘Thus, 
if M=N, it is necessary that a,=6, In this way we may con- 
tinue, and so show that when M= JN, 


a= Lie k= 0, Le one LY, 


oe ieteUeeV <a 
Suppose UNIO oe a 
Pre Inn DpeiOnsee 


where a,+#6,. To fix the ideas, let a,>6,. Then V>P. 
For, 

a, 

m 


me) 42 . 
WS (“4.4 a )+ eo mt, 


Since P is written in the normal form, there exists an s Sr, 
such that 


b6,<m—1. 
Then 
po b,. 6,+1 
PSN ee ee as: 
But si 
ut since a, >6,, N,> Py. 
Hence N,+N,>N,+ Pe 


_ and a fortiori, 


N= P. 


CHA PTER® Ll 
EXPONENTIALS AND LOGARITHMS 
Rational Haponents 


146. Having developed now the number system ® with suff- 
cient detail, we shall in this and the subsequent chapters represent 
numbers in § indifferently by Greek and Latin letters. 


147. Up to the present we have defined the symbol 
ge @! 


only for positive integral values of the exponent ~. We proceed 
to define it for any value of yw, supposing a>0. We begin with 
rational values. The numbers 1) are then called roots or radicals. 


148. 1. Let a>0, and let n be a positive integer. There exists 
one and only one positive number satisfying 


C=O. Gr 


Let (B, C) be a partition such that B contains all positive 
numbers 6 such that 6” <a. 

Let p be the number which generates (B, C), 1380, 2. By 180, 
1, we can pick out of Ba monotone increasing sequence {6,,} and 
out of Ca monotone decreasing sequence {¢,,; such that 


lim 0. = lim ¢,,='p. 


As i, <4 < ony 
we have, by 106, 2, 
im! Od" == a: 


96 


96 EXPONENTIALS AND LOGARITHMS 
As, by 98 


lim 88, =p’, 


p" =a, Qa 
Hence p satisfies 1). 
There is but one positive solution of 1). For if 


we have 


we have, from 2), 3), 
p° =a". 
Hence, by 75, 3, 
p=-. 


2. We write 


is 


p= a—a 


« . 5 ~ 2 
3. When x is odd, 1) has only one solution in ®, viz., r = Ya. 
When x is even, it has two and only two solutions in R, viz., 


Va, — x ‘a. 


149. 1. From the preceding we have readily: 
Tet a<0. Then = 
——@ 
has no solution if n is even, and if n ts odd, it has one and only one 
solution, viz... —V/—a. 


For brevity we often write, when n is odd and a<0, 
nf N ae 
Wa tor —V—a. 
When, however, a> 0 the radical V/a shall always be a positive 
number. 
2 


2. The equation z*°=0 admits one and only one solution, viz., 
r=O,inR. We write 


Fin 


/ 


n 
YV 


—} | 


ab 
150. 1. Tf m, n are positive integers, and a>0, then 
1 2 
(a*)™ = Cx qd 


p=. 
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Then n 
fam 0, 
and 1 
p” = (a")”; (2 
also ps 
Noah iid Wp od G 
The equation 3) shows that p” is the positive solution of 
v= a". 
Hence, by definition, 1 
(ye — Ca”). (4 


Comparing 2) and 4), we have 1). 


2. We write 1 ake” 
Cary” a Pigs be = a’. 


We have now the definition of 
a", a>9 
for positive rational exponents. 


151. Let u bea positive rational number. We define the symbol 
a by the relation 


a 1 . 
ay 
We also set P=. 


152. Let r, 3 be rational numbers, anda>0. Then 
aa — a’*?, aq 


This equation expresses the addition theorem for rational ex- 
ponents. It is a generalization of 74, 2. 
To fix the ideas, suppose r,8>0. Let 
U m 


T=; 3s=-—, 
n n 

where 1, m, n are positive integers. 

eae p=a’; then p*=d’ (2 


Let 


o=a; then o*=a”. G 
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Multiplying 2), 3), we get 
(po)"= am, 


This shows that p+ o is the positive root of 


ga? = qm, 
Hence +m 

pe a. ¢} 
But 2), 3) also give 

por ara (6 


Comparing 4), 5), we get 1), since 


MAE egy 
nv 


153. Let u be a rational number, and a>. 
Then a 0. 


For let p= =>05 m, n positive integers. 
We have, by 148, 1 


Hence i : 
n"—q"-aq"-+-a">0. m factors. 


Tf p< 0, let w=—v, v>0. 
Then 1 
at = — 
a” 
and as a’ >0, so is a“ >0. 
If w= 0, we have a* =1, by 151. 


154. Let w be a positive fraction anda>0. Then 


at Z 1 according as a = ik 
m AA ed 
Let p= Pe positive integers. 
1 
[Pa tinena. 1. 
For, suppose the contrary, 2.e. let 
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Raising to the nth powers, by 75, 2, 
(it ke 


which is a contradiction. Hence 
Tia >1, ups A 


Hence Qi by 75, 2: 


The other cases are similarly treated. 


< 


as a 21. 
Let a<1 and suppose 1 
a de 
Then, by 75, 2, 
azZa". 
But when a<l, 
GCE Ay 


by 75, 4. This contradicts 1). 
1 


Thus, when a<1, a™>a. 
The other cases are easily treated now. 


156. 1. Let a>0 and let w be a positive fraction. 


Pe SSB UE 
then = 
a De, 
For, let p= mem, n positive integers. 
n 
From m 
a> 
follows, by 75, 2, 
“0; 


Suppose now 1) were not true, ¢.e. suppose 


n 
azb™. 
Then 
ana 0”, 
which contradicts 2 ». 


231791 


If 


1 
155. Let n be a positive integer anda>0. Then a"Za according 


el 


qa 


(2 
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2. Let a>0 and let pw be a negative fraction. 


ig ue b=). 
then a<b". (3 
We can set p= —v, v>0. 
Then Pe ih, 
a” 


This reduces 2 to J. 


157. Let w<v be two rational numbers ; let a>. 
Then 


Cae according as aZ1. ad 
: 5 
We can set hae 
ion, ——s) 
t 


where 7, s, f are integers and t>0. 
To fix the ideas, let a>1, and p, v>0. 
Suppose for this case, 1) were not true, ¢.e. that 
aS a". 
Then 
=a bye, 2, 
which is absurd, since r<s. 
Thus 1) is true for this case. In the same way we may treat the 
other case. 


158. Let pw be a rational number, and let a, >0, n= 1, 2, + 
Ty hina, sl, (1 


then lima; (2 
To fix the ideas, let 


OF. 
CS a ee positive integers. 


1 
If POM afin PaGaC PS AVE 
1 
if Cg Sd bt A he RO eS 


L 
by 154, 155. Thus in either case a, lies between 1 and d,. <Ap- 
plying 107, we have, using 1), 


lim a,°= 1, 
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Since r fy ‘ 


An = Og! Anh + Ay’, r factors 
we have, by 98, 
" 
lim a,’ = lim at = 1. 


The other cases are now easily treated. 


159. Let uw be a rational number; let 


lim a,=a>0, On >%. 


Then 


For, 


him ak = of, qd 


1 be = wy (%/" , (2 
A 


lim“* = 1, by 98. 


But, by hypothesis, 


If we apply now 158 to 2), we get 1). 


Irrational Kaponents 

160. Let R=r,, ry, +++ be a sequence of rational numbers whose 

limit is 9. Then, if a>9%, 
lim a= 1. (1 

We ehow: e>0, m, |1—a™|<e, n>m, (2 
which is the same as 1). 

Le a>1,7,>0; then, by 154, 

Lode 


Since 7, >0 and as small as we please, n being sufficiently large, 
we can take m so large that 


1 
mate ADM, 


however large the positive integer g be chosen. 


But, by 94, 3), (1+6)*>1+ge. 
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We can also take g so large that 


1+ge>a. 
ahen (1+e)">a. (3 
On the other hand, by 157, 
U+e"> (1 +ey, (4 


Hence 3) and 4) give 
1 
(1+e)™">a. n>mM. 


This gives, by 156, 1), 
i hes whe. 


Hence 2) holds in this case. 
Let a<1,7r,>0. We set 


a=}; 
b 2 
then b>1 
By the preceding case 
bm<1l+te 
Hence 1 
Tene ee : 
a brn = iene Ze € 
by 89, 1). This gives 
l-—a™<e. 


Hence 2) holds in this case. 
Let r,<0. This case reduces to the case that 7, >0, by observ: 


Ing that soc oe 
a 


We consider now the case that the 7, do not all have one sign. 
We divide # into three sequences, R,, R,, R_. In the first, we 
throw all r,=0; in the second all r,>0; in the third all r, <0. 
Should any of these sequences contain only a finite number of 
elements, it can be neglected. For we have only to consider a 
partial sequence of R, obtained by omitting the terms of R up to 
a certain one. 
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Consider R,. We have seen there exists in it an index m! such 
that 2) holds for every n>m’. 

Similarly in R_, there exists an index m!! such that 2) holds 
for every n>m''. 

Consider finally Ry). As r,=0, 2) holds for every » of R,. 

Thus if m be taken >m’, m'', 2) holds for every n>m in R. 


161. Let A=a,, ay, --- be a regular sequence of rational numbers, 
and leth>0. Then 


ba, b%, . al 
is regular. ; | 
We have to show: 
e>0, m, |b— | <e, n>m. (2 
Set 
d= b% — 5% = bam har—4m — 1), G 


Since A is regular, we have 
5>0, m, |a,—A,|<6. n>m. 
But if 6 is taken small enough, by 160, 
[Ota om — A <9, (4 


where 7 > 0 is arbitrarily small. 
Since A is regular, there exist, by 65, 5, two rational numbers, 


Q, R, such that Q<a,< R. n= Als Me ee (6 


Then 3) gives, by 4) and 5), 


|d,|<d%, if b>1; 


(6 
<6, if b<1, by 157. 
If 6>1, we take 1733 
if b<1, we take =50 


Then in either case 2) holds. 
The case that 6=1 requires no demonstration. 
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162. Let a,, dy, --- and a, %, + be two sequences of rational 
numbers having the same limit. Then, of 6>9, 

lim 6% = lim 6", qd 
By 161, both limits in 1) exist. 
Let a= bm — fr= b™(1 = btn), (2 
We have only to show that 

lind =.0: (3 
But 


lim (a, — @,) (0) 
Hence, by 160, 
lim (1 — 6%") = 0. (4 


Hence, 2), 4) give 3). 


163. We are now in the position to define irrational exponents. 


Let 
B=(M To °°) 


be a representation of uw. We say 
a’ = lim a’. a 


By 161, the limit on the right of 1) exists; by 162, it is the 
same whatever representation of pu is taken. 


164. 1. Let 7, ry, ++» be a sequence of rational numbers having a 
rational limit r. Then, if b>0, 
tim 0 aes al 
In fact, the sequence 
eee ie. ir ses5 7 = Thy pS ul 2, 
has r as limit. 
By 162 : : 
ole lim 6’ = lim 6", @ 
But 


lim 6% = lim 6" = &. 
This in 2) gives 1). 
2. The object of 1 is to show that the definition of a” given in 


163 does not conflict with that given in 150, 151, in case p is 
rational. 
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165. 1. Let mw be an arbitrary number, and r, 8, two rational 
numbers, such that r<u<s. Then for b>0, 


bre b* 2b, according as b <1. a 
For, let 


b= (My, My, ***), 
the m’s being rational. 
ahem. by 105.01, 
TP Wyo, Se n>v. 
Hence, by 157, 
C0 reap we it, (b> 1. 


Then passing to the limit, by 106, 1, 
OP SP Sati 2 


Here the equality sign must be suppressed. For, let 7’ be 
another rational number such that 


Tp Vp 
Then, as in 2), 
Giesbr. 3 
But 
WS as (4 


by 157. From 8), 4) we have 
bob". 


Thus the equality sign in 2) must be suppressed. 

The truth of 1), when 4<1, follows in a similar manner. 
2. Asa corollary of 1, we have: 

Let a>0; then a“ vanishes for no value of pm. 


In fact, the relation 1 shows that a” always lies between two 
7) 
positive numbers, by 1538, 


166. 1. The properties given in the preceding articles for 
rational exponents hold for irrational exponents also. We illus- 
trate the demonstration in a few cases. 


Let r¥<p,andb>0. Then 


BS b*, according as b21. ad 
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To fix the ideas, suppose 6>1. sLet r be a rational number, 
such that 


WEP Me 
Then, by 165, 

D<b <b. 
Hence 

D< br, 
2. As corollary we have: 
If b>1, we conclude from 

BAS bm, 

that 
ae 
r ae 


whereas, if 0<b<1, we conclude that 


<& 
Xr SH. 
8. Ini) letrA=0. Since 
Oval 
we have: 
Lbs: ean dab OREN 
= BY 2 
b zi 1, according as b = he 
aga gh 
167. b-*= es b>0. 
For, let 
& =(A,a, °**). 
Then 


Since, by 151, 


6-4 = a 
we have 
b-*= lim 6-™ = — 1 aa 
lim 6% = 6 


since «+0, by 165, 2. 
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168. If a>0, 


ONOE ea aM 


This is the addition theorem for any exponents, and is a generali- 
zation of 152. 


Let 
A=limA,,; » = lim p,. 
Then ‘ 
a =lim a, a“ = lim a“, 
Hence 


aa = lim a lim a“. = lim aque 
= lim a*ten, by 152, 


= qth, 


169. Let rj, Ag, ++: be a sequence whose limit is +. 


Ifa>0, 
+10, ff a> tl, 


i n= 
lim a eae 


For, let a>1. 
Let J, be the greatest integer in d,. 
Since lim A, = + 0, lim J, =+ 0. 


Then, by 140, 


lim a/n = + 0. 


As 
arn = a'n, 
lim a’ = + 0, 
by 138. 
Ota ale 
Set baa. Thene} = 1: 


The demonstration follows now at once. 


170. Let a4, ay, ++ be a sequence of positive numbers whose limit 
43/1. 


Then 


" Nios 
lim'a* = 1. 
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Let 7, s be rational numbers, such that 


r<A<s. 
Then, by 166, 1, 
An” < Ay < Ay’, Gnas qd 
Ot aad Upre (2 


Let us apply now 107. Since, by 158, 


1 fice yy Cj 
lint a,7 == limtonieen, 


we have, from 1), 2), 
line 


171. Let a,, a, -: be a sequence of positive numbers whose limit 
wa>0. Then 
] A— “ar 
lim’ @,* =a. ad 
For, Ay \> 
: Uh o() ‘ 2 
04 


Since, by 170, 
lim “2 = Ais 
a 


1) follows from 2) at once. 


172. Let r,, Ay, «+ be a sequence whose limitisr>. Ifa>0, 


lim an = a’. (1 
For, let 
V1 Tos ee) 845 $55 


be two sequences of rational numbers whose limits are A, and such 


that 
Pn, Nn Kh n= i ae eee 


To fix the ideas, let a>1; then, by 166, 
an < an < ain, @ 
By 162, 


lim a’ = lim a‘n, 


The application of 107 to 2) gives 1). 
The case that a = 1 is now readily treated. 
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Logarithms 
173. Let a,b>0,andb#1. The equation 
v= a qd 
has one, and only one, solution. 


To fix the ideas, let 6>1. We form a partition (C, D) in which 
C’ contains all numbers e, such that 


ba; 
while D contains all numbers d, such that 
ba 


This separation of the numbers of ® into the classes C, D is 
indeed a partition. For every number of Cis < any number of D. 
In fact, from be < bt, 


follows, by 166, 2, e<d. 


Let & be the number which generates (C, D); let 


Gece uae 
d, >d,>-- 
be the monotone sequences of 130, whose common limit is &. 
Then iP ah (2 
Por, by 171, lim b¢ = lim b4n = BE, Cc 
On the other hand, Pen (4 


From 3), 4) we have, by 106, 2, 
lim’ 6% =a. G 


From 38), 5) we have 2). 
The equation 2) shows that & is a solution 1). Let » be also a 
solution, so that ieee (6 


From 2), 6) we have 


Hence, from 166, 2, 
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174. 1. As we have just seen, the equation 
b= a, a 05 6>0 and #1, 


admits one, and only one, solution. This uniquely determined 
number &, we call the logarithm of a, the base being 6; and write 


E= log, a, 
or when we do not care to indicate the base, 
= log a. 


2. We shall suppose, once for all, that the base 6 is #1; also 
that the numbers whose logarithms we are considering are > 0. 
3. From 
log u = log v, 
follows 
w=. 


The demonstration is obvious. 


175. log ab = log a + log 6. 


This is the addition theorem of logarithms. 
Let the base be ec. If 


f= lod, (8 = log 6 
then 
ct=a, c&=O). 
Multiplying, we have 
CR Seer eal 
From the equation 
ertB — ab, 
we have 
log ab=a+ B=loga+ log b. 


176. By using the properties of exponentials we may deduce in 
a similar manner all the ordinary properties of logarithms. As 
this presents nothing of interest, we pass on. We note, however, 
the following important relation. 


Let a>0, and b be the base of our logarithms. Then 


Gi == DE }08S: qa 


LOGARITHMS 


For, by definition, plosat gu 


But 


log a" = pw log a. 
This in 2) gives 1). 


177. Let ay, ag, +++ be a sequence whose limit is 1. 


lim logran =): 


To fix the ideas, let 6, the base of our logarithms, be >1. 


Let e>0, then, by 166, 3, 


bea 
Hence 1 
Cal), 
be 
Since lim a, = 1, 
we have 


8>0, m, —d<a,—1<6, n>m;3 


which gives es GeeIenS, 


From 3) we have 

1-d=%. 
This in 4) gives 1 

Oy > 5 
On the other hand, 
byi3), 2): 

This gives eae 
Then 6) and 4) give peed 


From 5), 7) we have finally 
but <4,, <0. 
This may be written, by 176, 1), 


b-« xe flog an xa be, 
Hence, by 166, 2, 


—e<loga,<e, n>m, 


which is another form of 1). 


(2 


d 


(8 


(4 


(5 


(6 
(7 
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178. Let lima,=a>0. Then 


lim log a, = log e. a, > 0. CG 
For, is 
Ce re see 
a 
Hence 
. log a, = log «+ log ~e (2 
As 
lim“ = ihe 
7 


we need only to apply 177 to 2) to get 1). 


179. Let a,a, --- be a sequence whose limit is +0. Then 


4+ 0 if b>1, 
0 #b<1. 


Let b>1. Let m, be an integer, such that 


lim log,a, = 


brn < ih = b+}, 
Then, by 176, 
log a, >My. a 
But 
lim m, = +0, 
since lim a, =+o. 


Hence, by 138, using 1), 
lim log a, = + 0. 


The case that 6<1 follows at once now. 


Some Theorems on Limits 


180. Let A =a, a,,--- be any sequence, such however that its limit 
ts +0 when it is not limited; let B= by, b,, +++ be an inereasing 
sequence whose limit is+o. If 


: a ——i(, 
= lim —2+l _—“n au 


; ' ; y n+1 n 
ts finite or infinite, then 


lim = =I. (2 


vn 
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Proof. 1°. J finite. 
Set 


From 1) we have: 


6>0, m, |l—-g,|<8, nSm. 
Hence 


(Og, <l+6, 


U6 <0 <l+6, 


1-8 <Qniypi<lt+ 6. 
To these inequalities apply 93, setting the y’s equal 1. Then 


b—8<Gn,p<l+5, 
or 


Ym, p — ) <i Um, p AF 6. (3 
Tf A is limited ; 


Inna p g—iO 
p= 


since, by hypothesis, 6, = +. 
In 3, pass to the limit p= ; we get 
—6<1<6. 


Hence 
1=0. 


But on the supposition that A is limited, 


=O 
lim 2 = 0. 


Yn 


Thus 2) holds in this case. 


If A is not limited ; 


§>0 being small at pleasure, and m fixed, we have, by 92, 


1 — Aes 


b : 
Of U.P, TNL poms [d,|<d, p>ppo (4 


Am 


Antp 
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a (1 - =) 
m+p 
Now Um, p a ee. | @ 
Creal - 7) 
m+p 
Also, by 3), 
4 Dei IS eb (6 


From 5) we get, using 4), 6), 


pee = (ie! \(1eeo,) 


Pre 


Ai Maihy SENG 


Hence 
Les teas RU mary) ae OS. 
Os 
and 
ye SAY Gicuateaty. 
m+p 
<8({l| +2), (7 
supposing 6<1. 
If now we take : 
) : 
S24 iq) 


7) gives 2). 


2°. linfinite. To fix the ideas, suppose / = + 0. 
Then 
GU G 0 n>mM. 
Hence 
Amy Int *** Imtp-1 > GJ: 


Applying 93, we get 
Yn, p 2g: jo = 1s 2, ore 
This shows that 
lim a, = +20. 


Then 5) shows that, taking 7 such that 0<7<1, 


Am 
Ymo= 5 Ata')3 |n'|< a p> Py 
by 92. Hence ‘ 


SOME THEOREMS ON LIMITS 115 


If we take 
g>1+n)G, 


where @ is arbitrarily large, we have 


z> GF. n>mM + p. 


This proves 2) for this case. 


181. Let ay, ay, ++. be a sequence whose limit, finite or infinite, is 
a. Then 
(hii eae eee 


n 
Let 
A, =a,+--+ a. 
Then 
Ay es: Ae 
Ay — ee 
n—(n—1) 
Hence, by 180, 
eA 
ling =a. 
n 
182. Let a, a, --- be a sequence whose terms are positive, and 
whose limit, finite or infinite, is «>0. 
Then 
lim Va,d9+++ Gy, = ot. (1 


1°. @ finite. Consider the auxiliary sequence 


log a,, log ag, +++; base >1. 


By 178, 
lim log a, = log a. (2 
By 181 and 2), 
lim u (log a, +---+ log a,) = log a. (38 
n 
But 
1 dog a +++ log a,) = log Vayag +++ dy. (4 
n 


From 8), 4) we have 1). 


2°. w infinite. To fix the ideas, let « = + 0. 


Uae lim log a, = + 2%. 
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By 181, 


Il 
R 
I 
at 
8 


lim log-Vayaq +++ a 
Thus 
lim Vaj+++ dp, 


lI 
Be 
8 


Hence 1) is true in this case. 


183. Let a,, a, --- be a sequence of positive numbers. 
Let 


ea , Dae 
lim—*- = a+0; finite or infinite. 
n—-1 
Then 
lim Va, = @. 
For, 


np Ra, QAy-1 As 
V An = J COD OG ay. 


An-1 Ap—2 ay 


Apply now 182. 


184. Let aj, a,, --- be a sequence whose limit is 0. 


Let by, b,, +++ be a decreasing sequence whose limit is 0. 


Let 


limes ae Ll; finite or infinite. 
On = Pes 
Then 
lim 5 = J, 


1°. 7 finite. As in 180, we have 


(Oho (8 € 
e>0, m', [po puee— 1] < $5 pa1,2 OD) m>m’i. Q 
mm” Ym+p = 
Since by 92, 
lim Gm Amn+p Im. 
De oe a Bn D, 
we have 
An An+p Am 
€, Po 7 << 0°? Ww = 
Sareea Pe Po 


Adding 2), 3), we get 


an, 
F-il<es m>m’. 


™ 


(3 


SOME THEOREMS ON LIMITS ale 


2°. Linfinite. Letl=+o. 
Then 


(CES UN ie Qn. = gop > p=, 2, -- m>m. 


ue Oris 


But for sufficiently large p, 


Teo TOS \8,|<8, by 92. 
Hence 
Hence 
Gm y ; m>m. 


m 


and g is large at pleasure, since Gf is. 


185. EXAMPLES 
1 lim log n _ 9, 
. LE Te) 
For. 
, log n — log (n —1 = log n_ +9, 
n—(n—1) n—1 
2 Ae eas 
For 
r) en — er—l ales Asante 
n—(n—1) e 
3 {bien Qin ei 
° ASO 
For, 
n ° 
sees Sls 
n—1 
4 lim Yn! =+ o. 
. y (—— 8} 
For, ' 
” 


CHAPTER IV 


THE ELEMENTARY FUNCTIONS. NOTION OF A FUNCTION 
IN GENERAL 


FUNCTIONS OF ONE VARIABLE 
Definitions 


186. The functions of elementary mathematics are the following: 


Integral rational functions. Exponential functions. 
Rational functions. Inverse circular functions. 
Algebraic functions. Logarithmic functions. 
Circular functions. 


The reader is already familiar with the simpler properties of 
these functions, which we may call the elementary functions. We 
wish, however, to restate some of them for the sake of clearness. 


187. In applied mathematics we deal with a great variety of 
quantities, as length, area, mass, time, energy, electromotive force, 
entropy, etc. In a given problem some of these quantities vary, 
others are fixed or constant. 

The measures of these quantities are numbers. 

In certain parts of pure mathematics we study the relations 
between certain sets of numbers without reference to any physical 
or geometrical quantities they may measure. In either case we 
find it convenient to employ certain letters or symbols to which 
we assign one or more numbers, or as we say, numerical values. 

A symbol which has only one value in a given problem is a 
constant. 

A symbol which takes on more than one value, in general an 
infinity of values, is a variable. . 

118 
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188. The set of values a variable takes on is called the domain 
of the variable. 

It is often convenient to represent the values of a variable by 
points on a right line called the aavs of the variable, as explained 
in 123. The domain of a variable may embrace all the numbers in 
%, or, as is more often the case, only a part of these numbers. Very 
frequently the domain is, speaking geometrically, an interval; de. 
the variable x takes on all values satisfying the relation 


Cat a), 
Such an interval we shall represent by the symbol 
(Cas O). 


Frequently one or both the end points a, 6 are excluded. 
Then we use the symbols 


Ca". 0 torr d <a << 0; 
Cano* sora}; 
COP 0% eiOls de, 
Similarly, 
(a, +0) includes all x>a; 
(—«, a) includes all Tea; 


(—s#, +) includes all x in &. 


A point of the interval (a, 6) which is not an end point is within 
the interval. 


189. Let 2 be a variable, whose domain call D. Let a law he 
given which assigns for each value of 2 in D one or more values 
toy. Wesay y ts a function of x, and write 


y=f(x), or y=$(a), ete. 


If y has only one value assigned to it for each value of zin D, 
we say y is a one-valued function, otherwise y is many-valued. 
The variable z is called the independent variuéle or argument; y is 


called the dependent variable 
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We must note, however, that y may be a constant. 

The domain of the independent variable « which enters in the 
law defining a function f(z) is also called the domain of definition 
of the function. 

The above very general definition of a function is due to 
Dirichlet. 


190. The reader is already familiar with the graphical repre- 
sentation of a function, by the aid of two rectangular axes. 


oe y=F@) 


be a given function whose domain of defini- 
tion call D. 

The graphical representation of D is a set 
of points on the z-axis. 

Let a be a value of x to which corresponds 
the value 6 of y. The point P in the figure 
whose codrdinates are a, 6 represents the value of the function 
Lon t= a. 

As x runs over the values of its domain D, the point P runs 
over a set of points, which we call the graph of f(2). 


191. 1. Another representation of a function is the following: 
We take two axes as in the 


figure ; for for 2 

SUL ONCRTO! ay mODCTO0N) i. —————— 
In this representation, the 

graph of f(z) is a set of points 0 Ei 


’ yp SY = 
on the y-axis. 


2. The reader will observe this important difference between 
the two modes of representation just given. In the first we know 
for each point P of the graph the corresponding values of both x 
and y. In the second mode of representation, we do not know 
in general the value of x corresponding to a point P of the 
graph, and conversely. In spite of this deficiency, we shall find 
that this second representation is extremely useful. This is 
especially the case when we come to consider functions of n 
variables. 
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192. Ex. 1. Let D be given by 
Wench 
while y is given by 


earns 


The graph of y in the first mode 
of representation is the arc of the 


parabola given in Fig. 1. The do- , eens 

main of definition D is the segment 

(0, 1) on the z-axis, drawn heavy in 0 1 

the figure. gion ART COTO a ae 


In the second mode of representa- 
tion the graph of y is the segment marked heavy on the y-axis 
(Fig. 2). 
193. Ex. 2.. As in Ex. 1, let 
Via 
Let, however, the domain of definition D embrace only the 


values of 
c= bh 


In the first representation the graph of y 
is a set of points lying on the arc of the 
parabola of Ex. 1. 

In the second representation it is the set 


of points wy Ys Vy 


HE Be ae al 
1, ote 


a 


on the y-axis. 
In both modes of representation, the representation of D is the 


set of points 
apie le cd ee aisloed 
OF 3) 4? 5? 


e e LCE FS Cn ag Re 
on the v-axis. 03 4 1 


Integral Rational Functions 


194. These functions are of the type 
Y= A+ a0 4 aga? + + 4,0, qa 


where the a’s are constants, and m is a positive integer or 0. 
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Such functions are called polynomials in algebra. 
The number m is called the degree of the polynomial y. 
When m= 1, we have , 
y=at+a,e. (2 


The graph of 2) is a straight line. For this reason an integral 
rational function of the first degree is called linear. 
When m= 0 or when a, =0 in 2), we have 


¥y =, a constant. G 


We still say y is a function of xz. In fact, 3) states that for 
each value of x, the corresponding value of y is a. 

The graph of 38) is a line parallel to the a-axis. Since the 
equation 1) assigns to y a value for each value of x, the domain of 
de‘inition of y embraces all numbers of #. Speaking geometrically, 
as we often shall in the future, it includes all the points of the 
L axis. 

Since 1) assigns only one value to y for each value of a, y isa 
o1.e-valued function. 


195. In algebra we learn that if a polynomial 
Pry = UA + Ayo + oe A _yv™ a 
vanishes for z = «, we can write 
Pi Cr = 2) Pe, 


where P,,_; is a polynomial of degree m—1. We learn also in 
algebra that a polynomial of degree m cannot vanish more than m 
times, without being identically 0, in which case all the coefficients 
in 1) are 0. 
Should 1) vanish for 
= 044 Oy, *** mys (2 
we have 


Py = Am (@ — 044) (@ — Og) +++ (B— Oy). 


The numbers 2) are called roots or zeros of P,,. 


ALGEBRAIC FUNCTIONS 123 


Rational Functions 


196. The quotient of two integral rational functions of z is 
cailed a rational function. 
Their general type is given by 


— WEE + ois ee 
by + bya + + +b,a””? 


ad 


where the a’s and 6’s are constants and m, n are positive integers 
or 0. 

The expression 1) involves division by zero for those values of 
x for which the denominator vanishes. The domain of definition 
D of a rational function includes therefore all points on the z-axis 
except the zeros of the denominator. These zeros we shall call 
the poles of y. Since 1) assigns only one value to y for each point 
of D, a rational function of z is one-valued. 

The degree of y is the greater of the two integers m,n; suppos- 
ing, of course, that a,,, 6, + 9. 

When y is of the first degree, it is called linear. The type of a 
linear rational function is, therefore, 


y= UM 
by + bx 
The rational function includes the integral rational function as 
a special case. 
In fact, let the numerator be divisible by the denominator, then 
1) reduces to a polynomial. This takes place in particular when 
the denominator reduces to a constant. 


Algebraic Functions 


197. We say y is an algebraic function of w when it satisfies an 
equation of the type 


gy” ai ee die Tesiice foes -{- Ey aa ie = 0, qd 


where n is a positive integer, and the #’s are rational functions 


of x. 
The degree of y is n. 
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Let us give to 2 a definite valuezv=a. If a isa pole of any of 
the R’s, the equation 1) has no meaning for this point, and it does 
not lie in the domain of definition of y. 

Suppose a is not a pole of any of the #’s. 

Then each R,, takes on a constant value, say A,, and 1) goes 


over into y” + Ay" ane Aen + A,_w + Ayes 0, (2 


an equation with constant coefficients of degree n. 

Equation 2) may have no real roots. In this case a does not 
belong to the domain of definition of y. On the other hand, 2) 
cannot have more than n real roots for x =a. 

These considerations show that y is at most an n-valued function 
whose domain of definition embraces all or only a part of the a-axis. 

If we clear of fractions in 1), we may write it 


Py" al Payee! Bt tenatets Pry +P, =9, (3 


where now the coefficients of y are polynomials in x Evidently 
either 1) or 3) may be used as definition of an algebraic function. 


198. The algebraic functions include the rational functions as 
a special case. 
For, if n= 1, the equation 1) of 197 takes on the form 
y+ Rh, =9, 
or y=— R,. 


But — R, is any rational function. 


199. An expression which can be formed from z and certain 
constants by the four rational operations and the extraction of 
roots, each repeated a finite number of times, is called an explicit 
algebraic function. 

Such a function is 


bf a+tbs & - 
a Veet Fa ( 


Obviously 1) can be obtained from 


Deo Ose 
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& 


by the aid of the five operations, addition, subtraction, multiplica 
tion, division, and the extraction of roots, each repeated only a 
finite number of times. 

It is known that every explicit algebraic function y satisfies 
an equation of the type 197, 1). Hence every explicit algebraic 
function is an algebraic function, by 197. 

The converse is, however, not true; every algebraic function y 
cannot be brought into the form of an explicit algebraic function. 

This is due to the fact that equations of degree n>4 cannot, in 
general, be solved by the extraction of roots, or, as we say, do not 
admit of an algebraic solution. 


200. All functions which are not algebraic functions are called 
transcendental functions. 

The terms algebraic and transcendental may also be applied to 
the numbers of ®. 

Any number @ which satisfies an equation of the type 


a” ath, ae fe, Ose + 650 + Bn 0 +- Oh, = 0, (al 


where v is @ positive integer, and the a’s are rational numbers, is 
called an algebraic number. All other numbers of 9 are transcen- 
dental numbers. 

When n=1, the equation 1) defines a rational number; the 
rational numbers are special cases of algebraic numbers. 


Circular Functions 


201. As the reader already knows, the circular functions may 
be defined as the lengths of certain lnes 
connected with a circle of unit radius. 

Thus, in the figure 


sin z= CH, cosx= OF, tanz= AB, 


etc. We have shown in Chapter If how the 
rectilinear segments AB, C'H, etc., are meas- 
ured. It has not yet been shown, however, 
how to measure ares of a circle, t.e. how to 
each arc as AC, a number x may be attached, as its measure. 
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This will be given later. No inconvenience can arise if we assume 
here a knowledge of this theory inasmuch as the reader is perfectly 
conversant with its results, which are all we need for the present. 

Arcs measured in the direction of the arrow are positive; those 
measured in the opposite direction are negative. 

If we suppose the point C to move around the circle in a positive 
direction starting from a fixed point A as point of reference, it has 
described an arc whose measure is 2 7, 


m = 3.14159265 -.. 


when it reaches A again. If it still continues moving around the 
circle, it has described an arc =47 when it reaches A for the 
second time. On reaching A for the third time the are described 
is 67r, etc. Thus to each positive number in § corresponds an 
arc; also, conversely, to each arc measured in the direction of the 
arrow corresponds a positive number in §. 

With arcs measured in the negative direction are associated the 
negative numbers of §R, and conversely. 


202. From this mode of defining the circular functions we con- 
clude at once the following properties : 

The domain of definition of sin x, cos x embraces all the numbers 
of 9. 

The domain of definition of tan x embraces all numbers of 
except 


ztmn, ad 


where m=0, +1, +2, + 

In fact, for these arcs, the secant OB is parallel to the tangent 
line AB, and therefore cuts off no segment on it. Thus for these 
values of the argument z, tan z is not defined. 

Similarly, sec z is not defined for these same values 1); while 
cosec w is not defined for 


c= MT. m= (0, + 1, 2. -- (2 
From similar triangles we have for all 2, except these singular 
values in 1) or 2), 
sin x 


(Wai) ap , SeCxv = ———,, cosec 7 = ———. 
COS @ COS x sin 
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We observe that these relations involve division by 0, for the 
singular values 1) or 2). 

From the above definition of the circular functions we see that 
they are one-valued functions of x. 


203. The graphs of the three principal functions sinz, cos 2, 
tan 2, are given below. 


204. The next most important property of the circular function 
is their periodicity. 

In general we define thus: 

Let » be a constant #0. Let f(z) be a one-valued function 
whose domain of definition D is such that, if 2 is any point of D, 
so is 


If 


z+mo, m=+1, +2, + 
f(@+o)=f(x) qd 


for every z in D, we say f(x) is periodic, and admits the period w. 
If w is a period of f(x), so is mo. 


m=+1, +2, -: 
f@+2o0)=f[@+o)+oj=fwt+o)=f@), 


hence 2 is a period. Similarly, 3, 4, ++ are periods. 
On the other hand, 


f@—)=f(@—-o) +o) =f). 


For. 
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Hence f(z) admits the period +, and so —20, —3a, etc. 

If all the periods that f(z) admits are multiples of a certain 
period 8, this is the primitive period of f(x), or the period of f(x). 

From trigonometry we have: 


The period of sinx, cosz, is 2; the period of tanx is mT. 


205. 1. Tf f(x), g(x) admit the period w, then 


S@) + 9@); qd 
Farge), HD, g(a)#0, @ 


admit also the period a. 


For example, let 
hn) =f) + 9(2). 
We have 


ha+o)=f@t+o)+g@+o)= f(x) + 9(4) =h@). 
2. If the period of f(x) is @, the period of f(ax) is °. Here a 
ws any number #0. ad 


For, let 
I@)=f(ae), 


and let + be any period of g(2). 
Then 
Je+T)=9@), 


S(a@ + 7)) = far). 
This gives, setting 


or 


ND tip 
ft + ar) = f(t). 
Thus at is a period of f(a); and therefore 


aT =™Mo. m an integer. 
Hence 
= 3 
T=—-m-—- 
* G 


(O) a ° . aire 
As ; is obviously a period of g(x), it is the period of g(@), by 3). 
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3. Suppose in 1, that @, instead of being any period of f and g, 
is the period of these functions. It is important to note that we 
cannot infer that thercfore o is the period of the functions in 1), 2). 


Ex. 1. Let : 
S(@) =sinx, g(x) =4sin x cos? z. 


The period of these functions is 2 r. 
Yet the period of 


E h(x) = g(@) — f(x) = sin3 x 
is ZU 
3 


Ex. 2. Let 
aoe KEG) Sina, GK) Coser 
hw) =f(x)g(x) =4 sin 2a. 
The period of f and g is 27; the period of h is m. 
Ex. 3. Let f(x), g(@), be as in Ex. 2. Let 
Niele. 


=+~ = tan”. 
g(“) 


The period of h is again 7. 


Ex. 4. Let ; 
KE) = Swe, GO) = Cee ae: 


The period of f, g is 7. 


But 
h(w) =f(4) + 9(@) =1, 


which has no primitive period. 


206. From the periodicity of the circular functions we can 
prove that 


The circular functions are transcendental. 


Consider, for example, 
Y= sil ve 


If this is algebraic, let it satisfy the irreducible equation 
y" + Rya)y" + + Rye) = 0. a 
Replace here x by «+ 2mz7, m an integer. 
If we set ie ON 
1) gives, since y is unaltered, 


y" ai Tiayy— 4 oe. + Ta) = (0. (2 
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As y satisfies both 1) and 2), it satisfies their difference 
CET Yate naa ea 


Thus y satisfies an equation of degree <n, which is not an 
identity. As we assumed 1) is irreducible, this is a contradiction. 


207. Another important property of the circular function is 
their addition theorem, which is expressed in the formule 


sin (w+ y) =sin 2 cos ¥ + Cos # sin Y, 


cos (x7 + 7) = cosz cos y— sin x sin 
2 


tan x+ tan y 
a ey) ~ 1—tane tany’ 


etc. 


208. 1. Let f(x) be a one-valued function whose domain of 
definition, D, is such that if 2 is any point of D, so is — 2. 


Let F(— 2) =f(@), 
for every xin D. We say, then, that f(a) is an even function. 
If 
I(—2)=—f@); 
we say f(x) is an odd function. 
Obviously, 


The functions sin x, tanx are odd, while cos x is even. 


2. Letting O, O,, O, represent odd functions, and E, Hi, E, even 
Junctions, we have: 


For example: 


0,(-2) = 0(—2) + 0,(—2) =~ 04 0,=-(040) =~ 0, 
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The Exponential Functions 


209. Let a>0 be a constant; the exponential functions are 
defined by 


y=a". 
The domain of definition of y is ®, and y is a one-valued 
function. 


When a=1, the corresponding exponential function reduces to 
a constant, viz.: 


pak 
The graphs of y fall into two classes, according as az. 


y g 


a>1 


An important exponential function is that corresponding to 


he IGEN hee 


210. 1. The only properties of the exponential functions which 
we care to note now are the following : 


The exponential function is nowhere equal to 0, or any negative 
number. 


See 165, 2. 
2. The addition theorem is expressed by 


azaY = att. 


One-valued Inverse Functions 


211. 1. The two remaining classes of functions, viz. the logarith- 
mic and inverse circular functions, are inverse functions. Before 
considering them, we wish to develop the notion of inverse fune- 
tions in general. 
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2. Let f(a) be a one-valued function defined over a domain D.* 


If SEL fie) 


for every pair of values 2!’ >2! in D, we say f(z) is an mereasirg 
Function in D. 
If on the contrary 


f@YV<f@), we >, 


we say f(x) is a decreasing function. 

If f is either an increasing or a decreasing function in D, but we 
do not care to specify which, we say it is wntvariant. 

These definitions are extensions of those given in 108. The 
corresponding extension of the terms monotone, monotone tncreas- 
ing, monotone decreasing to function is obvious. 


. Tv . . . . . 
3. Ex. 1. For the domain D = ic — a sin 2 is an increasing function. 


») 
5 wv 3 7 : : 
For the domain D = ok: sin x is a decreas.ng function. 


“a 


Ex. 2. For the domain D = M, a? is an increasing function if a >1; it is a de- 
= 


2 1, a is a univariant function in ft. 


creasing function if@<1. Thus whether a 


212. Let Hea fal 
be a one-valued univariant function, defined over a domain D. 
Let # be the domain over which the variable y ranges. 

We put the points of D and # in correspondence with each 
other as follows: two points x, y shall correspond to each other, 
or be associated, when they satisfy 1). 

Then to a given x corresponds only one y, since f(x) is one- 
valued. On the other hand, to a given y corresponds only one 2, 
since f(x) is univariant. 

Thus to any 2 of D corresponds one, and only one, y of EF: 
conversely, to any y of # corresponds one, and only one, x of D. 


213. The considerations of the last article have led us to one 
of the most important notions of modern mathematics, that of 
correspondence. 

* Such an expression as this will be constantly employed in the future. It does not 


mean that D includes all the values for which f(x) may be defined, but only such values 
as one chooses to consider for the moment. 
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Let A and B be two sets of objects. Let us suppose that A 
and B stand in such a relation to each other, that to any object 
a of A correspond certain objects 6, b!, 6'’, --» of B; and to any 
object 6 of B correspond certain objects a, a’, a!!, ++. of A. 

Then A and B are said to be in correspondence. 

If to each @ corresponds only one b, and conversely, the corre- 
spondence is one to one (1 to 1), or uniform. 

If to each a correspond m objects of B, and to each 6 correspond 
n objects of A, the correspondence is m to n. 

In many cases, to each element of A correspond an infinity of 
objects of B, or conversely. 


214. Let us return to 212. The correspondence we established 
between the points of D and His uniform. This fact may be used 
to define a one-valued function g(y), over the domain HZ. In fact, 
let z correspond to y. Then g(y) shall have the value z, at the 

oint y. Then 
iad a= gy). 

The function g, just defined, is called the inverse function of f. 

Evidently g is a one-valued function in #. It is also uni- 
variant. 

In fact, to fix the ideas, suppose f is an increasing function. 

Then, if ere 
we have pico 

Suppose now g were not an increasing function. Then for at 
least one pair of points, 
we would have 

ial. 

We cannot have 2! =2''; for then y’=y'', which contradicts 
1). We cannot have 2! >2!’; for then y! > y", which again con- 
tradicts 1). 

We have thus the theorem : 

Let y=f(a) be a one-valued univariant function, defined over a 
domain D. Let E be the domain of the variable y. Then the 
inverse function, x = g(y), %s one-valued and univariant in E. 
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215. The notion of inverse functions developed in 212 and 214 
is quite general. It will perhaps assist the reader if we take a 
very simple case. 

For the domain D let us pL -------------- 
take an interval J=(a, 6). 
For f(z), let us take an 4 Gon 
increasing function, with 
graph as in the figure. The 
domain of y is then the in- 
terval d =(e, 8)= That the 
correspondence between the 
points of J and J, as defined 
in 212, is uniform, is seen 4----------—-- « 
here at once. For, to find 
the points y corresponding to a given 2, we erect the ordinate at 
xz. This cuts the graph but once, viz. at P. There is thus but 
one point y in J corresponding to the point z in J. 

Similarly, to find the points x, corresponding to a given y, we 
draw the abscissa through y. This cuts the graph but once, 
viz. at P. 

There is thus but one point 2 in J corresponding to a given y in J. 

That the inverse function is one-valued, and is an increasing 
function in J, is at once evident from the figure. 


x) 


8} ------------ 


The Logarithmic Functions 
216. 1. We saw in 209 that the exponential functions 
== Oe ee L 


are one-valued univariant functions for the domain ®. The 
domain of the variable y is the interval J=(0*, +0). See 188. 
Then, by 214, the inverse of the exponential functions are one- 
valued univariant functions, defined over J. By 174, these inverse 
functions are 
x= logyy, d 


and are called logarithmic functions with base a. In higher 
mathematics it is customary to take a=e=2.71818... When 
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no ambiguity can arise, we may drop the subscript @ in 1). 
Unless otherwise stated, we shall suppose the base is e. 


2, The graph of the logarithmic 
function 
== loge, 


is given in the figure. 


3. The only other property of loga 
which we wish now to mention is their 
addition theorem, 


log zy = log x+ logy. 


Many-valued Inverse Functions 


217. The circular functions give rise to many-valued inverse 
functions. It is easy to extend the considerations of 212 and 214 
so as to arrive at the notion of many-valued inverse functions in all 
its generality. 

Let 

y =f@) a 


be a one or many valued function, defined over a domain D. Let 
the domain of the variable y be #. We put the points of D and 
E in correspondence as follows: two points 2, y shall correspond 
to each other or be associated when they satisfy 1). Then, to 
each y of # correspond one or more values of 2, say 


eee al lav (2 


We define now a function g(y) over # by assigning to g the 
values 2) of x associated with each point y of H. 


Then 
= 97) (3 


is the inverse function, defined by 1). 
The equation 3) may be considered as the solution of 1) with 


respect to 2. 
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218. To illustrate the rather abstract considerations of the last 
article, let us consider the following simple 
case, from a geometric standpoint. 

Let the graph of 


y=f(®) 


be that in the figure. 

hen = (db wands = (0, 8). 

The greatest number of values of y for a given 2 in Dis 3. 
Hence y is a three-valued function. Let y be a point of #. To 
find the points of D associated with it, we draw the abscissa 
through y. Let it cut the curve in the points P, P’, P”’,-- 
The projections 2, 2’, x’, --. of these points P on the z-axis are 
the points sought. 

The greatest number of values x corresponding to any y of # 
is 4. Hence the inverse function 


r= 9(¥) 


is a four-valued function. 


219. Let us consider the function y= f(x) defined by 


a —y2—1=0, d 
or 
y=4Ve—1. (2 


Its graph, given in the figure, is a 
hyperbola. 

To a value of x>1, or x<—1, correspond two values of Ys 
marked y and y’ in the figure. The domain D of x is marked 
heavy in the figure, and embraces all the points of the z-axis, 
except (— 1*, 1*). The domain £ of y is the whole y-axis. 

To any point y of # correspond two values of a, falling in D. 

The inverse function x= g(y), thus defined, is a solution of 1) 
or 2) with respect to 2, viz.: 


e=+V1+y2. 


The correspondence which the equations 1) or 2) establish 
between the points of D and ZH is a 2 to 2 correspondence. 
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220. The preceding example illustrates the fact that 


The inverse of an algebraic function which is not a constant is 
an algebraic function. 


To prove this theorem, let y= f(x) be defined by 
Pyi@)y" + Pay" + «+P, (2) = 0, . 


where the P’s are polynomials in x, with constant coefficients. 
The inverse function 
x= 9(Y) @ 


also satisfies 1). Let us arrange 1) with respect to z. If m is 
the highest degree of z in this equation, we get 


(yx Sie OiCy)a" aw Qn(Y) = 0. (3 


As 2) satisfies 3), the inverse function 2) is an algebraic func- 
tion also. 

In this example, y=f(2) is, in general, an n-valued function, 
while z= g(y) is an m-valued function. 

The correspondence that the equation 1) or 3) establishes be- 
tween the points of D and H, the domains of the variables 2, y, is 
thus an n to m correspondence. 


The Inverse Circular Functions 
221. These are the functions 
sin7! a, cos"! 2, tana, ete. 
We prefer to follow continental usage, and denote them respec- 
tively by 


Arc sinz, Arc cos2, Arctg 2, etc. 


We shall not take the space needed to treat all these functions ; 
we take one of them, Arc sin, as an illustration. The others may 
be treated in the same way. 

We start with the equation 


y = sina, d 
whose graph is given in 208. 
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The domain D, over which sin z is defined, is 9; the domain of 
y is H =(—1, 1). 

Let y be a point of H. If ay is one of the associated points of 
D, all the points of D associated with y are given by 


Ly + 2m, (2 
m=0, +1, +2 °° 
T— 2% +2mT, (8 


as is shown in trigonometry. 

Thus, to a given value of y there are a double infinity of values 
ofa: . 

The inverse function defined by 1), viz.: 


f= ATC sin ¥, 


has the interval # =(—1, 1) for its domain of definition. It is 
an infinite-valued function whose values for a given y are given 
in 2), 8). 


222. The graph of 
y= Arc sin & 


is given in the adjoining figure. 

The reader will observe that this graph can be got at 
once from the graph of sina (see 203) by turning it 
around and changing the axes. 

This property is obviously true of the graph of any 
inverse function. 


Thus, if the graphs of 


e”, cosx, tan, etc., 


are given, we may get at once the graphs of 


logz, Arccosx, Arc tga, ete. 


223. The treatment of many-valued functions is much simplified 
by employing the notion of a branch of the function. This will 
be explained when we have considered the notion of continuity. 
For the present, however, we wish to define what are called the 
principal branches of the inverse circular functions. 
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Looking at the graph of Arcsin given in 222, we see we can 
define a one-valued function over the 
interval (—1, 1) by taking those values 
of Arcsin z which fall in the interval hie 
( LCS 
ce. 2) 

The function so defined is called the 
principal branch of the Aresin function. 
We shall denote it by arc sinz. 

Its graph is given in the adjoining 
ON 8 I EA NE Se A. ner rates zr 


are sin x 


224. 1. The principal branch of Are cos x 
is formed of those values of this function 
which fall in the interval (0, 7). 

The one-valued function so defined 
over the interval (—1, 1) is denoted by 
arc COS Z. 

Its graph 1s given in Fig. 1. 


2. The principal branch of Aretgx is 
formed of those values of this function 


. . . WT 
which fall in the interval Pe a a 

The one-valued funetion so defined over (—, ) is denoted by 
arc tg z. 


O aie 
are cos % 


er) Bf 
: ; ey) 
Fie. 2. arc tg © 


Its graph is given in Fig. 2. 


FUNCTIONS OF SEVERAL VARIABLES 
The Rational and Algebraic Functions 


225. In the list of the elementary functions given in 186, the 
first three, viz. the integral rational, the rational, and the alge- 
braic functions, are. in general. functions of several variables. 
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For simplicity, we treated them first as functions of a single varia- 
ble. We wish now to define them in all their generality. At 
the same time we shall consider the general notion of functions of 
several variables and certain related geometric ideas. 


226. 1. An integral rational function of n variables x1, % +++ Lp 
is an expression of the type 


y= Ag,"2," 604 ape + Br, x,"2 00 Lyi” feet La sere GD @! 


Here A, B,--- L are constants, and the exponents m, l, --- e are 
positive integers or 0. Such functions are 


2 £5 + Hy + 5 11% _%5, (2 
AL Lo, + bxq°X, + Cx,” + Ax," x_°L5. (3 

We may write 1) in the form 
Y=2A 


My mM m 
MyMgrMy LY Lo Bice Digg tt (4 


where the summation extends over all the terms of y- 
A still shorter notation is 


y= ZL Axx, see wn (5 


which may be employed when no ambiguity can arise. 
The greatest of all the sums of the exponents 


M+ Mg + ++ + My, tle te Hl 


is the degree of y. 
Thus the degree of 2) is 3; the degree of 3) is 18. 


2. When the degree of each term of 1) is the same, it is said to 
be homogeneous. 


Let 
F= LAg a, se Um 


be homogeneous and of degree m. If in F we replace 2, by ray, >> 
t, by Xx,, and denote the result by F, we have 


F=X"F. 
For, = 


Fra Anmt mg oo gett, 
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But, for all the terms of F, 


MOA SIP 89 FP Mi, = Me 
Hence 


F = NES AZ ss Dyn = NF. 
3. When y is of degree 1, we have 
Y = AyXy + AgX, + 2+ + OnE + Qo: 


It is said to be a linear integral function of the z's. If Co selt 
becomes 
Y= 42, ++ + 4,2, 
which is the general type of a linear homogeneous inteyral function 
of the 2’s. 
In algebra, integral rational functions are called polynomials. 


227. 1. To get a value of 
= ZAg ee Lyin 1 
we give to each of the variables x a certain numerical value, as, 
= at he Sees ») 
Ly = Ay, Le= Ag, + Ln = Ay. (2 


These values put in 1) give the corresponding value of y, say 

When n= 1, 2, 3, we can represent geometrically the values 2) 
by a point on a right line, a point in a plane, or a point in space, 
respectively, viz. the point a whose coordinates are a,, 01 dy. dy, 
OF 4, Gy a. If we give the 2’s different sets of values, we get 
different points in 1, 2, or 3 dimensional space. As in the case 
of one variable, we can say y has the value 6 at the point a. 


2. It is convenient to extend these and other geometric terms, 
employed when the number of variables n=1, 2, 3, to the case 
when n>3. Thus any complex of m numbors, ay, a) + a, 18 
called a point; a,, a, «+» are called its cod dinates. We denote 
the point b ; 

P y WA ike Cin Coe TENE 

The aggregate of all possible points, the 273 running over all 
the numbers in 9, we call an n-dimensional space or an n way 
space; and denote it by 9,.” Later we shall extend the terms 
distance, sphere, cube, etc., to R,. Cl. 244. The reader is not to 
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suppose for a moment that there really is an n-dimensional space, 
or an n-dimensional cube, in the ordinary empirical sense of the 
word; but to bear in mind that these terms are merely names for 
certain numerical aggregates. 

3. Employing this geometrical language, we may say that, 

The integral rational function of several variables, say n variables, 
is a one-valued function whose domain of definition embraces all the 


points of R,,. 


228. As in the case of one variable, the rational function of 
several variables is the quotient of two integral rational functions 
in these variables. Its general expression is, therefore, 


Pe AT eae Tee 
R — 1 2 = . 
> ba" Aa Lyin G (1 


Its domain of definition embraces all the points of R,, except those 
points at which G vanishes, which we call poles of R. For all points 
of this domain, R is a one-valued function. 

If m’ is the degree of F, and m’’ is that of G, the degree of R 
's the greater of the two integers m’, m!’. 

When the degree of # is 1, it is called a linear rational function. 
‘ts general expression is 


Ay FAX +s $A,Tn (2 
by + bya + 0 +52 
We say R is homogeneous when F and G are homogeneous. 
Ve have evidently, as in 226, 2, 
Riz, Az, «> Av,) = NRG, *- 2); (8 


where ¢ is an integer, positive, negative, or zero. 


229. The definition of an algebraic function of n variables is an 
obvious extension of that given for one variable, in 197. Thus 
y is an algebraic function of 2, 7, --- 2, when it satisfies an equa- 
tion of the type 

Yi Phys + + bn y+, 0; d 
where the coefficients R are rational functions of 24°+°X,, and n is 
a pos‘tive integer. 
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For any point =a in &,, for which none of the denominators 
of the R’s vanish, y has at most n values. 


Thus y is at most an n-valued function. Its domain of definition 
embraces all points of R,, except the poles of the coefficients R, and 
those points for which 1) has no real root. 


Functions of Several Variables in General 


230. We can give now the definition of a function in n vari- 
ables. Let 2=(a,, x, --- 2) range over the points of a certain 
domain D, viz. over ¥, or a part of it. Let a law be given which 
assigns to y one or more values for each point of D. We say y is 


a function of x, 2%, --- 2, and write 


Yai G2, 0% Y= d(7,-- 2), Cbs 
When no ambiguity can arise, we may even write 


y¥=f@), y=o(@), etc., 


where 2 stands for the n variables z,---2,. 

The meaning of the terms of 189, viz. one-valued and many- 
valued, independent variables or argument, dependent variable, 
domain of definition of the function, when applied to several vari- 
ables, needs no explanation. 


231. We explain now the graphical representation of functions 
of several variables. 


We take n+ 1 axes, one for each of the variables y, x1, 22, ++: Zp. 


Qn O 
¢.—_——_—_ - 
b 
y +f > Saerawion 


The representation of a point 2, = 4a, --- x, =4,, is a complex of 
n points a,:--a,, as in the figure. The value of y, say = 0,18 
represented by the point 6 on the y-axis. This representation, 
although unsatisfactory in some respects, is still sften useful. 
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232. When n= 2, we have two other modes of representation. 
Let the function be 
Y=f yp %)- 


We take three axes, x,, 7, y, a8 in ana- 
lytic geometry, of three dimensions. ‘To the 
set of values of the independent variables 


corresponds the point a=(a,,a,), whose 

codrdinates are a,,a,. The value 6 of y at this point we lay off 
on the ordinate through a. As 2 runs over its domain D, y will 
ordinarily trace out a surface in Rs. 


233. The other mode of representation is by means of a plane 
and an axis. 

The domain of the independent 
variables we represent by points in 
the x,2, plane, while y is represented 
by points laid off on a separate axis, 
as in the figure. 


234. When n=3, we may employ 
the following representation. 


Let 
Yy = fayXor5) 
be defined over a domain D. 
To represent D, we take three rec- 
tangular axes. 
To the set of values 


y 
ee ee os eee cota e 

corresponds the point a, whose codrdinates are a,, ay, a3. The 

values of y we lay off on a separate axis, as in the figure. 


235. From the elementary functions of one variable we can 
build an infinity of functions of several variables. We give some 
examples which illustrate the various domains of definition that a 
function of several variables may have. We shall take n=2. 
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Exe1: oe 
= log (7 oe 1). 


For points within the ellipse , whose 
equation is 
tee 4 


the argument of 2 is negative. For points on # the argument is 0. 
As the logarithmic function is defined only for positive values of 
the argument, the domain of definition D, of z, is the region 
shaded in the figure. Its edge, or H, does not belong to D. 


236. Ex. 2. 
eh) Ay Oe AP 
e=log (5+ -1)(G— 4-1) = log we. 


Since log wv is not defined, unless wv > 0, w and v must be both 
positive, or both negative. The domain of definition D, of z, is 
thus the region shaded in the figure. Since 
uv =() on the edge of D, these points do not 
belong to D. 


237. Ex. 3. 


z= tan 3 THY. 


Since tan uw is not defined when 


oi 
Uae tT 


a 


an == ve Le, 


we see the domain of definition SX 
of z includes all the points of 
the zy plane, except a family 


of hyperbolas ry=om+ al 


Composite Functions 


238. 1. An extremely useful notion in many investigations 1s 
that of a function of functions, or composite functions. Let 


Uy ry isis Zn) ss Um AG, a * Ln) 
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be defined over a domain X in n-dimensional space #,. Let 
U = (UyUg °° Un) 
be a point in an m-dimensional space 2,,. 
While z runs over X, let w run over a domain J. Let 
Ye (uy ee qd 


be defined over U. Then y is defined for every point x in X. 
We may, therefore, consider y as a function of the z’s through the 
ws. We say y is a function of functions, or a composite function. 


2. When speaking of composite functions, we shall always sup- 
pose, even without further mention, that the domain of definition 
of 1) is at least as great as U. 


3. When z ranges over X, wu, as we said, runs over the domain 
U. It is convenient for brevity to call U the image of X. 


EXAMPLE. 22 
U1 = %1%2, U2 = SCC X41, Ug = C71. 


U2 


y = log w+ tan —- 
Uy 
Here 2, we, ws are defined for all the points of 9t., for which 
iO) or 2+ mm, m=0, +1, 42, «- 
while y is defined for all the ee of Rs, for which 
uy + 0, and = shat + nr. ese, PEP cae 


239. The notion of a composite function is sometimes useful in 
transforming a function as follows. Let 


y= Fa, 


The variable 2 may enter F in certain combinations, so that if 


we set 
Le Ae (44 Pa Lp) OS Wn Pn(Xy ei Ln) 


oes over into 
HE y = Guy °-* Up)- 


EXAMPLE. 
oa 242 x2 2 Mo 
Ye et pa log = F(&1, &2). 
Let 
co xD 
x2 
then 
y=aw— 1 + logu = G(u). 
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Limited Functions 


240. Let f(x, -:-z,,) be defined over a domain D. If there exists 
a positive number M, such that 


If |< 


for every point of D, f is said to be finite or limited in D; other- 
wise f is unlimited in D. 
Ex. 1. 
S(@) = sin x. 
Since ‘ : 
|sina| <1, x arbitrary, 
sin x is a limited function for any domain. 


Ex. 2, 
S(@) = Ao + Ax + +++ + And", an s= 0, 


is limited in any domain (— G, @), where G is some fixed positive number, 
It is unlimited in the domain (0, +), for example. 

, Ex. 3. t(@) ca 

is defined for every x 40. L 
It is limited in any domain as (a, 0), ifa<0. 
It is unlimited in (0*, 1), for example. 


241. Let f(x, +++ tn), J(4,°+: Ln) be limited functions in a domain 


D. Then Fay fg 
are limited in D. 
Lp lg|>a>9 
in D, then f 
g 


is limited in D. 


Since f, g are limited in D, let 
[fF | |g] <M 
Iftgl<lf|+|9|<2H 
Hence f+ is limited in D. 
fat \fal=|f\-lg|< me. 
Hence fg is limited in D. 
Finally, f| \f| mM 
Wane 


Then 


19K 


Hence 7 is limited in D. 


CHAPTER V 
FIRST NOTIONS CONCERNING POINT AGGREGATES 
Preliminary Defintions 


242. In elementary mathematics, the functions employed are 
usually defined by simple analytic expressions. ‘Their nature is 
simple, and their domains of definition receive little attention. In 
the theory of functions we take a higher standpoint, and consider 
functions defined by any law, as explained in 189 and 230. Such 
functions are not tied down to an analytic expression; indeed, 
we may not know how to form their analytic expressions. 

From this point of view, the domain D over which the function 
is defined or spread out is often of great importance. Frequently 
we choose first the domain D, and then define a function for the 
points of D. 

The domain of definition of a function of n variables may be any 
set or aggregate of points in §t,. We wish to treat now the most 
elementary properties of such aggregates which we call point 
aggregates. 


243. 1. Two point aggregates A, B are equal, when every point 
of A lies in B, and every point of B lies in A. In this case, we 
write Aa 


2. If every point of B lies in A but not every point of A lies in 
Bb, we say Bis a partial or sub aggregate of A, and write 


A> Bor Ba A. 


3. If A does not exist, z.¢. if it contains no points, we write 


A=). 
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As the symbol 0 also stands for the origin, we shall write, in 
case of ambiguity, 
poate A=(0), 


when we wish to indicate that A consists of the origin alone. 
The fact that A contains at least one point, we indicate by 


INS 


4. Let A, B be two point aggregates having no point in com- 
mon. ‘The aggregate formed by their reunion is called their swm, 
and is denoted by Titans 


5. If B is a partial aggregate of A, the aggregate formed by 
removing all the points of B from A is called the difference of A, 
B, and is denoted by aes 


It is also called the complement of B. 


6. If a or x, for example, are general symbols for the points of 
an aggregate, we can represent the aggregate by 


1a SOL 2. 
Thus, if 
, cA t on ere 
we can write 
A= = \ ; 
n 

Or if , A =, 2, Ha,°*° 

we can write A = {ay}. 


244. Definitions of configurations in n-way space. Cf. 227, 2. 
1. Let a=(a,---a,), b= (6,-+-5,) be two points of R,. We say 


VG BP + + Gin = Bn a 
is the distance between a, b; we denote it by 
Dist (a, 6) or a, 6. 
2. The points x satisfying 
ty —A,= (0, —- 44) + Lp — An = ACO — Ay) (2 


lie on a right line L, viz. the line determined by the two points 
a,b. Here X runs over all the numbers of &. 
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When A=0, z=a; when X=1, x=. Points 2, for which 
0<r<1, form a seyment or interval (a, 6) of L. Such points are 
said to lie between a, 6. 

An aggregate lying on a right line is called rectilinear. 


3. If three points a, 6, ¢ lie on a right line, we have from 2) 


that 
Ct RC 


= 5 ry =i iy 2, amet Ce 3 
b—a, 6,—a, ‘ne i ( 


and conversely, if 3) holds, a, 6, ¢ he on a right line. 


4. Let a, 6 be two points on the line Z, and 
f= Dist Ca, 0). 
Then 
a, — b, a, — 6 


ae a oie vA ay 
1 r u, r 


are the direction cosines of the line Z. Obviously, 
A~te $A 2= 1. 
5. The points 2 defined by 
(@,—4,)? ++ +(@,— a)? = 7°, ed 


lie on a sphere S whose center is a and whose radius is 7. 
The equation of S' may also be written 


Dist Ca, 2) =r. 
The points 2, such that 
Dist (a, z)<r 
he within S. If 
Dist (a. cer 
x lies without S. If x lies on or within S, it lies in &. 
6. The points z, such that 
|Z — |< pe ++ |, — ay] < he, 


form a eube, with center a and edge e. 
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7. The points 2, such that 
Q <0 <b, + a,<a,<b,, 
form a rectangular parallelopiped or cell whose edges are of length 
aS Oe Cy Cn = On — My. 
8. The cube 
|lv,—a RSs oy (ne ee 
ek n | iS Vn 
is called the inscribed cube CO of the sphere S, of radius r, and 
center a. 
Every point 2 of Cisin S. For, 


7 ae 2 
VG na, aS n+ ae +o=r, 
9. Let the cube C be given by 


= rat al es aes =1 
|r; aA|SRe |x, In| = yo 
The points 
Vj=a,+h40 aah Un = Gn tho 
are called the vertices. 


i Y= (V1 °°* Un) 
is one vertex, 
vl’ =(—v,+ 2a, +++ —,+2a,) 
is called the opposite verter. 
The line joining a pair of opposite vertices evidently passes 
through the center of C. It is called a diagonal. 
The length of a diagonal is 


Vorpe-+oe=aovn. 


10. The d stance between two points a, 6 in @ is greatest when 
they are opposite vertices. For, each term (a, —6,)? in 1) has then 
its greatest value, viz. o?. 


11. If ¢,, e, +++ m are the lengths of the edges of the parallelo 
piped in 6, we say the product 
€y*Cy°°° er 
is its volume. 
In case the parallelopiped is a cube of edge a, its volume is 7”. 


152 FIRST NOTIONS CONCERNING POINT AGGREGATES 


12. The points x defined by 
AX, ++ +4a,2,+d=0 «4 
lie ina plane. The two planes 4) and 
QL, +++ + Ant, $e=0 


are parallel. 


245. Let a, 6, ¢ be three points in ®,. 


Let 
A= Dist (6, ¢), B= Dist (a,c), C= Dist ©, a). 


When n= 1, 2, 3, we have 


A=ZB+0C. @! 
Here the inequality sign holds unless R 
A, B, C lie on a right line LZ. B Z, 
We show now that 1) holds for every n.* 
To this end, set a a b 


Oj a= OO 8B. =4,—¢, y= b,—a4, 


where a, 6, ¢,; t=1,.2, -- n, are the codrdinates of a, 8). e. 
Then seagrass 2 
Now, Aaa? +a2= a2; 
B= BP +--+ 8,2 = 282; 3 
Om yet $y 2= Lye. (4 
From 2), we have also 
A? = E(B, +4,)? = 282 + Sy2 + 22By, © 


Thus to prove 1), we have to show that 
A? < B+ 024 OBE 
or, using 3), 4), 5), that 
SBP + By? +2 EB. <EBE+ Bye + 2V (BEE + BAPE Fe): 
* If the reader finds the demonstration difficult, let him go through it, taking 


n=2or38. We recommend this in the case of any demonstration which the reader 
finds too hard for general n. 
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This shows that it will suffice to prove that 


(28.9.)? < ZB2Z,2. (6 
To do this, we start from the inequality 
(Biv, ide BY)? > 0. (7 


By 244, 3, the inequality sign holds for at least one pair of 
indices 4, «, unless a, 6, ¢ lie on a right line. 
From 7), we have 


fetes => Beye = 2 BBV (8 


Let us form all the relations of this type, letting ¢, « run over 
the indices 1, 2, -*, n, and keeping s+ «. 
If we add these, we get 


TBI S ZIBB YN EK ¢) 
On the other hand, 
Bo. =9.2 = (Bit +8) e+ bn) = 28272 hale 
Hence, by 9), 


262 ¢ zy = =B2y? 5 2 ZB BMV ee (10 
But bn 


(2B,y,.)” = (Bi%1 ar Cae iz Bn¥n)* == 2 Bey? ar m4 BBM 
This in 10) gives 6). 
246. A point 2 for which Dist (a, x) is small, is said to be near 
a. What is to be considered as small, depends on the problem in 


hand. 
The points 2, such that 


Dist (a, x) < p, p>0. 
form an aggregate called the domain of the point a, of norm p. It 
is denoted by ae NOY D,. 
For example, in ,, D,(a) is the interval (a—p,a+p). 


In %,, D,(a) embraces all points im a circle of radius p, and 
center a; in §,, it embraces all points in a sphere of radius p. 
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We sometimes wish to exclude the point a from its domain. 
When this is done, the domain is said to be deleted; we denote it 


by Dk(a) or D(a). 


247. Let A be a point aggregate in &,,. 

Let p be any point in ®,. We say p is an inner point of A if 
every point in some domain of p lies in A, 7.e. if there exists a 
p>0 such that every point of D,(p) lies in A. The point p is an 
outer point of A if no point of D,(p) lies in A, however small 
p>Oistaken. Finally, p is a frontier point of A if in every D,(p), 
however small p> 0 is taken, there is at least one point of A and 
one point not in A. Every point of #, is either an inner, an 
outer, or a frontier point of A. The frontier points of a cube or 
parallelopiped form its surface. 


248. Ex. 1. A =(«, 8). SS ae 

Here any point ;, such that «<p; <8, is an inner point. Any point po, such 
that po > B or ps3 < a, is an outer point. 

The frontier points are @ and B. 


Ex. 2. A embraces the rational points in (@, 8). Here all points p, such that 
p< or p>§, are outer points. The points of A are all frontier points. For, if 
a be any point of A, there are irrational points in every Dp(a@), however small 
p> 0 is taken, by 84. 

In this example A contains no inner points. 


Ex, 3. A embraces all the points in 9t2, both of whose coordinates are rational. 

Here every point p of 2 is a frontier point. In fact, consider a little circle O of 
radius p>0 and center p. Evidently p contains points in A and points not in A, 
however small p is taken. 

In this example there are no outer and no inner points of A. 


249. Let b be an inner point of 


S=3D-G,): 
Then ee 
IPE TENG </ 
lies within S if 
pt+d<a, qd 


where 


p'= Dist (a, 6). 
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The theorem is proved if we show that the points y of A satisfy 
the relation 
But, by 245, 
Dist (a, y) < Dist (a, 6) + Dist (6, y)=p +5. 
Thus, by 1), the relation 2) is valid. 


Dist (a, y)<o. (2 


250. 1. Let A be a point aggregate, and p any point in §,. 
The points of A, lying in D,(p), form the vicinity of p, of norm p. 


It is denoted by Wea LAG 
: ; 


Thus D(p) embraces all points near p, while V(p) includes only 
points of A, near p. 


Examprte. Let A=1, f, 4, -» 
Here Dp(0) is the interval (—p, p), while Vp(0) is the set of points 
1 1 1 


m’ m+i° m+2’ 
: : 1= 
where m is the least integer such that ot) 


The point p may or may not he in V(p). We sometimes wish 
expressly to exclude it. When this is done, the resulting aggre- 
gate is the deleted vicinity of p; it is denoted by 


LAG EOP AAG ae 


251. When treating functions of a single variable x, we have 
often to consider the behavior of the function on one side of a 
point a. This leads us to split the domain and vicinity of a into 
two parts, forming a right and left hand domain; a right and left 
hand vicinity of a. 

The right hand domain and vicinity we denote respectively by 


RD(a), RV(a). 
The left hand domain and vicinity are denoted by 
LD(a), LV(a). 
The point a lies in both the right and left hand domain. It lies 
in both the right and left hand vicinity if @ lies in V(a@). It 


should be remembered that these terms refer only to rectilinear 
aggregates. 
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252. 1. A point aggregate is said to be finite when it contains 
only a finite number of points. Otherwise it is infinite. 

A point aggregate A is said to be limited when all its points le 
within a certain sphere or cube, having the origin as center. 

This definition is equivalent to saying that the codrdinates a,, 
Ay, *** Any Of every point of A, are numerically less than some posi- 
tive number HM. If A is not limited, it is said to be unlimited. 
Obviously: Every finite aggregate is limited. 


Ex. 1. A = ily 2, 3, eee 
is an infinite unlimited aggregate. 
Ex. 2. A= Tis i, 1, eee 


is an infinite limited aggregate. 
Ex. 3. A = points of the interval (@, 8) 


is an infinite limited aggregate. 


2. In the case of a rectilinear aggregate A, it may happen that 
the codrdinates of all its points 2 are less than some number 1. 
We say A is limited to the right. 

If the codrdinates of all the points x are greater than some 
number WV, we say A is limited to the left. 


Ex. 1. A=10"9; =--,) 2, 1,0) —1) —2, =—3)) eee 
is limited to the right. 
Ex. 2. A=—5, —4, —38, —2, —1, 0, 1, 2, 3, -. 


is limited to the left. 


253. 1. It is sometimes convenient to divide an interval into 
equal subintervals or a square into equal subsquares, and, in 
general, an m-dimensional cube [' into equal subcubes. 

For m= 1, 2, 3, this needs no explanation. When m is >8, the 
matter is still very simple. The cube cent 
I’ is graphically represented by m 
equal segments on the g, --- z,, axes. 2 many aE 


We divide [I into cubes whose sides a 
are 1/nth those of T. by dividing ~~~ 2 4 Al eek a : 


each of these segments into n equal *=s 
parts. One of these subcubes is then represented by the points 
which fall in a set of m segments as a8, --- anBy- 
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2. Instead of a cube I in ®,,, we may wish to divide the whole 
of R,, into cubes. The meaning of this is now evident. 


3. Let A be any point aggregate in ®,,. Let us divide §,, inte 
cubes of side 6. This also, in general, divides A into partial agore- 
gates. This division of A into partial aggregates we shall call a 
cubical division of A, of norm 6. 


4. If instead of dividing ®,, into cubes, we had divided it inte 


rectangular parallelopipeds whose edges are =6, we shall say that 
we have effected a rectangular division of R,, of norm 6. 


5. The partial aggregates, into which A falls after a cubical or 
rectangular division, may also be called cells. 


LIimiting Points 


254. 1. One of the most important notions connected with 
point aggregates is that of a limiting point. Let A be a point 
aggregate in ,,. Any point p of &,, is a limiting point of A, if 
however small p>0 is taken, D,( p) contains an infinity of points 
of A. 

If every domain of p contains at least one other point, p is a limit- 
ing point of A. 

For, let a be a point of A different from p. Let 0<p<Dist(p, a). 
Then, by hypothesis, D,(p) contains some points a, of A, besides p. 
Let 0<p,< Dist (p, a,). Then D,(p) contains some point a, of 
A, besides p. Continuing in this way, we see that the infinite 
aggregate of distinct points 


45 Ags As, ooo 


all lie in D,Cp). 


2. The following may also be taken as definitions of a limiting 
point : 

Tf V,(p) is infinite, however small p is taken, p is a limiting point 
of A; or, 

If V,*(p)>0, however small p is taken, p is a limiting point 
of A. 
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3. If p is a limiting point of A and p itself lies in A, it is called 
a proper limiting point. If p is not in A, it is called an improper 
limiting point. 

Any point of an aggregate A which is not a limiting point is an 
isolated point. 


4. Let A be a rectilinear aggregate, and a one of its limiting 
points. If no point of A falls in (a*,a+6) or in (a—64, a*), 6>0 
sufficiently small, a is called a unilateral limiting point. Other- 
wise a is a bilateral limiting point. 


255. Ex. 1. AE VE a 

Here the origin is a unilateral limiting point of A. As 0 does not lie in A, it 
is an improper limiting point. 

Ex. 2. AO ks 4, dee 

The origin is a proper unilateral limiting point of A. 

Ex. 3. A = totality of rational numbers. 


Every point p in %t is a bilateral limiting point. 
If p is a rational point, it is a proper limiting point of A. If p is an irrational 
point, it is an improper limiting point. 


Limiting Points connected with Certain Functions 


256. We give now a few examples of point aggregates which 
come up in the study of certain functions. 
y 


Ansel. 
Let = SIN -> 
Up oale - 


The domain of definition of this 
function embraces all points on the 
x-axis except x= 0. 

It oscillates between —1 and +1. 

The points 

@ = 1, ds, Gp, 

for which y takes on a particular value, as y=0, form a point 
aggregate whose limiting point is a= 0. 

In any domain of this point, y oscillates from +1 to—1 an 
infinite number of times. 
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257. Let 


y = sin 


qd 


sin — 
When 2 = 0, or when ‘ a 
sin se 0, (2 


y is not defined, since for these points, 1) involves division by 0. 
The points x for which 2) holds are 


1 il il 
=2S seas xz —., eee 3 
a Bom ( 


This is a point aggregate whose limiting point is x= 0. 
, 1 : Leet 
As x approaches one of the points ed oscillates with increas- 
ing rapidity. At the same time these points, ae become infinitely 


dense as x nears the origin. The domain of definition of y is the 
x-axis except the origin and the points 3). 


258. Let 


This expression does not define y, because of division by 0, 
when 


x=0, el 
or when 2 satisfies 1 
sin —= 0, 2 
zx 
or sin E ie 0. (3 
gin = 
x 


The points 2 defined by 1) and 2) are 


A=0, tee ey eee 
vi 2a 


considered in 257. 
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It is easy to see that the points 2 defined by 3) form an aggregate 
B such that each of the points of A is a limiting point of B. In 


: : ould 
fact, let 2 approach the point + ae As it does so, ule becomes 
nr 


j becomes larger and larger. 


sin = 
x 


: 1 
Thus in the domain of the point a 


smaller and smaller; hence 


oscillates infinitely often between — 1, 1, and in particular 3) is 
satisfied infinitely often. 

Thus, the domain of definition of y includes all points of the 
x-axis except the points A and B. 

About each point of B, y oscillates infinitely often. These 
points of infinitely frequent oscillation, themselves cluster infi- 
nitely thick about each point of A; while the points A cluster 
infinitely dense about the origin. Let the reader try to picture 
to himself how the graph of y looks about the points 


a and 0. 
nr 
259. 1. The functions of 257 and 258 are formed from that of 


256 by a process of iteration. 
In fact, let 


then 
sin | +] = 0[6(2)] 
sin— 
as) 
Similarly, 
; ae 
sin 7 | = 03 0(0(@) | 5 eto: 
sin— 

; iN 

sin — 
z ) 
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It is customary to write 
@(x) for 6[A(x)], 
@(x) for 6[62(x)], ete. 
2. As another example of iteration, let 
y= log¢ = 0(x). 
(x) = log(log2), 
(2) = log[log(log x)], ete. 


Then 


260. Let 
al 
Cie O(a). 


We have noted the domain of definition of 
Uy (Heb, VAY 


In general, let A,, be the domain of definition of 6"(7). Each 
point of A,,; is a limiting point of A,, and 6"(x) oscillates in- 
finitely often about each point of A,,. 


261. To get functions of two variables having more compli- 
cated domains of definition, we may apply the process of iteration 
to the function of 237. 


Let O(ay) = tan day. ve 


‘P 
We saw @ was not defined for points on the 
family of hyperbolas 


Hf) ry=2m+1. m=0, +1, +2, -» 
Let us consider the domain of definition D, of 
62(xy) = tan(4 7 tan } rzy). 
Through any point P of one of these hyperbolas H) pass an 


arbitrary right line L. 
At any point Q on the line, such that 


O(ayy=2n+1, n=0, +1, 


6? is not defined. 
But the points Q@ have P as limiting point. 
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Derivatives of Point Aggregates 


262. 1. Let A be a point aggregate. The limiting points of 
A, if it has any, form an aggregate, which is called the first deriv- 
ative of A, and is denoted by A’. 


Ex. 1. 


Asay gain mes 
VAC=Ne 
ESE i eo ry OL eae sat) 
aa) ea er aaa haere ae ole 
A'=0, 1. 


2. When A is a finite aggregate, 
Al), 


3ut A may be infinite and yet have no derivative. 


Ea) Ss 
wal fet lls aA GN Gin cas 
is such an aggregate. 


263. 1. The first derivative A’ may have limiting points; their 
aggregate is called the second derivative of A. It is denoted by A’. 

A'' may have limiting points; these give rise to the third deriv- 
ative A!'’, ete. 


1dp-eg il, { 


Let m be arbitrary but fixed ; then lis a limiting point of A. For A contains 
the points : 


1 il 
Plies ane ta sahesai ares 
m m2ms mm 
whose limiting point is obviously ah 
Thus, : 
if ) 
rd m = 1, 2, 3, «- 
while 
= A” = (0), a 
AW) (2 


As explained in 243, 3, the equation 1) means that A” consists only of the origin, 
wile 2) indicates that A/’’ has no points at all, 
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Ex. 2. A = rational points in an interval J; 
A'l=f, See 255, Wx. 3: 
A= Tq, Ah = J, ws. 


Thus A has derivatives of every order, each being I. 


2. If A, A’, --- A™>0, while A+) = 0, A is of order m. 


264. Hvery limited infinite point aggregate has at least one limit 
ing point. 

1. For simplicity let us consider first the case that the aggre- 
gate A lies in the interval J=(a, 6). We divide J into halves. 
One of these halves, call it 4, contains an infinity of points of A. 
Divide J, in halves. One of these halves must contain an infinity 
of points of A. In this way we may continue bisecting each suc- 
cessive interval, without end. We get thus an infinite sequence 


of intervals IE ee Pere al 


each lying in the preceding, whose lengths converge to 0. 

By 127, 2, the sequence 1) determines a point « This point « 
lies in every interval of 1). Since each D(«) contains some J,, 
it contains an infinity of points of A. Hence @ is a limiting point 
of A. 

2. The extension of this demonstration to ®, is now readily 
made. Since A is limited, it lies in a certain parallelopiped P, 
pee pat = Oy a, re Oey 
by 252. We divide now P into two parts 

ay Sa, <§(O,— 4%), a, <4, <b, a pss CLM (2 
an AB a Sm Sly Sm Sdy Sm Sy 

In one of these there must lie an infinity of points of A. To 
fix the ideas suppose it is the parallelopiped 2) which we call Q,. 

Q, differs from P only in having one codrdinate, viz. 2), restricted 
to an interval half as big as the original. 

We now divide @, into two parts, 


Q, <%= 4(6,— 4), A < %, < F( by — 4); ds SU <b,, Ce 


and 
a, <4, <3,— 4), 4 (by — dy) SX S be, Ag Su < dy + 
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In one of these, say it is the parallelopiped Q, defined by 3), an 
infinity of points of A must lie. @Q, differs from P in having now 
two of its codrdinates restricted to intervals only half as large as 
the original ones. 

We may continue in this way restricting the remaining coor- 
dinates 2, +++ z,, to intervals half as big as the original ones. 
We get parallelopipeds Q3, Q, +++ Qn, in each of which lie an 
infinity of points of A. 

Let us set P,; = Q,. This parallelopiped lies in P and has each 
edge just half as big as the corresponding edge of P. 

We may now subdivide P, just as we did P. After m bisections 
we get a parallelopiped P,, which lies in P,, which contains an 
infinity of points of A, and whose edges are one half as big as 
those of P). 

Continuing this process indefinitely, we get a sequence of paral- 


lelopiped 
elopipeds ib, toh Wh 


which determines a point «= (aa ++-a,). This point is evidently 
a limiting point of A by the same reasoning as employed in 1. 


265. If A is a limited aggregate of the nth order, A” is finite. 

For it A™ were infinite, being limited, it must have at least one 
limiting point, by 264. .Then A™.>0, which contradicts the 
hypothesis. 


266. Let A be any point aggregate. Then A!!<A’, i.e. ail the 
limiting points of A! are proper. 


1. For simplicity, let us first consider a rectilinear aggregate. 


1 K. ' 
' 


p i —J—) | 
A q 


Let p be any point of A'’; we lay it off on the A, A’ axes also. 
as in the figure. 


DERIVATIVES OF POINT AGGREGATES 165 


‘To show that p lies in A’, we have to show it is a limiting point 
of A, 2.e. in any little interval A about p there lie an infinity of 
points of A. Let I be any little interval about p on the A! axis. 
As p is a limiting point of A’, Zcontains an infinity of points of A’. 
Let q be one of these. Let us lay g off on the A axis. Since qisa 
limiting point of A, any little interval as J contains an infinity of 
points of A. Now, however small AT is taken, there exist inter- 
vals J lying within A which contain an infinity of points of A. 
Hence A contains an infinity of points of A, and p is a limiting 
point of A. Thus p lies in A’. 

2. The extension of this demonstration to %,, is obvious. To 
show that p lies in A’, we have to show that D,(p) contains an 
infinity of points of A, however small ¢ is taken. To this end, let 
p<e. Let q bea point of A’ in D,(p). Then D,(q) contains an 
infinity of points of A, however small ¢ is. But if 


Dit Owe, 


D,(q) lies in D.C p), by 249. Hence D.Cp) contains an infinity 
of points of A. 
3. We have just shown that A” lies in A’. It is, however, not 


necessary that A’ lies in A. 
Thus, if A= 1, 4, 4, ---, A’=(0), and this does not lie in A. 


267. Extreme values of a domain. 1. Let the variable 2 range 
over a rectilinear domain D which is limited to the right. 

We form a partition (A, B) as follows: in A we put all num- 
bers of & which are = any number in D; in B we put all numbers 
of % which are > any number of D. 

Let this partition be generated by » [1380]. 

We call w the maximum of « or of D, and write 


p= Maxa= Max D. 


The fact that a domain F is not limited to the right may be 


denoted by Max z= Max FH = +0, 


where a ranges over FH. 
2 Tet D be limited to the left. We form a partition (A, B) 
by putting in A all numbers of 9 which are < any number of V, 
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and in B all numbers which are S.any number of D. If the num. 
ber X generates this partition, we call > the menimum of x or of D, 


and write X= Min «= Min D. 


The fact that a domain EH is not limited to the left may be 


denoted by Min «= Min D=— o, 


where a ranges over /. 
19p:e, If IDO Wy Cree 
Miner Max « = b. 
We note that x takes on both its minimum and maximum values in D, 
Ex. 2. Di (O; I, 4; 2, 4, 3, i, $y tee). 
Min x = 0. Maxa=1. 


Here x takes on both its maximum and minimum values. 


Ex. 3. ID (Get, le 
Min x= a. Manca 0% 
Ex, 4. DG ty i an ien 


Min D=0. Max D=1. 


In Exs. 8, 4, x takes on neither its minimum nor its maximum values. 


268. 1. The maximum and minimum values of 2 are called its 
extreme values or extremes. 

Let e be an extreme of D. If the point e is an isolated point 
of D, e is called an isolated extreme, otherwise e is a non-tsolated 
extreme. 

Evidently an isolated extreme of D lies in D. 


2. When, however, e is a non-isolated extreme, it may or may 
not lie in D. In this case we have the theorem: 


Ife be a finite non-isolated extreme of D, it is an extreme of D’, 
the first derivative of D. 


To fix the ideas, let Eee): 


Since e is not isolated, it is a limiting point of D, and hence 
lies in D’. 
Since no z of Dis >e, noxof D! is >e. Hence 


e= Max D’. 
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3. We have obviously the following : 


Let every x of D be =p, while for each e>0 there exists in D an 
x>p—e. Then eet aay 


A similar theorem holds for a minimum. 
4. Let Mt be such that 
Minz<M< Maxa; 


we call I a mean value of x, or a mean of x, and write 


Mt = Mean xz. 


269. 1. Let e be an extreme, finite or infinite, of the function 
SF (4421+ Lm) With respect to a limited domain D. Then there exists a 
point a, not necessarily in D, such that e is the extreme of f in any 
vicinity of a, however small. 


The demonstration is precisely analogous to that given in 264. 


2. If D contains its limiting points, the point a lies in D. 


Various Classes of Point Aggregates 


270. Each point p of an aggregate A is either an isolated point 
or a limiting point of A. Let us call A, the aggregate of the 
former points and A, the aggregate of the latter points. 


Then eae AS 


If A, = 0, then A= A,, and A is an isolated aggregate. 

If A,= 0, then A= A,, and A is dense. 

A may contain all its limiting points; it is then complete. 

If A is dense and complete, it is perfect. It then contains all 
its limiting points, and every point of A is a limiting point. 

A point aggregate such that each of its points is an inner point 
is called a region. Cf. 247. 

It is sometimes convenient to consider the aggregate formed of 
a region and its frontier points. Such an aggregate is called a 
complete region. 

For example, the interior of a circle forms a region. If we add 
its circumference we get a complete region. 


. 


168 FIRST NOTIONS CONCERNING POINT AGGREGATES 


PH, Va, 1 A=1, 4, 4,4, ++ 
is an isolated aggregate. 

Dee, PA, A= 0, Aes i, 4, oss 
is a complete aggregate. 


Ex. 3. A =the rational numbers in a certain interval. 
A is dense, but not complete. 


Ex. 4. A= the interval (a, 5). 
A is perfect. 


Ex. 5. A =the interval (a*, 0). 
A is dense, but not complete. 


Ex. 6. A region is dense, but not complete. 
A completed region is perfect. 


Ex. 7. In the interval (0, 1) remove the points 0, 1, 4, 4, -« 
The remaining points form a region. 


Ex. 8. In the plane ®z let 
Al = @, Q2, 


be an aggregate having a single limiting point a. Let us suppose that a does not 
lie in A. About each a, let us describe a circle C,, of radius so small that no two 
circles have a point in common. ‘The aggregate formed of the points of Me within 
each circle C,, is a region Ty. 

The aggregate formed of all the regions I’, is also a region. 


272. 1. An interesting example of a rectilinear perfect aggre- 
gate lying in an interval {and yet not embracing all the points 
of % is the following, due to Cantor. 


Let 


A = + Ay Agg°** 


be expressed in the triadic system [144], restricting, however, the 
numbers a, a, :-- to the values 0,2. Then A = fa? is such an 
aggregate, as we now show. 

We can get a good idea of this aggregate as follows. 


Let the interval (1,4) be of unit length. We divide it into 
three equal segments, (1, 2), (2, 3), (8, 4). The points 1, 3 are 
points of A. No point of A falls within the middle segment 
(2, 3). We have therefore marked this segment heavy in the 


VARIOUS CLASSES OF POINT AGGREGATES 169 


figure. We now divide the segments (1, 2) and (3, 4) into 
three equal segments, 


(Gy) ee 0) G, 2), and ai). (1, 8), (8.4). 


The end points 6, 8 are points of A. No point of A falls within 
the segments (5, 6), (7, 8), which are therefore marked heavy. 

In this way we can continue indefinitely subdividing the seg- 
ments within which a point of A falls. Consider the end points 
of a heavy interval, say the interval (5,6). Its right hand end 
point is obviously a number of A having a finite representation. 
Its left hand end point is a point of A whose representation is 
infinite. 

To show now that A is perfect, let us begin by showing that 
every point a of A is a limiting point. 

Let 

G— 0, 05*-- a, 

be a point having a finite representation [144, 5]. 

Obviously, a is the limit of the sequence, 
@ =-a,"-'0,2, 
= + a,-+-a,02, 


dia f 
Gi = a3 4,002, 


Let 


We=< 0,0, 0.0" 


be a point whose representation is infinite. It is obviously the 


limit of the sequence, 
! 


a =a, 

ae es 

a! =+ Aye 
MY —, 
a!!! =+ AAAs, 


Hence every point of A is a limiting point. On the other hand 
A contains all its limiting points. 

For every limiting point @ of A is either, 1°, an end point of 
the black intervals, or, 2°, not such a point. 
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In case 1°, « is obviously a point of A. 


In case 2°, if «#0, we can find a monotone sequence of points 


in A. 
! 


whose limit is @. 
On the other hand, the limit of this sequence is 


. A, A,A,°** 


which is a number of A. Hence, « is in A. 
Should « = 0, this method is inapplicable. 


But obviously «= 0 is in A. 


2. It is easy to generalize the above example as follows. 


& = + Ay AyMg°** 


Let 


be expressed in an m-adic system restricting the numbers a,, ag, » 


to a part of the system, 
0, 1, 2, ++» m—1; 


for example, 


CHAPTER VI 


LIMITS OF FUNCTIONS 


FUNCTIONS OF ONE VARIABLE 
Definitions and Elementary Theorems 


273. 1. We extend now the notion of limit, by defining 
limits of functions. We begin by considering functions of a 
single variable z. 

Let f(@) be a one-valued function defined over a domain D. 


Let 


Am OO tdnu** (1 


~ 


be any sequence of points of D, such that 
lim a, =a; a finite or infinite, a,#a. 


If the sequence 


F(a); F(aq)s F (43) ions @ 


has a limit 7, finite or infinite, always the same, however the 
sequence A be chosen, we say 7 ts the limit of f(x) for x=a and 


write 
7 lim yz). 


@=a 


= lm Fe). 


We also say f(x) approaches or converges to n as a limit, when x 
approaches a as a limit. This may be expressed by the symbol 


S(£) = 7. 


2. If for some sequence 1) the limit of 2) does not exist, we 


say the limit of f(x) for 2 = a does not exist. 
171 


or, more shortly, 
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3. Since the limit of 2) must be 7 however the sequences 1) 
are chosen (provided, of course, they have a as limit anda, ~a), 
we have the theorem : 

Let A=§a,}, B=§b,} be two sequences lying in D; let a, =a, 
b, =a. 


dig lim f(a,,) = lim f(6,,), 


then lim f(a), for x= a, does not exist. 


274. 1. It is sometimes convenient to restrict the sequences 
A = 4y, M, ++: so that all the points a, lie to the right of a. In 
this case we call n a right hand limit and write 


n=lim f(z) or n=f(a+0) or n= Rlim f(x) or n= Klim fC). 
z=a+0 2a 


If we restrict the sequences A to lie to the left of a, we call n a 
left hand limit and write 


j= lim fe) or 7»=f(a—.0) or p= Llim f(@) or 7» = Liimy Ge): 
z=a—0 zL=4 


Obviously ¢f 
then 


lim f(~#)=n, _ finite or infinite. co 
Lior Ce) =o lim FC) 47. @Q 
Conversely, if 2) holds, 1) does also. 


2. Right and left hand limits are called unilateral limits. If 
we do not care to specify on which side of a the limit is taken, we 


can denote it by tim fC 
im L). 


275. 1. When considering infinite limits or limits for 2 = +, 
it is often convenient to suppose the axes terminated to the right 
and left by two ideal points +o, or —, respectively. We call 
these the points at infinity. 

We call the interval (G, +0) the domain of +00, and denote 
it by 

De x). ‘al 


We call G the norm of D(+ 0). 
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Let A be a point aggregate lying on our axis. Those of its 
points which fall in 1) we call the vicinity of +00 for the aggre- 
gate A. We denote it by 


VeC(+o). (2 
Similar definitions hold for 
DgCl—o«) and Vz(—). (3 


2. When @ increases, the intervals (G, +00) or (G, — 0) are, 
in a way, diminishing. It is convenient, for uniformity, to say 


that 
> Dut), Ve(t 0) 


are arbitrarily small when @ is taken arbitrarily large, positively 
or negatively, according to the sign of o. 


276. Corresponding to the two ideal points +, we shall intro- 
duce two ideal numbers, which we also denote by +o. ‘These 
numbers are respectively greater, positively or negatively, than 
any number in 9. We say they are infinite. 

The system formed by joining + to the system 9 we denote 
by &. 

We shall perform no arithmetical operations with these ideal 
numbers. 


277. 1. Most of the theorems established in Chapters I, I 
for sequences may be extended easily to theorems on limits of 
functions. 

For convenience of reference we collect the following. The 
reader should remember that a theorem relating to limits for a 
point «=a may be changed at once into one relating to a left or a 
right hand limit at a. 


Zo thas lim f(z) =«, lim g@)=f. a finite or inf. 


Then 
lim (f +9) =«+B, 
lim 7— ae, 
of 1s 
See 49, 50, 51, 98. 
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3. In V*(a), a finite or infinite, let 
S@)<I@)<h@). 


Let 
lim f(y = inv Gr) =X. 
Then a ‘ 
him g(@) =X. 
See 107. 


4. Let 
lim f(a) a finite or inf. 


be finite. If 
A<f(@)<e, in Va) 


tien A<lim f(x) <p. 
See 106, 1. < 
5. Let 
lim f(@@y=«, lim g(@)=+0. a finite or inf. 
Then hint Cf E'9') = £00, lim tf = 0. 
Faety 
i lim fg = 0. 
See 137. 
6. Let 


lim f(2)#0, lim g(v)= 0. a finite or int 


If g(x) has one sign in V*(a), 


lim z == +00, 
See 1387. 
7. In V*(a), a finite or infinite, let 
S@)S9@). 
If 
lim g@) = +2, 
then oa 


lim fv) = + 2, 
See 138. ie 
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8. In V*(a) let f(x) be limited and monotone. Then 
é , F(at+9), F(a—9) 

exist and are finite. 
See 109. 


Second Definition of a Limit 
lim f(x) = , a finite or inf. 
there exists for each e>0 a vicinity V*(a) such that 


ln—f@)|<e ad 


278. 1. If 


in V*(a). 

For let D be the domain of definition of f(x). Let A=§&} be 
the points of D, if any such exist, for which 1) is not satisfied. 
Let us suppose at first that a is finite. Let 

Min |&—a|= up. 
If w>0, let 0<6<4y, then 1) holds in V,*(a). 
If => 0, let 
‘ Ey, bay Ey oo 
be a sequence in A, whose limit isa. Then 
lim f(E,) #7 
and this contradicts the hypothesis. 
Thus, when a is finite, there exists always a vicinity V;*(a) for 


which 1) holds. 
Suppose a=+o. Let 


Max =u. 
If w is finite, let G@>p. Then 1) holds in Vg(+ 0). 
= , let 
If w=+~o, le ceeratr a: 


be a sequence in A whose limit is +2. Then 
lim f(E,) # 1 


and this contradicts the hypothesis. 

A similar reasoning applies when a= — ». 

2. We wish expressly to note that in passing to the limit z= a, 
the variable 2 never takes on the value z= a. 
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279. The converse of the theorem 278 is obviously true, viz.: 
Tf for each e>0 there exists a vicinity Vs*(a), 6 > 0, a finite or 
infinite, such that 
In -—F@)|<e 


in Vi*(a), th 
TNO les lim f(e) = 7. 


280. 1. From 278 and 279 we see that we can take the follow- 
ing as definitions of a limit: 

The limit of f(x) for x=a ts n when for each e>0 there exists a 
&6> 0, such that 


fe) —a\<e ad 
in V3*(a). 
This condition we shall express as follows: 
e>0, 6>0, |f@)—al<e Ve*(a). (2 


Such a line of symbols is to be read as above. 


2. The limit of f(x) forv=+m ts n, when for each e > 0 there 
exists a G>0, such that 1) holds in Vg(+o). 


This condition we shall express thus: 
e>0, G>0, |f@—n7l<e VeC(+o). 


3. The limit of f(v) for x= — xm is n, when for each e > 0, there 
exists a G <0, such that 1) holds in Vz(— 0). 


This condition we shall express thus: 


e>0, G<0, |f(x~)—9\< 6, Ve(—). 


281. 1. If 
lim f(@) =+o, a finite or infinite. 


there exists for each G>0 a vicinity V*(a), such that 
faye E 1 
m V*(a). ‘ 
For, let A= {&{ be the points of D, if any such exist, for which 
1) does not hold. 
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1°. Let a be finite. Let 
Min |&—a|=up. 


If w>0, let 0<8<p. Then 1) holds in V,*(a). 
If L= 0, let 
E Es 


be a sequence in A whose limit is a. Then 
lim f(E,) # +0 3 
and this contradicts the hypothesis. 
oer a+, Let 
Max é =p, 


If w is finite, let G>; then 1) holds in Vz(+ 0). 
If » is infinite, let 
E,, Eo, 


be a sequence in A whose limit is +0. Then 
lime se oO 5 


and this contradicts the hypothesis. 
A similar reasoning holds when a= —o. 
The reader will observe that this demonstration is analogous ta 


that of 278. 

2. The converse of 1) is obviously true, viz.: 

Tf for each G>0, there exists a vicinity V*(a), a finite or infinite, 
such that ae: 
in V*(a), then 

lim fv) = + ©. 

282. 1. From 281 we see that the following definitions of limits 
may be taken : acs eet 
M>0, 8>0, f@)>M, V,*(a), 


which in full means: if for each M>0, large at pleasure, there 
exists a 8>0, such that f(x) > Min V;*(a). 
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2. lim f(#) =< ©, if 


M<0, 820; f@y<", VF@; 


i.e. if for each M<0 there exists a 6>0, such that f(@) <M in 
VF). 


3: lim f(z) = +0, if 
r+ 0 
M>0, G>0, f@)>M Vol+~). 
4, lim f(x) =— oo, if 
x=+ 0 


Ma), Gel) fay’, Vero): 
5D. lim f(z) = + 0, if 


r=—- 8 


MS), Ga0, fay, V,(—a). 
6. lim f(a) = — © ; 
WM <207 EG =<) mee) =, Vo) 


7. The limit, finite or infinite, of f(v) for x=+0o or —o may 
be represented by 


IC+ ao), af acs) 


respectively. 


283. By the aid of the ideal points, with their associate domains 
and vicinities, we may sum up all the preceding six cases in one 
general statement : 

= Mi C2) a, n finite or infinite, 


when, D(n) being taken small at pleasure, there exists a vicinity 
V*(a), such that f(x) lies in D(m) when x runs over V*(a). 

See 275, 2. 

The reader should observe that the two demonstrations of 278 
and 281 are perfectly parallel. It is easy, by employing the con- 
vention of 276, 2, to formulate the demonstration given in 278 so 
as to include the cases treated in 281, and so make the latter 
unnecessary. 
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284. In order that lim f(x) exists, a finite or infinite, it is neces- 


sary and sufficient that for each e>0 there exists a vicinity V*(a), 


such that 
IF) —F(%) | <6 G 


for any pair of points x1, x, in V*(a). 
It is necessary. For, if 


n= lim f@); 
then for each e>0 there exists a V*(a), such that 
In-F@|<5 
for any in V*(a). Let 2,, 2, be two points in V*(a). Then 
In—f@di<g ln-S@)l<5 


Adding these two inequalities, we get 1). 


It is sufficient. For, let a,, a,, --- be a sequence of points in 
V*(a), having a as limit. Then the sequence 
F(4)> Fag), ++ 
is regular by 1). It therefore has a limit 7. 
Then 
e>0, mm’, ln fan) |< 5 n>m’'. (2 


Let B=6,, ,, +++ be any sequence of points in V*(a) whose 
limit isa. Then, by 1), 


Fan) FO) |< mdm (3 
Adding 2), 3), we have 

In —f(b,)|<e. n>m, m>m',m'', (4 
But since B was an arbitrary sequence, the relation 4) states 


at n= lim f(@). 
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Graphical Representation of Limits 


285. The graphical representation of limits of sequences ex- 
plained in 43, 44, and 124 may be readily extended to limits of 
functions. 

Let the graph of f(x) be referred to rectangular codrdinates. 

Let D be the domain of f(x), and let 


bmya) =k 


7=a 


Then the condition 


e>0,8>0, |f@)-l<e Vika), 


has the following geometric interpretation : 


Z 


UK ¢ 


About the line y=Z construct a band AN 


(shaded in the figure) of width 2¢, e being 
small at pleasure. ‘Then there exists, corre- 
sponding to this e, an interval of extent 26 
CGnarked heavy in the figure), such that f() 
falls in the e-band for each 2a of D falling in the 6-interval. 
In general, as « is made smaller and smaller, 6 becomes smaller 
and smaller. But for each e-band, however small, there corre- 
sponds a 6-interval of length >0. 


286. Let : 
lim f(x) = + ©. 

Draw the line y= M, where M>0 is large 
at pleasure. Then there exists, corresponding 
to this M, a 6-interval, marked heavy in the 
figure, such that f(a) falls in the M-band 
(shaded in the figure) for each xa of D, 
falling in the 6-interval. 

As Mis taken greater and greater, the corresponding 6-interval 
becomes, in general, smaller and smaller. But for each M, how- 
ever large, there corresponds a 6-interval of length > 0. 


287. Let 
c= 
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Draw the line y =/, and construct an e-band, as in figure. Fon 
each e there exists a G@>0, such that 
F(z) falls in the e-band for each x of 
D, falling in the interval (G, + »). 

These examples will suffice to illus- / 
trate the graphical interpretations of 
limits, when f(z) is plotted in rectangu- 
lar codrdinates. 


ZZ 
eo 


288. 1. When the graph of y=f,.az) is given by means of 
two axes, as explained in 191, the geometric interpretation of 
limits of f(~) will be made clear by the 


following : a ere ee 
Let lim F(2) = 1, 1 , O e l € 


About y=/ we mark off the e-interval; about =a we mark 
off the 6-interval. 

Then 1) requires that f(v) falls in the e-interval for each value 
of x#a in D, falling in the 6-interval. 


2. Let Ce ders as 


On the y-axis we mark off at pleasure the point M>0. Then 
for each M there exists a 6-interval, such that f(z) falls in the 
interval (M, + »), for each x#a of D falling in the 6-interval. 


289. Let lim f(r) =1. l finite or infinite. 
Z2=at+ bu, b = 0, da 
then lim f(z) =1. @ 
u=—) 


For, while z ranges over the domain D on the z-axis, uw ranges 
over a domain A on the u-axis. 

The two axes x and wu stand in 1 to 1 correspondence by virtue 
of 1). To the point =a on the z-axis corresponds the point 


u = 0 on the u-axis. 


182 LIMITS OF FUNCTIONS 


el fla) =fla + bu) = b(u). (3 


Then if 2 and wu are corresponding points, f has the same value 
at xas has atu. To fix the ideas let / be finite. From 


e>0, 5>0, |J—f(@]|<e, in V3*(@), 
1 $(w)|<e, in M.*(0), (4 


follows 


where 6, = Bo 


But from 3), 4) follows 2). 


290. 1. Let lint f(z) = 1. l finite or infinite. 
xz=+0 
Let 
C— —e 
U 
Then 
R lim f(z) == B 
and conversely. é @ 
: ¢ —— cd 
This follows at once, as in 289, * +00 


by observing that to points in the and, cq 
shaded interval on the z-axis corre- 
spond points in the shaded interval on the w-axis. 
2. Let : : A ale 
ihe him f(a) =f. l finite or infinite. 
Let \ 


i — ry 


U 


Then 
Rlim f(x) =1, 
u=0 


and conversely. 


291. 1. As a result of 289 and 290, we may, by the aid of the 
transformations, 
ti 
u=or+ 8B, and u=-» 
transform of 
lim into lim, 
a=a@ u=b 
Riim into Rlim, Llim, or lim. 
u=b u=b 


Ce u=to 
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Similarly, 


lim into Rlim or Zlim. 


z=+00 u=a u=a 


2. In particular, any limit e=a or 40 may be transformed 
into one with respect to x = 0. 


292. Let u= (x), and 


limu=6. — a, 6 finite or infinite. (1 


Let y= f(u), and 
lim y= 7. n finite or infinite. (2 


Then of (x) #6 in V¥(a), 
aise y=, (3 
To fix the ideas, suppose a, 6, 7 are finite. da 6 
Then since 2) holds, 
Cac), | —7l<€, V#O). 
But, by 1), Y¥ 
oo 0,4 0-0 <0, Ve). 
Hence while x ranges over V;*(a), y lies in D.(m). Thus 
e>0, 8>0, ly—nl<e Ve*(). 


But then 3) holds. 
The case that any or all the symbols a, 6, » are infinite is per- 
fectly analogous. 


293. Let u= (2), and 


lim u= 6. a finite or infinite. 
Let y= f(u), and ; 

lim y = 7. 

u=b 
If f(b) =n, then 

hm y= »- 


z=a 


This follows as in 292. 


184 LIMITS OF FUNCTIONS 


294. 1. Let y= f(x) be a univariant funetion in a unilateral 
vicinity V* of a. If 


lim y= 6; [274, 2 
then 
Ulimaz =a. 
y=db 


To fix the ideas, suppose y is increasing 
in the left hand vicinity of a. 
Let e>0 be arbitrarily small, and 


a—e<a'<a. 
Let y' correspond to 2’. Let 6>0 be such that 
b—d>y/’. 
Then, while y remains in LV;*(6), x remains in LD.(@). 


2. Let y=f(x) be univariant in V*(a), where a is a bilateral 
limiting point of V*. If 
Hina aaa; 
then r 


limz=a. 
y=b 


The demonstration is analogous to that of 1. 
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DAY, iL. lim sinz = 0. 


2=0 


For, however small e>0 is taken, there exists an arc 6>0 such 
that 
|sin z|<e. |jz|<6. 


2: lim cosa = 1. 


a=0 


For, however small e¢>0 is taken, there exists an are 8 > 0 such 
that 
1—cosxr<e. [a] < 6. 
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296. 1. lim sing = sina. 
For, let ws 
e=at+u. 
Then 
sing = sin (a+ u)=sina cosu+ cosa sine 
Since 
lim sing = lim sin(a+w), 
x=a u=0 
and 


lim sinw=0, lim cosu=1, 


u=0 u=0 
equation 2) gives, on passing to the limit, 1), by 289. 
2. Similarly, 


lim cos 2 = cosa. 


“=a 


297. 1. DLiim tan z= + 0. 


r="/2 


For, in LV*(7/2), tanz>0. 


As tan ¢ = aes = 
cosa 
and lim sinz=1, lim cosz = 0, 
x=" /2 27/2 
we have 1), by 277, 6. 
2. Similarly, 
Riim tanz =— o. 
r=" /2 
298. 1. lim e?=1. 
2=0 
This follows at once from 172. 
. lim e” = e%. 
For, let c 
x=a+u. 


Then, by 289, 
lim e” = lim e*+” = e* lim a 
2=a u=0 u=0 


esos, bya Ik 


185 


d 


(2 


a 
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oe lim e7 = +00. 


x= 


This follows at once from 169. 


4, lim e? = 0. 
For, let a 
(Pp Se 
U 
Then (eee flim As by 290, 2; 
r2=—-97 u=0 ou 
5. Obviously, as in 1, 2, 
liny a? == a7: 
os 
z— 1 
6. f(2) =——- 
er +1 


Riim f(z) = +1, Tiim f(#) =—-1. 
z=0 ct!) 


299. 1. Let 
lim f(@) == We n> 0. 
Then 
lime) 7 
This follows directly from 171. 
2. In V*(a), let fie) >0. Let 


him Gr) = 0: 


Then 
lim Ci@))*=0, p>. 
— ah, pO. 
=+o. pO. 
300. 1. limlogx=loga. a>0 


z=a 


This follows at once from 178. 
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2. lim log r=+o. 


a=+% 


This follows at once from 179. 


Be flim log z= —o. 
x2=0 
For, set 1 
1 — ry 
Then 
# lim log # = lim log Lose lim log u=—o. 

z=0 u=o U U=0 

4, Let 


lim f(z) = 7 >-0: 
Then a, 
lim log f(x) = log n = log lin f(#). 


This follows at once from 178. 


301. 1. ee edt 


0 2 
From geometry, we have 
Area OAC < Area OBC < Area OBD. 


Hence, for 0<a<7/2, 


C 
4sinxcosar<da<ftang; K 
x il 


cos << ——. <x ——_ 
a sina Cos @ 


As ; 
Rlim cos a= # lim =], 
2=0 z=0 COS & 
we have, by 277, 38, 
line qd 
Sorin t) z=0 sin 2 
r=—U, 
Then Rilim—— = Llim ~~ =1. (2 


z=0 SIN @ u=0 SIN U 
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From 1), 2) we have 


\ 
? x 
lim. ==; 1, 
z=0 SIN L 
Whence, by 277, 2, 
sin & 
lin sl 
2=0 GH 
2. From 1 we have readily 
P eelhae © a 
in 640. 
2—0 ba b 
Yor, 
sinax a sinax 
ba bax 
_a@ sinu 
baie iio 
setting 
= OL 
oa ee 
302. ims ==, 
—) 2 
° 
Hor, tages og 
x Z cose 
But 


oar Sin, : 
lim =1, lim 
e012 2=0 COS 2 


ta 


Thus, passing to the limit in 2), we get 1), by 277, 2. 


303. lim iS Gra Re COS &. 
n=0 h 
For, sin(@+h)—sinz_2cos(a+dh)sindh. 
h h 
Also lim cos (a+ 4h) = cosa; 
n=O 
1 2 sin dh lim S12 4 ht 
n=O ah 


Passing to the limit in 2). we get 1). 


al 
2 


cy 
bo 


EXAMPLES OF LIMITS OF FUNCTIONS 189 


804. 1. lim L= 0082 _ 1, a 
r= Ma 2 
For, ; 
1l—cosx_ 2sin?}z_ 1/sinjc\ 
x Bo EO Seay 
2. lim @ne—sine _1, 
E=) Mo 2 
For, : 
tanv—sinz _ tanz 1—cosz, 
Be ay fp: 
305. 1. lim e-* cos 7 = 0. G 
2=-f00 
H 
ne lim e~* = 0, by 298, 4, 
while 


lim cos x 


does not exist. We cannot, therefore, apply the theorem 277, 2, 
that the limit of the product is the product of the limits. 
We therefore proceed thus: 


—é<e "cos%7<e~. 
Apply now 277, 8. This gives 1). 


2. We may see the truth of 1) geometrically. 


Let 
Y=", Yo = COS 2, 


and ieee C08 = 455 


Let us draw the graphs C, C’ of + 4. 

To get y, we multiply y, by the 
factor y,, which takes on all values 
between —-1 and +1. Thus y oscil- 
lates between the curves (, C’. 

As (, C' approach nearer and nearer the z-axis, the amplitude 
of the oscillations converges to 0. 
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The Limit e and Related Limits 
306. 1. We saw in 110 that 


lim (1 +5) =e: n=1, 2, 8, -- 


Let us consider now the more general limit 


lim (1 oa a 
a@=-+00 v 


Each # will lie between two integers n,n +13; or 


n<o<n+i. 
Then 1 


ees 1 
rr Oa 


1 n+l ( aS ( i i 
(145) 7 aes a eng : 
But n+l Z n 

Cea (eal 
nN Nv nN 


and 


and 


Thus 38), 4) give in 2), 


1 1\" x n+l 
(142) 45) >(142) Ae ) Nee La : 
n n x 7 HI " 


Now, by 1), 1\n 1 n+l 

lim (1 ete ) = lim (1 + =) : 

Also, 

lim G | *) = ee ee esi 
n 

1+ 


‘et (1 i =“ Test 
xv 


Hence 5) gives 


il n all n+l atl 
(14,45) =(1+45) ; (gts 


a 


(3 


(4 


THE LIMIT £ AND RELATED LIMITS 


307. 
lim G aE a = 2, 
r=—20 x 
For, let 
L=—U 
Then 
(4) =0-3) -G+4y) 
x U u—1l 
“(4 NG) 
v v 
h 
where ete 
But, when x=— 0, w+, and hence »v+ +00. 
Ms lim (1 +i)=1, lim € A e, 
, v= UV v=-+00 v/ 


we get 1), on passing to the limit in 2). 


308. From 


we get, setting 


1 
Flim (1+u)"=e. 
u=0 


From 1\« 
lim (1 ete *) = 
=—90 xv. 


we get, setting 


Dilim d+ uy" =e. 
u=—0 


- From 1), 2) we have 
2 
lim (1+ 2)*=e. 
o—) 
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‘al 


(2 


‘al 


(2 


(3 
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309. S 
lim (1 + zu)" = e*. d 
u=0 

For, 1 ass 

y=(1+ur)"={1 + ux)" }" 
1 
={(1+»)’'$", 
where 
Uv = UL. 
But 


1 
lim(1+v)’=e. 
v—0 
Hence, by 299, 


limites 


310. i a 
z=) 40 
For, 
1 
lim eee) = lim log (1 + 2)# 
z—0 


z=0 xv 


Mi 
= log lim(1+-2)*, by 300, 4) 
2=0 


= loge, by 308, 3) 


=1. 
311 eae 0 1 
. Lae og a. a>0. ( 
Set 
u=at—1. 
Then 
lim u = 0, 
a—0 
by 298, 5. Then, by 292, 
lim log d+) = lim log a* a 
u=0 U wo A? — 1 
AD yeoLO, 


But 
log a7 = 2 log a. 
This in 2) gives 1). 
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: 1+2)*—1 
312. ES Jee 
peta apes a 
From 310 we have 
lim 8A +%) _ ik (2 
u=0 U 
Let 
u=(1l+-a2)*—1. 0s 
Then, by 299, e 
Limo ==10? 
xz) 
Hence, by 292, we get from 2) 
= log(l +a)". 6 
ea er eT 
or 
- (l+z)*—1 _ ‘ 
O Togd 2) G 
since 
log(1+2)"=plog(1+z2). 
But, by 310, 
: x 
lim log (1 +2) => 1 (4 
Now 
Cee ee ed £ 
low (l-ayt © r log +2) 


Passing to the limit and using 4), we get 1) for the case that 
+0. The case that u« = 0 is self-evident. 


FUNCTIONS OF SEVERAL VARIABLES 
Definitions and Hlementary Theorems 


313. For the sake of clearness, we have treated first the limits 
of functions of a single variable. We consider now the limits of 
functions in m variables. The extension of the definitions and 
results of the preceding sections is, for the most part, so obvious 
that we shall not need to enter into much detail. Should the 
reader have trouble with the case of general m, let him first sup- 
pose m=2 or 8, when he can use his geometric intuition as a 
guide. 
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314. In the case of a single variable, we have seen how useful 
the ideal points +o proved. In the treatment of limits of func- 
tions of several variables, we shall find it extremely advantageous 
to adjoin an infinity of ideal points to ®,, as follows : 

eta = 4 Ay) Ay ++ be an infinite sequence of points in Rp. 
Let 


Let 


a, = (Od yea”). 


lim alo iyee Linmr cM 00 § 
$= 


sa 


(ty, *8+ lm, finite or infinite. 


We say the limit of the sequence A is 


/ 
& = (or, eee Gays qa 
and write : 
oe = lim a,: 
n=0 


If any of the codrdinates of @ are infinite, we say @ is an 
infinite point. This fact may be briefly denoted by 


a=, 


the symbol o being without sign. 

There is no point in §t,, corresponding to an infinite « We 
therefore introduce an infinite system of ideal points, one for each 
complex, 
O15 >, sts ny (2 


in which one at least of the symbols, @,, is oo. Such ideal points 


we represent also by 1), and 0 

: = 0 WA 5 020 
call theemasyinbolselhetheier sy, Aa SAO ONRS: 0-5 ee F 
coordinates. If we employ — »% Gn aia 


there oraphicalecrepresen tation, a) sis a ae eels ©. a menial 
of 231, we suppose, according to 275, that each axis is terminated 
by the ideal points +o and —o. 

Thus, any complex of m points, one on each axis, such that at 
least one of these m points is an ideal point, is the representation 
of an ideal point in ,,. 

The system of points, formed of §,, and the ideal points, we 
denote by ®,,. 

These ideal points are also called points at infinity. 
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315. 1. The domain of an ideal point a=(a,-+-a4,,) is the aggre- 
gate of points x =(a,---2,,), whose coédrdinates lie respectively in 
the domains 

Dy, 44)5+** Do, im) 

It may be represented by D,....,,,(@). 


Exameie. Let m=4, and a=(—o, 


1,2, +). The domains in which the _o<¢ O oO 

codrdinates a, a2, %3, #4 Yange, are p, . 

marked heavy in the figure. Sages a! jmaee Pig © ped 
Pleroypim as anvarbitrarily larsestiega-, [co <—-— 

tive number; pe and ps are arbitrarily a Ouse Ps vires 

small positive numbers; pq is an arbi- p, - 


trarily large positive number. 
2. The points of an aggregate A, which lie in D,...,(a), a being 
a point at infinity, form the vicinity of a, for that aggregate. We 
represent it by 
Vprortg 2) . 


316. 1. Let y=f(a,::-2,) be defined over a domain D. Let 
A=4,, a, +: be a sequence of points in D, and let 


lit Oe ee a finite or infinite. 
If 
lim (a;,) =, n finite or infinite. 


is always the same however A be chosen, « remaining fixed and 
An #0, we say n ts the limit of y forx=a; and write 


N= WT (0, essa, ) 5 
%y=Ay** +L y_=Apy, 


or, more briefly, 


n= lim f(x, +++%m), or n = lim f(x) 


SG im) =, or f(@)=7- 


2. Just as in the case of a single variable, we can show that this 
definition is equivalent to the following: 


or, 


n= lim f (0, °°' 2m), n finite or inf. 


when, taking D(n) arbitrarily small, there exists a vicinity V*(a), 
such that y remains in D(n) when x is in V*¥(a). See 278-283. 
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317. 1. The theorems of 277 and 284 hold for functions of 
several variables as well as for a single variable. 


2. The generalized theorem of 292 may be stated thus: 


Let Uy = hy (G+ Fn); =! Un = Pm (L159 Ln) 5 
and 
lim u, = 6,, --- lim Uy, = by. 
Let 
y =f (1, ci Um)» 
and 
Lima) =). 
u=b 


Let u#b in V*(a). Then 
limyy'== 7. 
Here a, 6, n may be finite or infinite. 


The demonstration is perfectly analogous to that in 292. 


A Method for Determining the Non-Hxistence of a Limit 
318. ‘l’o determine whether 
9 =lim f(a,--° 2), a, n finite or inf. 


even exists, is often a difficult matter. The following simple con- 
sideration analogous to 278, 2, 8 will sometimes show very easily 
that » does not exist. Let W be some partial vicinity of a exclud- 
ing a. Wemay denote the limit, when it exists, of f(a,---2,,) for 
xz =a when z is restricted to W by 


f= lim f(a, SOBER. 


Then ¢ must exist, finite or infinite; and however W is taken, 
we must have 
n= 6. 


Thus, in case € does not exist, or 1s different for different W’s. 
we know that 7 does not exist. 


DETERMINING THE NON-EXISTENCE OF A LIMIT 


319. Ex. 1. 
f(a ; = = x2 = ye 
We ask, does 
lim f 
z.y=0 


exist? As partial vicinity of the origin, take points on a line 


ibys, Sah. Hoe = (0) 
Then a 
tim x, Y)= lim ee ee 
S(%, Y= 0 22(1 + a2) a ray 
which varies with a; i.e. with L. 
Hence the limit in question does not exist. 


320. Ex. 2. 
I aerart te 
Does 
‘ lim f 
a,y=0 
exist ? 


If we take as partial vicinity of the origin points on the line 


b8 HY = (One, 

we get 2 
lim f(z, 7) = lima. —“ = 
fe f%¥) «z=0 1 + ate? 
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a 


(2 


Thus, however Z is chosen, the limit 2) is always the same. We cannot, how- 
ever, infer that the limit 1) exists, since our method only shows the non-existence 


of the limit. 
Instead of the family of right lines Z, let us take a family of parabolas 


Pe OP Sie 
Then @? 
Se He ep au @ a i aye 


which varies with the particular parabola chosen. 
Hence the limit 1) does not exist. 


321, Ex. 3. HOoNe log ea. 
Does 
lim f 
x,y=a 
exist ? 
Let a, y lie on the line 
ig a—x=X(d—y). rA>0. 
Then 
F(x, y) = log». 
Hence 


lim f(@, y) = log d, 
which varies with i. 
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Iterated Limits 
322. 1. Let f(a, -++%) be defined over some domain D; and 
let ade 
Then dim SQ) ay) He 


te I 
Muy 


will be in general a function of all the variables except x. Also 
Lf ee f= Tn i Cae) 


2,=4,, m=, MH =H, 
will be in general a function of all the variables except %,,, %., 
Continuing, we arrive at 
lim +++ lim + lim f(a °*+ %n)s sem, (1 
fy Mp  ig=Big Myr, 
which is in general a function of all the m variables except 
ips te 


. 
4) lo? 


1D 2 
Limits of the type 1) are called iterated limits. 
In 1), we pass to the limit first with respect to 2,, then with 
respect to %,,, then with respect to z,,, etc. 
A change in the order of passing may produce a change in the 


final result. 


2. Iterated limits occur constantly in the calculus; for example, 
in partial differentiation, differentiation under the integral sign, 
double integrals, improper integrals, and double series. The 
treatment of these subjects by the older writers on the calculus 
is faulty, as we shall see, because they change the order of passing 
to the limit, without a careful consideration of the correctness 
of such a step. 


323. Ex. 1. lim lin = te (= y 
y=0 c=0 01+ Y y=0 


lim lim 2=¥ = lim t)a+) 
0 y=0 C+Y x=0\0 


The two limits are thus different. 


Ex. 2. lim lim ii = =-1. 
y=0 =o 1+ wy 


lim lim 1— xy _ 1. 
z=n y=) 1+ wy Ms 


The two limits are thus different. 
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324. The following is a case where a change in the order of 
passing to the limit does not change the result. 


Let : 
‘ lim f(@, 2) ins n finite or inf. ad 
lim JS@ Y= 9), for0<|z—al<o. (2 
lim I@y=hy), for0<\y—b|<e. (3 
Then . 
lim g(@) = lim h(y)= 7. (4 


Let n be finite. From 1) we have 
n—e<fy)<n+e — in Vy*(a, 8). 
In this relation, pass to the limit =a; then 
n—e<g(x)<nt+e, for0<|e—al<6. 
lim g(@) =». (5 
lim A(y) = 9. (6 


From 5), 6) we have 4). 
Let n=+0. Then from 1) 


ary) = G, in V;*(a, 0). 


Hence 


Similarly, 


Passing to the limit, for 7 =a, we have 


ga@)sG, for0<|x—al<6. 
Hence 
lim g@) = +o =». 
Similarly, 
lim A(z) = +0 =». 


These two equations give 4). 


Uniform Convergence 


325. 1. A notion of utmost importance in modern mathematics 
is that of uniform convergence. Let f(a ++: @m3 t, +++ t,) be a 
function of two sets of variables, x, +++ v,, and t, +++ t). 
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Let f be defined when x= (a +++ @,) Tuns over a domain D, 
and t= (t, --: ¢,) runs over A. 
For each a in D, let 


lim f(@, *** tas b ° t) 9 Cy ae) 
ts 
Then for each e>0 and each z in D there exists a 6’ >0, such 


that yoeas d 
formany can. (@). 

Evidently if 1) holds for 6, it holds for any 6’, such that 
0<8' <8. Of all the values & for which 1) holds at a, let 6 be 
the maximum. Then for a given e, 6 is a well-defined function 
of zg In D, let Min 828. 

Then 6,50. If, however small ¢ is taken, the corresponding 6, 
is >0, we say f converges uniformly to g in D; or is uniformly 
convergent. 

Hence, if f is uniformly convergent in D, there exists for each 
e>0a6>0, such that 


F(a, tt Lin 3 ty eo t,) — g(a, ate £,)|<€ 


for any tin V,*(7). Moreover, one and the same norm 6 suffices 
for all the points of D, e being the same. 

The central idea of this case of uniform convergence may be 
clearly, if somewhat roughly, brought out by saying that if the 
convergence is uniform the norms 6 for which 1) hold, e being 
small at pleasure, but then fixed, do not sink below some definite 
positive number, when x ranges over D. 


2. These considerations may be extended to the case that 7 7s 
infinite ; we therefore define as follows: 


The function f(a +++ 2,3 t, +t) converges uniformly to 
g(@°*:Z,) in D as t= 7, 7 infinite; when for each e>0, there 
exists a set of norms p, --: p,, such that for any z in D, 


IF “8 Un 5 ty ee t,,) — 9X vive Tn ie 
in Vo, ea(T)- 
In this case of uniform convergence we may say: the norms p 
corresponding to infinite codrdinates of + cannot become infinitely 
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great, and the norms corresponding to finite codrdinates of 7 can- 
not become indefinitely small as 2 ranges over D, for any given 
valne of e. 


3. When f(a, +++ &,3 t, ++ t,) converges uniformly in D to 
g(@, °** Zm), we denote this fact by 


lim f(y +++ m3 ty ++ th) = G9(@, +++ Lm), Uniformly. 
4. If f= 0 uniformly in D, we may say it is uniformly evanescent 
in D. 


326. Ex. 1. 1 


i) 
Ie = 

DOAN) A=(—/A, h). h>0. 
Evidently for any x in D 


lim f(a, t)= : = (HD) 
t=0 


But f(x, t) does not converge uniformly to g(#) in D. For if it did, for each 
e>0 there must exist a 6 >0, such that 


R=|f(%, t)— g(x) |= 
for any ¢ in V,*(0) and any @ in D. 
Now obviously, ¢ being fixed, R can be made as large as we choose by taking x 
near enough 0. Hence # does not satisfy 1) as ¢ ranges over D. 
In fact, as is seen at once, in order to have R<e, it is necessary to take 6 
smaller and smaller as x approaches 0. In this case then 


Min 6 = 0, in D. 


oaltiee @ 
xle+t| 


BPM ibe Pp : 
joa 
I (a, t) ae 
Gy AOE ah A= (hh), JO. 


This example is the same as Ex. 1, except D is different. 
As before 1 
lim f(@, ))=-=g9(@). 
t=0 HV) 


But now f(«, t) converges uniformly to g(a) in D. 
In fact, in Vs*(0) 3 


R<——_, d<a 
< a(a— 5) : 
wherever «isin D. But we can take 6, such that 
6 
——— é 
a(a — 5) = 
Then Ree 


for any ¢ in V,*(0) and any « in D; i.e. f converges uniformly in D. 
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328. Ex. 3. A . 1 
ING ) 1+<2 “aya 


D=(—4, @). A=(@, +0). 
Here 
lim f(%, ¢)=1+ x, meal): 
t=00 
=, =O 
Hence if we set 


we have 
Lima Gye 19:0). 
t=00 


However, f does not converge uniformly to gin D. For, when « #0, 


1 


R=|f@, H-9(@)| ate 


This shows that as « approaches 0, it is necessary to take ¢ larger and larger in 
order that R<e. 
There is thus no norm p, such that 


R<e 
for each ¢>p, and any w in D. 


In this case, then, ’ 
Max p =. 


Remarks on Dirichlet?s Definition of a Function 


329. The definition of a function given in 189 and 230 does not 
depend at all upon an analytic expression for the function. 

At first, the reader who has been used only to functions defined 
by analytic expressions, may be inclined to regard functions not 
thus defined as only pseudo-functions, or at least of little impor- 
tance. 

This attitude of mind must be overcome. In the first place, in 
certain parts of mathematical physics, e.g. the potential theory, it 
is of great importance to be able to assign values to a function at 
pleasure, totally disregarding the question of an analytic expression 
for it. 

Secondly, as the reader advances, he will find that many func- 
tions which he might well believe have no analytic expression, de 
indeed have very simple ones. 

We give now a few examples of such functions. 


DIRICHLET’S DEFINITION OF A FUNCTION 203 


330. 1. For 2>0 let y=1. 
For? = 0 letiy = 0. y 
Fora < 0 let y= 1, 
The graph of this function is given -& 
in the figure. 
An analytic expression of y is 


y= 7 lim arctg (nx). 
This function is much used in the Theory of Numbers. We 
shall call it signwm x and denote it by 
Wy = SON a. 
When wu, v +0 an equation 
sgn u=senv 
simply means that the sign of wu is the same as that of v; while 
senu=-+1 
is only another way of saying that u is positive etc. 
331.: For #0 let y =1. 
Por v= 0 let y= 0: 


Its graph is indicated in the - 
figure. 
An analytic expression of y is 


332. Forv=0, +1, +2, -- let y=0. 
For n<a<n+l, y=(—1)”. — n positive integer or 0. 
For —(v+1)<2<-n, y=-C- 1) 
The graph of y is indi- 
cated in the figure. 
An analytic expression of 
y is 
pple ka) eee 
n=o (1+ sin 7x)” + 1 
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~_ 


333. Let f(x), g(@) be two different functions, defined over 
%=(0, +0). The inexperienced reader might well believe that 
we cannot form an analytic expression which represents f(x) in 
one part of %, and g(x) for another part. Such an expression is, 
however, the following : 


a= fen af(c)+9(%), 


y n=O age + a 
In fact: 
fOleve ls Y=J(@), 
for Ura 7 lay — J); 
for z=1, =4/f0)+9Q)}. 
Example. 
i (Ge) sa) COS) arate 
Then 


y = x, for x#>1, 


= cos2ra, forO0<a#<l. 


334. 1. For rational xv, let y=a; for irrational 2, let y=84, 
where a, 6 are constants. This function was introduced ky 
Dirichlet. 

In any little interval, y jumps infinitely often from a to 6 and 
back. It seems highly improbable that such a function should 
admit a simple analytic expression; yet it does. 

We have already seen that sgynaw admits a simple analytic 
expression. 

Consider now 


y=a+(b —a)limsen(sin’n! rz). (1 


For any rational x, n!z finally becomes and remains an integer. 

Hence sin n! za = 0 for sufficiently large n. 

Hence y=a for any rational a. 

For an irrational x, n!a2 never becomes an integer. Hence 
sin? n! aw lies between 0 and 1, excluding end values. 


Therefore : 
sgn (sin? n!ax2)=1; 


and for any irrational z, y = 6. 
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Thus 1) is an analytic expression of Dirichlet’s function. 
The reader should note that it is utterly impossible to intuition- 
ally realize the graph of this function. 


2. Similarly, we see that 
y =f(2) + (gy(@) —f(@)) lim sgn (sin?n! 12) 

equals F(@) when z is rational, 
and equals g(@) when z is irrational. 

335. A remarkable function is the following. We shall call it 
Cauchy's function, and denote it by C(x), viz.: 

1 
' Oa)=e ™, for «+0, 
SUE ie GEM 


As a limit, we can write it 


1 
Cie) == linn eaeeg y 
u=0 
1 


5 Recon) 
C@)y= lim Calg: 


or 


Its graph is given in 
the figure. Its peculiarity x 
is its remarkable flatness 
near the origin. 


Upper and Lower Limits 


336. 1. Let f(z, -+- &m)=f(%) be defined over D. 

Let a be a limiting point of D; a and D may be finite or infinite. 

Let A = aj, a, °** be a sequence of points in D whose limit is a, 
such, however, that 


L=\im f(a,) 


exists, finite or infinite. There are an infinity of such sequences. 
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For all such sequences, let 
=MinZ, p= Max L. 


These are called respectively the lower and upper limits of 
f(a °°* Lm) at a; we write 


A= lim inf f(z, -: %,) lm = lms, 
p= lim sup f(a, °°: Um) = lim f = lim f. 


The lower and upper limits A, w may be infinite. 


2. When dealing with functions of a single variable, we can 
have right and left hand upper and lower limits, by considering 
only values of x>a, or <a, respectively. 

Then me 

i lin sup f(z) = lim sup fz) = lim f(z) 


= Riimf=f(a + 0) 


all denote the right hand upper limit of f(x) at a A similar 
notation is employed for the left hand limits. 


337. EXAMPLES * 
il 
ik =sin—- 
y=sin = 
lim y =— 1, lim y=+1. 
a=0 az=0 
reat 
a y = (1 ~ 22)sin -- 
x 
lim y =— 1, lim y =+ 1. 
==0 a=0 
sel 
3. y= (1+ 2%) sin-. 
lim y = — 1, Tim y =+ 1. 
a=0 ae=0 
"(a+ sin 1 \ +b 4sin 1 
Ae = lim eal = 
fos 1+ 2" 
See 833 


* The reader will do well to roughly sketch the graph of these functions. 
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We find: 1 
y=a-+sin ie for > 1. 
y=b+sin—+, OT) ORe@ie Ve 
Hence 
ZENE prec Liimy=b+1; 
t= e=1 
Almay = of7 4; Liimy=b—1. 
c= z=1 


338. 1. Let r, w be the lower and upper limits of f(a, +++ %m) at 
x=a. Then there exists for eache>0a8>0, such that 
A — €< f(D +** Fm) <p +, in V;*(a), 
a, finite or infinite. 


For, in the contrary case there exist sequences A= ay, dy °- 


h th 
such that hawiva row 


or lim f(a,) > 


2. Obviously we have the following : 


Let >, w be the lower and upper limits of f(a +++%m) ata. There 
exist two sequences A =ay, Mp, +++, B= by, by, +++ whose limits are a, 


such that lim f(a,)=, lim f(b,)= pb. 


3. Since the maximum and minimum of a variable exist, finite 
or infinite, we have: 


The upper and lower limits of a function always exist finite or 
infinite. If 3 
. lim f=lim f=4 
then 
lime? = t. 


ea 


CHAPTER VII 


CONTINUITY AND DISCONTINUITY OF FUNCTIONS 
Definitions and Elementary Theorems 


339. 1. Let f(a,:++-¥,) be defined over a domain D. Let 
@=(a,-++a,) be a proper limiting point of D. If 


ea F(@y vege a) = J, eae es él 


the function f is continuous at a. In words: ?f the limit of fat a 
is the same as the value of f at a, it is continuous at a. 

The reader should observe that a is not only a limiting point of 
D, but that it lies in D. 


2. The condition 1) may be expressed in the e, 6 notation, giv- 
ing the following definition of continuity: f(a, +++ X,,) is continuous 
at a, if for each e>0 there exists a d>0, such that 


| Fy ** Bm) — f(y °° Gm) | << es in V3(a). 


3. A function which is continuous at all the proper limiting 
points of D is said to be continuous in D. We suppose that D 
has at least one proper limiting point. 


4, Consider the function 


ee at points different from 
X, = o) 
IY) a + y2 the origin. 


=, at the origin. 
We saw, 319, that 
lim f(a, y) 
z=0, y=0 


does not exist. Thus f is not continuous at the origin. 
208 
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At the same time f considered as a function of 2 alone, or con- 
sidered as a function of y alone, is continuous. 

This example illustrates, therefore, the fact that because 
J(®°**®m) 18 a continuous function of each variable separately, 
we cannot, therefore, assert that f considered as a function of 
21 *** Lq iS continuous. 


340. The following theorems will be found useful in determin- 
ing whether f(z, -:-z,,) is continuous at a or not. 
From 277, 1 and 317, 1 we have at once: 


Let f(@y+++&p), J(@1°**Lm) be continuous ata. Then 
eg, I°9, 


t JG 11 Om) #O 


are continuous at a. 


341. Krom 292 and 317, 2 we have at once: 
Let 


Uy= Dir ace-a,) pi Ur, = Pin 2 °°* Ley) 
be continuous at x=a=(a,--:a,). Atv=a, let 


be a be 


Let 
ic y = f(y Un 


be continuous at u=b=(b,:+:b,). Then y considered as a function 
of the x’s is continuous atx =a. 
In a less explicit form, we may state this theorem: 


A continuous function of a continuous function is a continuous 
function. 


342. In order that f(a,+++%n) be continuous at a, tt is necessary 
and sufficient that for each e>0 exists an undeleted vicinity V(a), 
such that for any two points x', x'' in tt, 


Fe) — fe) |<e. 
This follows at once from 284 and 317, 1. 
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Continuity of the Elementary Functions 


343. The integral rational functions are everywhere continuous. 


Let cae ses n positive integer. 


Then, by 299, y is continuous at every point a in #. Hence, by 
340, 
Ogee ae et Oo ae, 
is everywhere continuous. Thus the theorem is proved for one 
variable. 

Let Y == > Ax fas s*-0,'™, 


where the s’s are positive integers or 0. 
Each term of y, viz. 


b= Ag eog,,fm, a 
is continuous at an arbitrary point 2 For, 
let Uy = Hy, ot Uy = Lye 
Then the term ¢ becomes the product 
Uy Uo ++ Ums 


which, considered as a function of the w’s, is continuous, by 340. 
On the other hand, each w, is a continuous function of the 2’s. 
Hence, by 341, ¢, considered as a function of the a’s, is continuous 
at every point x in ®R,,. Hence y, being a sum of the terms ¢, is 
continuous, by 340. 


344. The rational functions are continuous everywhere in their 
domain of definition D. 


We saw, in 228, that the domain D of 


es Diva nen 


> Bry a i G 


embraces all points of %,,, except the zeros of the denominator, 
which are the poles of y. 

By 343, # and G are everywhere continuous; hence, by 340, y 
is everywhere continuous, except at the poles of y. 


DISCONTINUITY Zid 


345. 1. The circular functions are continuous at every point of 
their domain of definition. 


From 202, we saw that sinz, cosz, are defined for all points 
of #; while 


sin x COs az 
tan z= , cot 7 = ——-, 
COS az sln & 

ail 
secr= , cosec 2 = ——, 
COS Zz in x 


aie defined for all points of #, except for the zeros of the denomi- 
nators in the above equations. 

From 296, sing and cosz are everywhere continuous. The rest, 
of the theorem follows now from 340. 


2. The one-valued functions 
arcsing, arc cosz, arctga, arcctgax 


are continuous at every point of their domains of definition. 
This follows at once from 294. 


346. 1. The exponential functions are everywhere continuous. 

This follows at once from 298, 5. 

2. The logarithmic functions are everywhere continuous in their 
domain of definition. 

Let 


y = log, &. 
Then i 
__log.x 
I Tog, 5 


Hence y is continuous at a point z, if log,x is. But this is con- 
tinuous for every x>0, by 800. 
The demonstration also may be given by 294. 


Discontinuity 


347. If nag (2 eas 


does not exist; or if it exists, and is different from f(a), should 
f be defined at a, we say f is discontinuous at a, and a is a point 


of discontinutty of f: 
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Discontinuities are of two kinds: _ 


Finite discontinuities, when f is limited in V*(a). 
Infinite discontinuities, when f is unlimited in every V*(a). 


348. We consider now in detail some of the ways in which a 
function of a single variable f(~) may be discontinuous at a 
point a. 


Finite Discontinuities 


i fla +0) =f(a—0)# fla). 
Such a discontinuity is called a removable discontinuity. 
Such a function is 


= lim —™ 
y n=o 1 a na 


considered in 331. 


2. f(a+0), f(a — 0) exist, but are different. 
Such a function is 
y = sgn x, 
considered in 330. 


3. If f(v) is defined at a, and f(a) =f(a+ 0), we say f is con- 
tinuous on the right, at a. 


If f(a) = f(a—0), f is continuous on the left, at a. 
4. Either f(a+ 0), or f(a — 0), or both do not exist. 


Such a function is 1 
= sin —- 
y x 


We considered this function in 256. Here neither f(0 +0) nor f(0 — 0) exist. 
Also f is not defined for x = 0. 
Infinite Discontinutties 


349. 1. As x approaches a from either side, f(a), either mono- 


tone increases or mono- y 
5 2 
tone decreases. x 
O a 
1B Ik 1 
y= ra 
at 0. L 
-1 (6) a 


Ex. 2. y =—_, 
at 0. | 
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2. As x approaches a, f(x) increases monotone on one side, and 
decreases monotone on the other. 


Ex. 3. y=*, 
at 0. 

Ex. 4, y=tanz, 
at die 

Z 


3. As x approaches a, y oscillates 
infinitely often about a base curve, 
belonging to the types defined in 1 or 2. The amplitude of the 
oscillations is limited. 


Ex. 5. y=14zsinl, at x = 0. 
4G x 


Here y oscillates about the base curve 
= 5 
am mu 


and the amplitude of the oscillations converges to 0 as x approaches 0. 


No ere | 
Ex. 6. dab: sin-, 
at x = 0. 
Here y oscillates about 
hao (1 


and the amplitude of the oscillations remains the same, viz. +1 above the curve 1), 


4. The discontinuities considered in the preceding three cases 

are such that either ; 
lim y 

is infinite, or at least the right and left hand limits at a are infinite 
and of opposite signs. Such points of discontinuities of f(x) are 
called infinities ; we also say f(x) 7s infinite at such points. 

5. In either or both the right and left 
hand vicinities of a, y is unlimited, while the 
corresponding (infinite) limits do not exist. 


len 
Ex. 7. ie sin - re 
Here y oscillates between the two hyperbolas 
» 1 
i e= Z 


The amplitude of the oscillations increases indefi- 
nitely as z approaches 0. 
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i 
wx 


1 


= x=0. 
x 


ae. 
Ex. 8. yo=-t+ - sin 
Here y oscillates about the base curve 
y= = 
The amplitude of the oscillations increases indefinitely as « approaches 0. 
Ex. 9. y = e*. 


Here 
Diimy=0; Riimy=+o, 
a=0 a= 


u 1 
Ex. 10. y = ezsin -- 
£ 
Here Limy=0; Riimy does not exist. 
‘ a=0 a=0 


Some Properties of Continuous Functions 
350. 1. If f(a,+++%,) ts continuous in a limited perfect domain 
D, it is limited in D. 
For if f were not limited, 
Max |f| = + 00. qd 
Then, by 269, there is a point a of D in whose vicinity 1) holds. 


This is impossible. For, since f is continuous, 


Fay an) — e< f(a, 162m) <f(a, +n) su 
in V(a). 
2. The theorem 1 does not need to be true if D is not limited. 
EXAMPLE. Di= (0; ica) fe) a2: 


Here f is continuous in D, but f is not limited. 


3. The theorem 1 does not need to hold if D is not perfect. 


is 


EXAMPLE. De (OS). fo) = 


Here f is continuous in D, but f is not limited. 


351. 1. At r=a let f(a,:++2%,,) be continuous and +0. Then 
in V(a), ; 
son f(a, +++ mq) = sgn f(a, +++ ay). 
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For, since f is continuous at a, we have 
e>0, 6>0, |f(x)—f(a)| <e, V3(a). 
FQ) —e<f@)<f@Ote 
Since e is arbitrarily small, we can take it so small that 


I®, JO-6 fate 


all have the same sign. 


Hence 


2. The theorem 1 gives us: 
At =a let f(x, +++x,,) be continuous and +0. Then there exists 


a p>, such that , 
lf |> ps in V(a@). 


352. Let f(a, +++%,_) be defined over a domain D. By defini- 
tion, it is continuous in D when, for each proper limiting point z 
in D, ; c 

lim f@ + hy 8° in + hin) = F(a “°° Lm )s 


the points # + / lying in D. 
If f(a, +hy +++, +h,) not only converges to f(x, +++2,) in D, 
but converges uniformly, we say f is uniformly continuous in D. 
We have now the very important theorem : 
Tf f(a, +++ &m) is continuous in a limited perfect domain D, it is 
uniformly continuous in D. 
Making use of the notation of 325, we have only to show that 
5, = Min 6, for D 
is > 0. 
Suppose it were not, z.e. let 6, =0. We show that this assump- 


tion leads to a contradiction. 
For, by 269, there is a point a in D, such that in V(a) 


Min d= 0, =20; ral 


This is impossible. In fact, by 342, there exists for each e>0, 
a 6’, such that for any pair of points 2’, 2!’ in Vy(a) 


f(a’) —F@")|<e (2 
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Let 0’ <368'. Let now a’ be any point 


in Vy-(a). \ 
Then every point 2” in V3(2') falls in 

Vz(a), by 249. Ge 
‘Thus, for any such pair of points 2’, x, 


2) holds. 
Thus, for no point # in Vs(a) does 6 
sink below 6’, and this contradicts 1). 


353. Let f(x, +++ &,) be continuous in the limited perfect domain 
D. For each e>0 there exists a cubical division of D, of norm 


d>0, such that 
\F@)—F@")| <e ad 


for any pair of points a', x’ in any one of the cells A into which D 
falls. 

For, since f is uniformly continuous in D, let ¢>0 be such that 
1) holds for any point 2'’ of V,(2'). Let now the norm of the 
cubical division be 


= 
Vm 


Suppose z’, 2’ were a pair of points in some cell A, such that 
1) does not hold. Since 


Dist (2', a! )<8Vm<o, by 244, 8, 9, 


z' lies in V,(2'). But then 1) holds for 2’, 2’. We are thus 
led to a contradiction. 


354. 1. Let f(a,+++2,,) be continuous in the perfect limited 
domain D. Then f takes on cts extreme values in D. 


Before giving the demonstration, let us illustrate the content of this theorem. 
Let 

Di (OX, 1%) pandit/i—txes 
Then, for D, 

Maxy=+1, Miny=0. 


But y does not take on either of these extremesin D. This is due to the fact 
that D is not perfect. 
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2. Let 1 


l+a 
Max y = 1, Min y = 0. 


D=(0, +0), and y= 


Thus y takes on its maximum, viz. at « = 0, Lut does not take on its minimum 
This is due to the fact that D is not limited. 


3. Let DEO, 
and a 
= limj 3 
y n=n or +1 


This function is a particular case of that in 333. 


For 
WSO <i, esate 


for 
ell Y=; 


Noe OSA: 


for 


Hence 
oe Min —=05) Max — 1. 


The function takes on its minimum value in D, but not its maximum. 
This is due to the discontinuity of y at 1. 


355. 1. We give now the demonstration of 354. 

Let e be an extreme of f(a, ---%,). Then, by 269, there is a 
point a in D such that e is an extreme of f in every V(a). 

Thus, taking «>0 small at pleasure, there is at least one point 
z' in any V(a), such that 


\F@')— el <5 dl 


Since f is continuous at a, there is a 6>0, such that for any 2 


in V;(a) 


IF@) -—f@1< 5" @ 
In 2) set =a’, and add to 1); we get 
| f(a) — e|<e. 
Hence, by 87, 5, ae 


2. As corollary we have: 
Let f(a, +1+%n) be continuous and >0 in the perfect limited 


domain D. Then Min f= 0, bicdaay 
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356. In the interval X=(a, 5). let f(x) be continuous. Let it 
have opposite siyns at a and b. Then f vanishes for some point ¢ 
within 2. 

Let us form a partition (A, B) with the points of &. The class 
A is formed thus. Not only shall 


sen F@) = sen f(a) ¢! 


at every point of A, but between a and any point of A shall 1) 
hold. In B we throw the other points of Y. 

Let ¢ generate this partition. Then in any V(c), f has opposite 
signs. But if f(¢) were #0, by 351, we could take 6 so small 
that f(z) has only one sign in V3. This leads to a contradiction. 
Hence f(¢e) = 0. 

The point ¢ cannot be an end point of %, for at these points 
f #9 by hypothesis. 


357. Let f(x) be continuous in U=(a, 6). Let Min f(x) =a, 
Max f(x)=B in A. Then f(x) takes on every value in (a, 8) at 
least once, while x passes from a to 6. 


By 354, f(~) takes on its extreme values in Y. Let, therefore, 
J@)=% fal =8. 


To fix the ideas, let 0<a<{£. 
Let e<y<f. Set 


Then 


I@)=f@)-¥- 
2 )<9, 
Ge) 0: 


Hence, by 356, g vanishes at some point in (a, 2’). At this 
point f(7)=y¥. 


358. Let y= f(x) be a continuous univariant function in the inter- 
val (a, b). Let «= f(a), B= f(b). Then the inverse function 
v= 9(y) 28 a one-valued univariant continuous function in (a, B). 

By 214, g(y) is a one-valued univariant function in its domain 
of definition #. By 357, H=(a, 8). By 294, g(y) is continuous 
in (a, £). 
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The Branches of Many-valued Functions 


359. Let F(a -++x,) be a many-valued function in D. We can 
form a one-valued function f(a, ++-2,) over a domain A< D by 
assigning to f at each point of A one of the values of F at this 
point, according to some law. 

A common way to do this is to assign to f such values that it is 
continuous in A. In this case we say f(a, +++ %m) is a branch of the 
many-valued function F. 

A point, at which two or more branches meet, may be called a 
branch point. 


360. Ex. 1. The equation 
(Paw @! 


defines a two-valued function of « in the interval (0, +0). 
One branch is the one-valued function 


V2; (2 
—vé. (3 


the other branch is 


The graph of 2) embraces the points in the upper half 
of the parabola 1); the graph of 3) is the lower half of 
this parabola. 


361. Ex. 2. The equation 
xt — ax’y + by® = 0 


defines a three-valued function of « whose graph is given in Fig. 1. 


High L: 


Still preserving the continuity, we can define the branches of y in several ways, 
according to the path we take on leaving O. 
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In any case, however, we must stop at the points A, B, at which the ordinate is 
tangent to the curve. For, if we passed beyond these points, we would no longer 


have a one-valued function. 
In Figs. 2, 3, 4 we illustrate various ways of choosing a branch. 


Fia. 4. 


Fie. 2. Fia. 3. 


Notion of a Curve 


362. 1. In elementary mathematics one meets with a great 
variety of curves. ‘Their equations may be expressed, confining 
ourselves for the moment to the plane, in one of the three forms 


J =f(2), a 
z= $(u), y= v(u), e 
Kacy y= 0: (3 


When the curve is given by 1) or 2), it is said to be defined 
explicitly ; when given by 3), it is said to be defined ¢mplicitly. 

We observe that 1) is a special case of 2). For we have only 
to write 


c= u, y= Wu), 
to reduce 1) to 2). 


When the curve is given by 2), it is said to be expressed in para- 
metric form. 
We note that 1) is also a special case of 3). For we have only 


to set 
F (cy) =y—f@), 
to bring 1) to the form 8). 
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ot hd 


2. It is customarily thought that the notion of a curve is a 
very simple one; but we shall see that this is not so. On the 
contrary, it is a very obscure and complex notion. Reserving the 
discussion of the notion of a curve in general until later, it is well 
to give a preliminary definition. 

Let $(u), Y(u) be continuous one-valued functions of w for an 
interval Y =(a, 6), finite or infinite. 


Set 
r= G(U), y= Pu). 


Let w range over U. The points P whose codrdinates are x, y 
will form a point aggregate which we calla curve. The point 2, y 
is the image of the point wu. 

Ex.1. Let ¢(u)=u, Y(uw)=u?. The curve so defined is a parabola whose 
axis is the y-axis. 


Ex. 2. Let ¢(u)=acosu, y(u)=bsinu. The curve so defined is an ellipse. 


Still more generally an aggregate of a finite number of curves 
may be called a curve C. 

Each one of the individual curves which enter in C’ may be 
called an are or part of C. 

If a curve or a piece of a curve is such that y is a one-valued 
monotone function of x, we shall say the curve or the piece of it is 
monotone. In the same way we shall extend the terms monotone, 
increasing, univariant, etc., to curves or arcs of curves. 


3. Let wu range from a tod. If to two different points w’, yl! 
of %=(a, 6) corresponds the same point P(a, y), this point P 
will be called a multiple point of C. 

Let the codrdinates zy take on the same pair of values at the end 
points of &=(a,b). Then C is called a closed curve. If C has 
no multiple points in (a, 6*), we shall say C' is a closed curve with- 
out multiple points. 


4. The extension of these notions to n-dimensional space, by 
settin 
s Me py (0), °** Ln = Pn (x), 


is too obvious to need comment. 


CHAPTER VIII 
DIFFERENTIATION 
FUNCTIONS OF ONE VARIABLE 
Definitions 


363. Let y= f(x) be defined over a domain D for which @ is a 
proper limiting point. The quotient 


Ay fs I(@) Oy x in D, da 


Az i =O 


is called the difference quotient at a. 
If we set z=a+h, we have also 


Ay _ flath) — f(a) e 
Ax h 
Let A 
a 3 
io Ape C 


exist, finite or infinite. Then 7 is called the differential coefficient 
of f(z) at a, and is denoted by 


I). 


Let A be the aggregate of points in D for which 7 is finite or 
infinite. The corresponding values of 7 define a function of 2, 
called the derivative of f(x), more specifically, the first derivative 
of f(z). It is represented variously by 


f@; Dia), oo C 
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The function f'(#) is said to be obtained from f(a) by the 
process of differentiation. A function which admits a derivative 
is said to be differentiable. 

Since f’(x) may be infinite, the reader will observe that its 
values lie in R. Cf. 276. 


364. In the same way, the right and left hand limits at 2=<a, 


AY Ay: 
R lim eS L lim 


give rise to right and left hand differential coefficients at a. These 
denot 
we denote by EC mncay: 


These in turn give rise to right and left hand derivatives, which 
we may denote, prefixing R and L before the symbols, 4) in 363. 

When speaking of differential coefficients and derivatives in the 
future, we shall mean those defined in 363, unless the contrary is 
expressly stated. 

However, much that we prove for f’(a) and f’(#) may be 
applied at once to the corresponding unilateral differential coeffi- 
cients and derivatives. 


Geometric Interpretations 


365. Let P and R& be the points on the graph of 


y¥=f(@), 
corresponding to v=a and «=a+Az, 
Bie lc 
Then 


PW=Ar=h, RW=Ay. 


If the secant P# makes the angle 
¢@ with the z-axis, RVG Ww 2a 
je dee 

That is: the difference quotient is the tangent of the angle that the 
secant makes with the z-axis. 
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Suppose now y is continuous in a little interval about =a; if 
the secant PR approaches a limiting position PU, as R approaches 
the fixed point P from either side, we say PU is the tangent to the 
curve at P. 

Evidently, if f’(a) is finite, 


FJ (@)=lin i = lim tan ¢ = tan @, 


where « is the angle that the tangent line makes with the z-axis. 
If f'(a)= +, the tangent line is parallel to the y-axis. 


Fig. 2. Fie. 3. 


Such cases are shown in Figs. 2 and 3. 
The point P is a point of inflection with vertical tangent. 
For an example of such a function, see 388, 5. 


366. 1. When the differential coefficient at a does not exist, 
finite or infinite, the right and left differential coefficients may. 
They are then different. 

If both are finite, we have a case illustrated by Fig. 1. 


Suck a function is 


105 OP 79 == (0); Fira. 1. 


Here 
R/O)=4+1, L7(0)=—1. 


If one is finite and the other infinite, we have 
a case illustrated by Fig. 2. 
The points P in Figs. 1, 2 are called angular 


points. Figta: 
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2. When both differential coefficients are infinite, but of op- 
posite signs, we have a case illustrated by-Figs. 3, 4. 


12 
P; 
Lf (a)=-0 Lf (a)=+ 0 
Rf (a)=+0 Rf(a2-© 
Fig. 3. Fig. 4. 


Here P is a cusp with vertical tangent. 
See 388, 3 for an example of such a function. 


3. In Case 1 the curve has not one but two tangents at P; viz. 
a right and a left hand tangent. Case 2 may be considered as a 
special or limiting case of 1. The curve has a tangent at P. 

In both cases the direction of motion along the curve changes 
abruptly. 

When we say “a curve has at every point a tangent,” we 
exclude Case 1. 


Non-existence of the Differential Coefficient 


367. 1. We consider now some examples of continuous func- 
tions for which the differential coefficient on either side of certain 
points does not exist. 


Let ut 
y=f@)=rsin for #0; 
='0, fore, = 0. 
The graph T of y is given in the adjoining F 
figure. A 
Evidently I oscillates between the two 
lines 


i aad 2) da 


with increasing rapidity as 2 approaches 0. 
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For «#0, y is evidently continuous. 


For z=0, y is also continuous, since 


lim x sin ~ = 0. 

2=0 x 
At the origin the secant line OP oscillates between the two 

lines 1), and obviously does not approach any fixed position as P 

approaches 0 from either side. Thus I has no tangent at all at 0. 
This result is verified at once analytically. 


For, A 
el ee Le = ie 
eae es at 2= 0; 
and as Av= 0, sin a oscillates infinitely often between +1. 
2. For use later, let us find ay for z= Ls 
da n 


We have, setting Az = h, 


ibe cap —. NTT 
a Sn . 
nh 1+nh 
But 


ee 0a oe NE ul ae ie el 
sin [it =sin(nm ae (—1)”sin TRE 


Hence, setting 


= nah ; 
1+ nh 
Ay a), = SID 
AG = (- 19) NIT Ry 3 
and thus x ! 
3 1 
lim aS Sep ie lim sin uw 


= —(—1)’n7, by 301. 
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368. Let y = f(a) = asin~, r#0; 
==\(), a=. 


Evidently y is everywhere continuous 
even at 0. 0 

The graph T of y oscillates between the 
two parabolas 

* TN eo 

with increasing rapidity as a approaches 0. 

As P approaches 0, the secant OP oscillates between narrower 
and narrower limits, which limits converge on both sides toward 
the z-axis. Evidently, 


G4 GS lim AY =0; 
Az 


and I’ has a tangent at 0, viz. the axis of z. 
This result is verified analytically at once. 
For, 

A eT, 
me ae NG sInZ; at 0, 


and lim Az sin—- = 0. 
Az=0 Ax 


369, Let A= 0, +1, 44, +4, --- 


For z not in A, let y=f(x4) =a sin™ sin 


iri 
sin— 
ae 
For z in A, let y = 0. 
Here y is everywhere continuous, even at the points of A. 
Let C’ be the graph of y, and I the graph of 


=xsin— 
considered in 367. 
In Fig. 1, the full curve represents an arc 
1 
of [for an ‘interval J, = (ay d,); On = 
v= i The dotted curye, call it I’, is 


nm 
nr — 
symmetrical to I. 
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We observe now that y is obtained by multiplying the ordinate 


y, of I by the factor 


Yo = Sin 
Gun CLE 

SHU Mh 

x 


As x approaches an end point of J,, 
gin = 0; 
£ 


Hence y, oscillates infinitely often between + 1. 
the factor y, in y= Y,Yq is thus to bend Tin J, an 
infinite number of times, so that the resulting curve, 
a portion of C, lies between I’ and I”. 

This is represented in Fig. 2, where the light and 
dotted curves are I’ and I”, and the heavy curve is C. 

At one of the points of A, as a,, the secant a,P 
oscillates with increasing rapidity as P approaches 
a, from either side. 

Since Ay 
os =—(-—1)"n7, by 367, 2, 
the tangents to T and I” are not the z-axis. Hence 
the limits of oscillation of the secant do not converge 
to 0, and hence the secant a,P does not converge 
to some fixed position as 2 approaches a,. 

Thus y has no differential coefficient at any point 
graph Chas at these points no tangent. 


The effect of 


Fie. 2: 


of A, and its 


Since 0 is the limiting point of A, there are an infinity of these 


singular points in the vicinity of the origin. 


370. Lei A=0, +1, +2, -: 
Horgnoy ined, lei = | (ec) = 2" sim 2 sin 


eae 
Forin tA; lewry = 0: EE 2s 


The reasoning of 369 may be applied here. The graph of y 


oscillates between the two curves 
y,=+ 2 sin = ; 
discussed in 368. 
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a= 


There is no tangent at the points + 1, + 2, «++ while at the origin 
there is a tangent, viz. the a-axis. 

The graph C of y presents therefore this peculiarity: in the 
vicinity of the origin there are an infinity of points at which C 
has no tangents; yet at the origin itself C has a tangent. 


371. In 869 and 370, the aggregate A is of the first order, by 
268, 2. 

It is easy by the process of iteration to form continuous func- 
tions which have no differential coefficient over an aggregate <A, 
of order m. 


Let ?(@) = sin = 


~ 


and 
ire US ae Or). 


This expression does not define y at points involving division 
by zero. At these points, call their aggregate A, we set y= 0. 
It is easy to show that y is everywhere continuous and that it has 
neither right nor left hand differential coefficients at any point of 
A. The aggregate is of order m. See 259, 260. 


Fundamental Formule of Differentiation 


372. As many American and English works on the calculus 
derive these formule in an incorrect or incomplete manner, we 
shall deduce some of them here. We shall, at the same time, 
prove them under conditions slightly more general than usual. 
As domain of definition D of our functions y, u, v, +++ we take 
any aggregate having proper limiting points. The domain oi 
definition A of their derivatives will embrace, at most, the proper 
limiting points of D. 

It is convenient to represent 


y(@+h), u(a+h), + by ¥, U, +++ ete, 


dy dw 


; «> by y’, Ww, - ete. 
ihe Ope id 


and 
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373. We begin by proving : t 
Tf the differential coefficient f' (a) is finite, f(x) ts continuous at a. 


For, since 
la S(a+ 2 —Ff(@) =f! (a), 


A=0 


we have, for each e>0, a d>0, such that, if |A| <6, 


FOE) =f'(a)+é. je! | <e. 


Hence 


fla+h) =fla) + hf" (a) +€). 
lim f(a+h) = f(a); 


Therefore, 


which states that f is continuous at a. 


374. If y is constant in D, y' =9. 
For 
Ay _o, 
Az 
for any point of D. 


375. Let y=utv. Let w,v!' be finitein A. Then y’=u' +0! 
on A. 


For Ay _ Aw , Av 

Az Az 3 Az e 
Since wu’, vo’ exist and are finite, we can apply 277, 2, to 1). 
376. Lety=uv. Let wi, v' be finite in A. 
Then, in A, 

y' = uv! + vu. Gd 
For 


Ay _ w— uw _ (u + Au)(v + Av) — uv 
Az Aa Aa 
_ uAv + vAu i _Av Au 


Ine aris ie @ 
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By 378, ‘ 
(a lim v= u 
By hypothesis, 
lim4 =4', imnece 
Az 


Hence, passing to the limit in 2), we get 1). 


377. 1. Let y= “. Let u', v!' be finite and v+0, in A. Then 


ou'—u' 
y! = 57. oak wm A. (1 
For Ay _ vAu—udv_1Au_ wu Av (2 
Az vvAx vAx v Ae = 
By 373, 
lim v = v. 
By hypothesis, 
- AY Fie abel OTs tal 
lim — =; lim — =v". 
Az Ax 


Passing now to the limit in 2), we get 1). 

We observe, by 351, that v +0 for Az sufficiently small, since v 
is continuous and #0 at zw. It is therefore permissible to divide 
by v, as in 2). 


2. Criticism. Some writers derive 1) as follows. From 


_u 
y=a 

they get 
ye =U. 


They now apply 376, which gives 


uw! = yo! + vy, (G3 
which, solved, gives 1). 

This method is incorrect. For to get 8), by using 376, we 
must impose the condition that y' exists and is finite. But noth- 
ing in this form of demonstration shows the existence of y’. ‘The 
method then shows only this: on the assumption that y' exists, 
its value is given by 1). But this assumption of existence makes 


the demonstration worthless. 
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3. Many writers of elementary mathematical text-books are not 
alive to the fact that a demonstration, which involves an assump- 
tion of the existence of certain quantities or forms, renders the 
demonstration invalid. This error of reasoning is extremely com- 
mon in the calculus. Because determinate results are obtained by 
such reasoning, it is allowed to pass as conclusive. 

To show how fallacious this style of reasoning is, let us assume 


that we can write * 
i! 


=asinz+6 cosa. 
pe 


4 


Granting this, it is easy to determine a and 6. In fact, setting 
r= 0, we get 


Setting z= = we get 
eit? 3016: 
Hence 
pale sine — cose 
v—4 r—16 4 ; 
a perfectly determinate result; but also a perfectly false result. 
In fact, the right side of 4) is a periodic function, while the left 
side is not. 

The reader should therefore not begrudge the pains it is some- 
times necessary to take, to prove an existence theorem. He should 
also notice that by modifying the form of proof it is sometimes 
possible to avoid assuming the existence of certain things which 


enter the demonstration. Witness the demonstrations just given 
Ol inel 2. 


378. Let y=f(@), andz=g(t). Let (Q=2 be finite in T. 
Let X be the image of T. If a = f' (x) ts finite in X, 
2 


dt ds dt c 


* In treating the decomposition of a rational function into partial fractions, it is often 
assumed, without any justyication, that the decomposition in the form desired is possible. 
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Before proving this theorem, we wish to illustrate two cases 
which may occur. 


Ex. 1. Let ®=¢sin2 mt. The period of sin 2 mzt considered as a function of 


dar dl : . . 0 
tis = By taking m very large but fixed, « will oscillate a great many times near 


the origin. Where the graph cuts the ¢t-axis, 7.e. when 
1 1 3 
i — eee 
= 2m’ 5 m 9 m’ 
we have Az = 0. 
But however large m is taken, we can determine a 6>0, such that Ax ~ 0, in 
V5*(0). In fact, we have only to take 6< ol, 
2m 
What we have shown for ¢=0 is true for any other point ¢. That is, we can 
always choose 6 sufficiently small so that in Vs*(¢), Ax shall not =0. 


Ex. 2. x= Psin®, fort £0; 
= (1), for ¢= 0. 


The graph of this function we considered in 368. For any point ¢ «0 we can 
determine a 6 such that in Vs*(t), Ax does not vanish. Not so at t=0. Here, 
however small 6 > 0 is taken, x oscillates infinitely often in Vs*(0); and thus for an 
infinity of points in Vs*(0), Ax = 0. 

We can, however, throw the points of Vs*(0) in two sets. In one, call it Vo, we 
put the points for which Ax =0. Then 


In the other set, call it Vj, we put all the other points of V*. We can now show 
for the function y = f(«) in the above theorem, that 1) is true for each one of these 
sets of points, and therefore true for both together. 


379. We give now the proof of 378. 

Let t be any point in 7; let x be the corresponding point in X. 
Let Ax, Ay be the increments of 2, y, corresponding to the incre- 
ment A¢ of t. 


Case 1. There exists a V*(t), in which Ax+9. 


The identity Wpeky OAs 
we qd 


At Az At 


does not involve a division by 0, as Ar #0. 
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Since = 4'(t) is finite at ¢, Az *=0 when At=0. Hence, by 


292, : 
Ay _ 3,44 _ dy 
eee Ac Ne Ax dx 
Thus, A A K 
oven ae Be 
Vinay ee er 
and 
dy _dy dx Q2 
dt dx dt’ 


which proves the theorem for this case. 


Case 2. Av=0 for some point in every V*(t). 


Let V, be the points of V*(¢), for which Ax=0. 
Let V, be the remaining points of V*(¢). 
If we show x ry a 
mY and @ tim 4? 3 
lim tk and ae lim AG? (6 
have one and the same value for every sequence of points whose 
limit is ¢, we have proved 2) for this case. 
Let A be any sequence in VY). Then 
Sy 
lim — = 0 4 
1m me b ( 


A 


since Av = 0 for every point in A. 


As “” is finite avid 


dx 
dy ae 
dz a 1 At 0. 
On the other hand, 
ANS 
Jin ee 0; 


For, Ax being 0 for every point of A, y= f(x) receives no 
increment, and hence Ay=0 in A. 

Thus, for every sequence A, the two limits in 8) have the same 
value, viz. 0. 
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Let now B be any sequence in V; which =¢. Let the image 
of the points B be the points CO, on the z-axis. 
Then, by 292, 


aly) NYE ey YAN 
inn =A ewe =e 
im =m Ne pam ie 
CU INE, 
— ———. i) 
ae ( 


Thus the two limits of 3) are the same for each sequence B. 
It remains to show that one is 0. Now, by 4), 
Ne 


linn De lane tax 
A ANG 


since, by hypothesis, 
Az 
li Raph Gi 
im — Ne =ig'(t) 


for any sequence whose limit is the point ¢. 

Hence the right side of 5) is 0, 

Thus the two limits 3) have the value 0 for every sequence A 
or B. These limits therefore have the value 0 for any sequence, 
whether its points all lie in Vj, or in V,, or partly in Vj and partly 


in Vj. 


380. The demonstration, as ordinarily given, rests on the 


identity Ay Ay Ax 
Nix Nie NG 


The theorem is, therefore, only established for functions x= g(t), 
which fall under Case 1. 

If one wishes to give a correct but elementary demonstration, 
it would suffice to restrict g(t) to have only a finite number of 
oscillations in an interval 7, and have at each point of 7 a finite 
differential coefficient. In an elementary text-book on the cal- 
culus it is not advisable to consider functions with an infinite 
number of oscillations. 


381. Let y= f(x) be univariant and continuous. Letu=g(y) be 
tts inverse function. Let f'(x) be finite or infinite in A. Let E be 
the image of A. Let x and y be corresponding points in A and E. 
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fl 
j 0, then g' (y= =: 
Tf f'(x) ts finite and # en g' (yy GG 
ee 1p. 1 { to U f 28 increasing. 
If f'(z)= 0, then gy) = i — x» if f is decreasing. 


Lf fF Coyizs infinite, g (Gy) = 9: 
Ay 


Since f is univariant, Ay and therefore also Ag ote 0). 
Hence the relation eae # 
Ay Ay 
Ax 


does not involve for any point a division by 0. 

Since y is continuous, Ay = 0 when Av= 0. 

We have therefore only to apply 292 in passing to the lhmit 
hee Jee ‘ 


382. The geometric interpretation of 881 is very simple in the 
following case: 


Let y= f(x) be a continuous increasing function in (a, 6). 

The inverse function x= g(y) is increasing and continuous in 
(a, 8). See Fig. 

The graph of f(x) and g(y) is the same curve C. At Py, P, 
we have points of inflection. 


If PT is the tangent at P, 
d 
tan $ = f!(2)= oe 


dz 
tan 0 = g'(y) = —. 
dy 


or 
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Since As 
0 -- 0) => 9” 
tan 0= ’ 
se tan d 
dx _ 1 
dy dy 
dz 
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The consideration of the tangents at P,, P, illustrates the 
theorem for the other cases. 


383. We apply the preceding general theorems to find the 
derivatives of some of the elementary functions, choosing those 
whose demonstration is often given incorrectly. 


Da =a" loga. a>O0, x arbitrary. 


For, let 


y=a", 
Then Ay_ o sitet 
I Ax 
But, by 311, rieme 
i = 102 a. 
Im Sea 


Passing to the limit in 2}, we get 1). 
When a=e, 1) becomes 


Die = 6. 
al 
384. ils Ds log | a x > 0. 
Let y= log a 
Then pay 
But - ; 
dy =e=>2, 
From 2) we get, by 381, dy 1 
ax = 9 


which is 1). 


@! 


(2 


6: 
a 


(2 
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2. We can get 1) directly as follows: 


1 (1+ 3) 
a cma 
Ay _log@w+Ar)—log a _ 8 z 


Ax Aw Aw 


Ax 
1 log(1 + va 
pT INS 
x 


But, by 310 and 292, 


lim 
Ac=0 x 


Ay 


Hence, passing to the limit in 3), we get 1) again. 
From 1) we can prove again 


Dee 
For, from ms 
Y—€, 
we have 
L== 108 Ys 
Hence, by 1), de 1 
dy y 
Using 381, we have apart ib 
doe ae 


which is 5). 


é 


é: 


(5 


385. 1. Criticism. In either of the preceding ways of getting 


D,e* and D, log 2, 
we need the limit ; 
lim (1 + uw)ju=e. 
u=0 


‘al 


Some writers only prove 1) when uw runs over the sequence 


h, 4, dy 


Others prove 1) only for a right hand limit. As, however, Az 
may have any positive or negative values as it converges to 0, the 


limit 1) must be established without any restriction. 
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2. If the method of 384, 2 is used to get D, log a, we must net 
only prove 1), but we must show that 


1 1 
lim log (1 + w)«= log lim (1 + uw). 
u= u=0 
This is rarely done. 


3. A third method is to employ the Binomial Theorem, which 
is taken from algebra. 

The rigorous demonstration of this theorem for any case, besides 
that of integral positive exponents, is far beyond the limits of the 
ordinary high school or college algebra. Moreover, the demon- 
strations usually given are incorrect. The employment of the 
Binomial Theorem to find the above derivatives is therefore open 
to the most serious criticism. 


386. 1. The differentiation of the direct circular functions pre- 
sents nothing of note; let us therefore turn at once to the inverse 
circular functions. 

We take ‘ 

y = arc sin £ ad 
as an example. The notation indicates that we have taken the 
principal branch of arc sin x, [223]. Then 


Sys Sm" © 
From 1) we have 
p= Sin. 
Hence dl 
oF = cosy =VI1 — 2. (3 
dy 


The radical has the positive sign, as cosy is not negative for 
the values 2). 


Hence, by 381, 


LENT) are sina ae |z|#1. 
dx V1— 2 


=+o for z=+1. 


2. Criticism. In many books the branch of are sinz which is 
taken is not specified. Consequently, the sign of the radical in 
3) is not specified. For some branches the negative sign should 
be taken. 
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387. 1. Dice = por, a>0, . » arbitrary. @ 
Let y =o". 
Then y = eb 8", 2 
Let plogxr=u. 
Then y =e 
But dy Z dy du, 
dx dudzx 
and dy _ om du _p 
du Cae 
Hence iy eer 


2. Oriticism. Some writers rest the demonstration on 


lim 
u=0 


log(1 +) ’ 
U > 


and are thus open to the criticism of 385, 2. Others proceed thus. 
From 2) we have 
logy=yp loga. 


Differentiating both sides, we get 


from which we get 1) at once. This method rests on the assump- 
d. : ; ee 
tion that me exists, and so is open to the criticism of 377, 2. 
EXAMPLES 


388. 1. y=at+bVe=f(r). b>0. 
For x>0, we can apply 387, getting, since here p= 2, 


dx 3 Wz C 
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2. For <0, the formula of 887 is inapplicable, since it rests 
on the essential hypothesis that ¢>0. We can, however, adopt a 
method applicable to any «#0. 


Set 227=u. 


Then y=at but. 


For all 2 in ® which are #0, u is >0. 
Applying 387, we have 


dy _ 1 bus, 


du 


On the other hand, by 378, 


dy _dy | du. 
dx du dz 
since q 
U 
Sant — oD 
dx i 
is finite. 
Hence 
dy _ 2 b 
dz 3+/z 


3. When 2 = 0, even this method fails, as « must be > 0, in order 
to apply 887. In order to calculate the differential coefficient at 
this point, we must start from its definition. 

We have, setting h = Az, 


Ay _ fU)-fO) _,VB 
Ax h h 


Here, when Az = 0, 


Riim 94 = + x, Lim SY = — 0. Fia. 1. 


The graph of f(x) has thus a vertical cusp at the origin, as in 
Bio 1. 
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4, In order to get \ 
Rf), Lf), 


some readers may be tempted to take the right and left hand 
limits of the expression 1) fora=0. In the present case we would 
get the correct result. In general, if the expression for f’(x) 
assumes an indeterminate form for a particular value of x, say 
v =a, the reader must avoid the temptation to conclude that 


f'(a)=limf" (2). 


This is only true when f’(2) is continuous at a. 


Ex. 1. f(w)=asint, x40; 
x 
e—i()s is = (0): 


Here ,“’(0) does not exist by 367, while, for x0, 


f'@)= sin os cos . 
eee Cue 

Thus lim f! (a) 

a=0 
also does not exist. 

Ex. 2. f@)=27 sin 2 aa0's 

Ao 
== (()F = 0; 


Here 
S1(0)=0, by 368, 
while, for «40, 


Qoyxere 2asin }— cost. 
ae x 


Th 
ik! lim f! (a) 

5 x=0 

does not exist, 


ia, Let f(z) = Ze 


We find readily that 
Rf (0)= Lf (0)= +0. 


The graph is given in Fig. 2. 


Ere. 2. 
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389. 1. Let 


log «= 1,2, log log a= 1,2, 


log log log w = J,a, etc. 
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Since log wu is defined only for «> 0, we shall suppose that 2 
is taken sufficiently large so that l,,2 has a meaning. 


We prove now 


(eS m>t1. 
@ l,¢loe ++» ly 4X 
For, first, let 
y —=1.« = log log a. 
Set 
u= log a. 
Then 
y = log u. 
Hence 
dy _dy dw_1 1_1 al =e: 
de du dx ux xlogx ** 
Next, let 
=e Ogle 
Set 
u= le 
Then 
y = log u 
Hence 
Ly eUe ae 
dx du dx 
By 2), 
ee du Dl eal. 
Fee ee ee 
da x log x 
Hence 
diy ia oe 1 ih 
dz u xilogz a,x 
By induction, we now establish 1) readily. 
2. In a similar manner we establish 
a ee Ne 


4 wl ,al,x >> 1,_sal,a 


(1 


(2 


(3 
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From 1), 3) we have two formula.to be used later: 


De ke al Se pee (4 
CUD Fs Op ; 1 ee, 1 
Ce 1) ea heen 
and 
DI, 1 ae are Sul Toh Riaeete wae WNIT 6 
an 4a 1 1 fiat] al 1d il 
Cae) tee a ae 


In 4), 5) we suppose 2><a, such that the quantities entering 
them are defined. 


Differentials and Infinitesimals 
390. 1. Since 
tf @) = lm a 


we have for each e>0, a 6>0, such that in V;*(@), 


Ay f1 
ie =F (@) Es 
or 
|Ay —f' (2) Az| <e|Az|, 
or 
Ay =f' («)Az + Az, ad 
where 
je’ | <e. 
We call 
f' («Ax 
the differential of f(x), and denote it by 
dy or adj(@). 


The relation 1) shows that Ay is made up of two parts, viz. 
dy and ¢Az. 


The ratio of these two parts is 


ee f'(e) +0. 
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As f’(«) is fixed, for fixed x, and e! can be made numerically 
as small as we please, by taking 8 sufficiently small, we see that 
the part e'Az is very small, compared with dy for all points 2+ Ax 
in V;*. Thus, in the immediate vicinity of 2, the principal part 
of Ay is dy. 

Differentials owe their importance to this fact. 


2. ‘To make the notation homogeneous, it is customary to replace 
Az by another symbol, dz, in the expression for dy. We have then 


Cy (an yaa: 


391. The notion of a differential may be illustrated as follows: 

Let the graph of f(@) be that in the 
figure. 

Let PR be the tangent at P; and 


ES AGS AY, iS = ay. 


wee QR=clAx. 


The reader will see, if dy+#0, that as 
Q approaches P, QR becomes smaller and smaller as compared 
with RS=dy. This is illustrated by comparing this ratio at @ 
and at Q’. 

We see dy= RS approximates more and more closely to Ay as 
Q approaches P. 


392. A variable whose limit is 0 is called an infinitesimal. 

When employing differentials, we suppose that the increment 
given to the independent variable Az = dx can be taken as small, 
numerically, as we choose. It is thus an infinitesimal. Then 
both Ay and dy are also infinitesimals. 

In the limits considered in 301-304, 310-312, the numerators 
and denominators furnish examples of infinitesimals. 

Also the lengths of the intervals considered in 127, 2, are infini- 
tesimals. 

Many other examples of infinitesimals are to be found in the 
preceding pages, and many more will occur in the following. 


- 
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The Law of the Mean 


393. One of the pillars which support the modern rigorous 
development of the calculus is the Law of the Mean. It rests on 

Rolle’s Theorem. Let f(x) be continuous in W=(a, b), and 
S(ay=f(b). Let f(x) be finite or infinite within AX. Then there 
exists a point ¢ within A, for which 


f(e=0. a<e<b. 


Since f(z) is continuous in %, it is limited, by 350. Its ex- 
tremes are therefore finite. If f is not constant, one of these 
extremes is different from the end values. 

To fix the ideas, let Max,f = uw be different from the end values. 

By 354, there is a point ¢ within % such that 


Fe) = b3 
while for all points e+ h of U, h>0, 
Hoty — {ja 0. fe—h)—s(e) 50, 


Hence 
Fle+ 2 —f(e) 2a al 
POD ALO So, Q 
According to 1), 
FI ()<93 
according to 2), ms 
fe) 59. 
Those together require that 
f'(e=0. 


In case f(x) is a constant in Y, the theorem is obviously true. 


394. 1. The geometric interpre- 
tation of Rolle’s theorem is the 
following : 

Let the graph of f(x) be a con- 
tinuous curve having everywhere 
a tangent, except possibly at the 
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end points A, B, which are at the same height above or below the 
z-axis. ‘Then at some point C the tangent is parallel to the x-axis. 

Since f’(«) may be infinite, the graph may have points of inflec- 
tion with vertical tangents, as at P. 


2. Let A, B be two points at the same height above the z-axis. 
The reader will feel the truth of Rolle’s theorem for simple cases 
if he tries to draw a continuous curve I’ through A, B, whose 
tangent is not parallel to the z-axis. T should, of course, have no 
vertical cusp or angular point. We say for simple cases, because 
we cannot draw a curve with an infinite number of oscillations or 
a curve which does not have a tangent at A or B. Yet neither of 
these cases need to be excluded in Rolle’s theorem. 


395. If f’(x) does not exist for some point within %, the theorem 
394 is not necessarily true, as Fig. 1 shows. (See 3866.) 


Fic. 1. Fig. 2. 


If f’(z) is not continuous in 1, the theorem does not need to be 
true, as Fig. 2 shows. 


396. 1. Criticism. Many demonstrations are rendered invalid 
because they rest on the assumption : 


1°. In passing from a to 6, the function must first increase and 
then decrease, or first decrease and then increase ; 


or on the assumption : 


2°, There must be at least one point between a, 6 where the 
function ceases to increase and begins to decrease, or conversely. 

Either of these assumptions is true if we use functions having 
only a finite number of oscillations in Q. 

In case the function has an infinite number of oscillations in 
neither of the above assumptions need be true. 
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The function of Ex. 2, 878, where %=(0, 1), illustrates the 
untruth of 1°. 

We shall later exhibit functions which oscillate infinitely often 
in any little interval of {% and yet have a derivative in %{. Such 
functions show that 2° is not always correct. 


2. The demonstration given in 393 is extremely simple. It 
rests, however, on the property that a continuous function takes 
on its extreme values in an interval (a, 6). In an elementary 
treatise this fact might be admitted without proof, since it seems 
so obvious. 


397. 1. Law of the Mean. Let f(x) be continuous in A =(a, 6), 
and let f'(x) be finite or infinite, within I. 
Then, for some pointa<c<b, 


S(O) Fa) = 6 — af'(e). ad 
Consider the auxiliary function 
9(@)=f0) — fay TAO 66 — 2), 


Evidently 
g(a) = 9(6) = 9. 


Also at those points, at which f’(2) is finite, 


{@=—f$@ oa 2, (2 


while at the other points of , g'(@) is infinite. Thus g(a) is 
continuous in Y, and g'(@) is finite or infinite within 9. Hence, 
for some point a<c< 6, 


J (a= 0,7 by 393. (38 
Setting 2 =e in 2), and using 3), we get 


which is 1). 
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2. The relation 1) is commonly written as follows: 
Set b—a=h; 
then, since ¢ lies within (a, 6), 
e=a+ Oh. Oe G1. 
Thus 1) gives 
S(a+h)y=f(a)+ hf'(at+ Oh). 


3. The reader should observe that although f’(2) may be 
infinite within %{, the point ¢ in 1) is such that f’(c) is finite. 


398. The following is the geometric interpretation of the Law 
of the Mean. Let ACB be the graph of f(x) in Y. Let the chord 
AB make the angle @ with the z-axis. Then 


tan 6= KO rosy 
oa) 
Also by 397, 4), 


fe) = tain. o- 


That is: at some point e within the 
interval (a, 6) the tangent is parallel to the chord AB. 


399. When either of the conditions that enter the Law of the 
Mean are violated, the point ¢ may not exist. This is illustrated 
by the following. 


Al =a 


Fia. 1. Fic. 2. Fig. 3. 


1. f(x) is not continuous in (a, 6). Fig. 1. 
2. The differential coefficient does not exist at some point within 
(a, 6). Figs. 2, 3. 
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400. We give now some elementary applications of the Law of 
the Mean. 


1. Let f(x) be continuous in A=(a, 6); and let its derivative 
f(x) =, a constant, within YA. Then 


f(a)=Ac+p, in A. ad 


Let >a be a point of &%. The function f(x) satisfies the con- 
ditions of the Law of the Mean in 3 = (a, 2). 
Hence, by 397, 
f@=f@+t@-Of'(e). acecn (2 


Since by hypothesis, 


IQ) =A, 
we get 1) from 2), on setting 
#=f(a)— af'(e). 


Since, by hypothesis, f(#) is continuous, the formula 1) is also 
true, for 2a. 


2. As a corollary of 1 we have: 


Let f(x) be continuous in X=(a, 6) and let its derivative be 0 
within A. Then f(a) ts a constant in A. 


3. Let f(x), g(x) be continuous in the interval Xt, and let f' (x) 
=g'(x) within Y. Then, C being some constant, 


F@)=97@y= Cin W, (3 
k(x)=f(x)— 9(@) 
satisfies the conditions of 2. Hence 


k(xy=C, in %. 


For 


401. Let f(x) be continuous in U=(a, b), while f'(x) is finite or 
infinite within A. Let f'(x), when not 0, have one siyna. Then f 
is monotone inereasing in YU, if « is positive; monotone decreasing, if 
a 18 negative. 


Let eee) in 
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By the Law of the Mean, 

f@=f@)+Q" a) fle). a <e<al'. 
As z''—a! >0, and f"(e) has the sign o, when not 0, 

ta’) Sf), if c is positive ; 

Fa yef(a'), if o is negative. 

402. Criticism. Some writers state that f(x) is increasing when 
f'(@) is positive, and conversely when f(x) is increasing f’ (2) is 
positive. 

The second statement is not true, as the figure shows. P isa 
point of inflection, with a tangent parallel to the x-axis. 

The error in the reasoning is instructive. By definition, if f(z) 
is increasing 

9 Af 
Ax 
is positive. It is now inferred that therefore 


lim ne efi 2) 


is positive. All one can strictly infer is that 


f'@)50. 


The function 


Paar We) 


i= a, ¢=¢(—1, 1) 
illustrates this, at the pointw=0. See Fig. 


g& 
o 


403. Let f(x) be continuous in X= (a,b), and f'(x) finite or 
infinite within X. f' (x) shall not vanish for all the points of any 
subinterval B =(«a, 8B) of U. When not 0, let f'(a) have always one 
sign ao in UX. Then f(x) is an inereasing or a decreasing function 
in YU, according as a ts positive or negative. 

To fix the ideas, let o be positive. 


Let Mi eh ager a 
By the Law of the Mean, 
fa@)=fa') +a" —a fie).  at<e<o". 
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As x! —2'>0, and f’(¢)50, we have 
SO) ZIE)3 


t.e., f(«) is monotone increasing in . To show it is constantly 
increasing in YI, suppose 


F()=f(8)- 
Then f(z) must = f(«) for all points in G = (@, 8), since it is a 
monotone increasing function. 
Since f(x) is a constant in %, f’(vz)= 0 in %, which contradicts 
the hypothesis. 
404. Let f'(x) be continuous in the interval X. Then the differ- 


ence quotient es converges uniformly to f'(x) in U. 
Z 
For, by the Law of the Mean, 
F(ath)—f(e)=hf' («+ Oh). a0 mans 


Hence BNE Spo 
ie =f! (a+ Oh). a1 


But f’@) being continuous in A, is uniformly continuous by 
352. Hence 
lim f (2+ Oh)=f' (x). uniformly. 
enc N 
emness Lop ah) lm an =f'(v). uniformly in . 


Derivatives of Higher Order 


405. The first derivative of f’(x) is called the second derivative 
of f(x), and is denoted by 


72 
Oe te 
Evidently, 
fl (2) tin Le h)—f'(@) a AT (x) : 
h=0 h a 7A 


this limit being finite or infinite. 
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In this way we may continue to form third, fourth, .-- and 
derivatives of any order. 


Derivatives of order n are denoted by 


DN HC, EE 


406. We add the following formule, which will be used later. 
They are easily verified : 


Deaf = po pp—1----p—n+t1-g, “gee ¢! 

DA + a)" = po p—l---p—n+1-d+e2)*" 1I+e>0. (2 
Ler = e*; (3 
Di sins = sin(“7 +2). (4 
D2 cos 7— cos (= + n) (5 


407. Lev y=wv, where u, v have derivatives of any desired 
order. ‘The following relation is known as Leibnitz’s formula. 


i n 
yr aula + (2) ule de! +(} Jue inte 


+ (Gato? + (Ful? +0, qd 
where nm\ n-n—1-+-n—m+l1 
dy ion 


We prove it by complete induction; 7¢.e. we assume it true for 
n and prove it is true forn+1. Forn=1, 2 it is obviously true. 
Differentiating 1), we get 


yor — yey ae (7) yy! Ale (3) yey! = (3) yr—Dyl +e. 


uta! (2) ule Patt + (5 utertatt a (2 
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XQ 
n n \_ (n+l 
(m) +m 1) =Can') 
This in 2), gives 


yD = wey 4 ie j Yum ie e iM ome Hee 


Now, by 96, 


which is 1), when we replace in it n by n+ 1. 


408. 1. Let us apply Leibnitz’s formula to find the derivatives 
of 


y =f(@) = tan «. 
We have 
y' = sec* a, 
y's 2 secty tana = 2 yy! . 
Now 


Diyy = yy + (7) yy! + (3) beet 


This gives 
= 2¢y"y +y!'?) ; 


a 2Cy'"y ae By'y"’) ; 
y* — 2¢y'*y Ae 4 y!"y! 44 3 ey, etc. 


2. Another way is the following, which will lead us to a formula 
that we shall need later. 
We have 
4 COs d= Sth a: 
or setting, 
U= sin v, 2= COSA, 


U = Ye. 


Now by Leibnitz’s formula, 


uy” = yz ae (Plyeme + (5) pound! +p eee qa 
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Also, by 406, 4), 5), 


. NIT 4 
u™ = gin (= a x) gm”) — cos( +a) 


Hence 1) gives 
Sint we l= { Peet ON eae ON ae) 
et ag ee ke =5 9 )¥ ai 1a —-~ } eos 
sees (arise: = (Gye 4 Ane ees } sin 2. 
This gives the recursion formula, 
sin Cz + v) (2 
yO = ah oe on (i) Yt) $ave 


COS @ 
+ tan” (4) ee? (3) ease } 5 


Setting z= 0 in 2), we get 


Fo(0y—($) FO) +(F). FPO) —-= sin 


Taylor's Development in Finite Form 


409. 1. Using derivatives of higher order, we can generalize 


the Law of the Mean as follows: 


In the interval X= (a, b), let f(x) and its first n—1 derivatives 
be continuous. Let f(a) be finite or infinite within A. Then for 
any 2 in YI, 


f@) =f) + FD sf @ + 


. Ca O™ fo) ae =a" f(e), d 


where 


O<ROE4U. 
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As in 897, we introduce an auxiliary function 
© Veer 
9(u) =f) Pw) = @ = wf Quy — FE fn) 
— = ace t for (uw) — (x =e Hh (2 


where A is independent of uw. This function is obviously a con- 
tinuous function of uw in % for any z in A. Differentiating with 
respect to u, we get, observing terms cancel in pairs, 


of (w= ZO" | fu) + Ab c 


for any u within U. 

Thus the derivative of g(w) is finite within %. 

To apply Rolle’s theorem to g(w), with reference to the interval 
BY =(a, x), it is only necessary to determine A in 2) so that 


g(a) = J): 
g(@)=9. 
We therefore suppose A so chosen that 
0=f(2) —f(a) — (@— a) fl(a) —+ 
— GO pong) — GO" 4, G 


But obviously 


Then by Rolle’s theorem, there is a point a<e<z, such that 


ig (ey = 0: 
This in 38) gives 


Gane {f™(e)—Al= 6 


n— 
As c#z, the first factor in 5) is not 0. Hence the parenthesis 
is 0, which gives 


Fe Ce) = A. 


Putting this value of A in 4), we have 1). 
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2. The formula 1) is called Taylor's development of f(x) in finite 


form. 


It may also be written as follows: 


Set 
e=ath, e=a+Oh. 0<6<1. 


Then 1) becomes 
Fat W=fa+ A fa+ Frat 


Ar OD hr e 
ath, in %. 
410. 1. Let f(x) and tts first n—1 derivatives be continuous in 


the interval 8B = (a— H, a+ H), while f™(x) is finite in B. Then 
for any x in B, 


f(a) =f(a) + C—O pa) + C—a ra) ae 
i ~~ fo-0(a) + C=O" $0), qd 


=fath =f +t Er @t- 


fr 


i —= I 


+ prea) +“ ymca + 6), @ 
nN: 


where 
a=ath, ec=a+0h, 0<@<1, |A|<Z. 


The truth of this theorem for the left hand half of 8 follows 
from the fact that the reasoning of 409 does not depend upon a 
being <6; it holds when a>4, if we change 2 and ¢ accordingly. 


2. When a=0, 1) gives 
2 n 
eer Ch Oren (bz). 3 
Oki ks 


This is known as Maclaurin’s development. 
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411. 1. Let f(z) =sinz. . 
From 410, 3) we get 
ee 2sin Ox 
y ! 
eB 
=r — + Fsin Ox, 0 6a 
Ee 6 
erential Ox, 
ete. 


The @’s in these formule are not necessarily the same. 


Wet ia 
Vaya. 
20 


These formule show then that 
sinz<z 


Si 


eee re 


etc. 


From 1) we have again 


. sing : sin 0x 
lim a= Ss inne be 


=) Zz z=0 
See 301. 
412. Let 
S(é) =C0s x. 
As before, we get 
cosa<l 
Tb jag v. 
= 7 0<r< 9 
at 
<= al ae oar aes At At? 
etc. 


From 


2 
cosr= 1-2 + 7 sin Ox, 


ad 
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we have a h aa 
lim = Le Ton lim x sin 0% 
=}. 
See 304. 
413. 1. Let 


f(a) =log (1 +2). 
From 410, 3) we get 


es x Al 
Hence, as in 310, 
lon log +2) _ ih 
a=0 x 
2. Let 
f(t) =a". a>0. 
From 410, 3) we have 
2 
at=1 + Fylog a + SF logta-a%. 0<d<1. 


Hence, as in 311, 
ij a*—1 1 
im ——— = log a. 


z=0 


3. Let 
fa)=( +2)", 


We get from 410, 3) 
(+a =1+pr+2?- ae + Oxy", |al<1, 0<0<1. 
Hence, as in 312, . 
«“=0 x 
FUNCTIONS OF SEVERAL VARIABLES 
Partial Differentiation 


414. The definition of a partial differential coefficient and a 
partial derivative of a function of several variables is analogous 
to the corresponding definitions for functions of a single variable. 
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Let f(z, ++-2) be defined over a domain D, for which v= (a-+-%) 
is a proper limiting point. 
Let a! = (a -+-@,1, & +h, %41+++%m_) be any point of D, different 


from a. If 
= lim OTIS @! 


4=0 


is finite or infinite, it is called the (first) partial differential coeffi- 
cient of f with respect to x, at the point x. The aggregate of these 
ns defines a new function over a certain domain AZ JD, which is 
called the (first) partial derivative of f with respect to x,. 

It is denoted variously by 


Di f(@y_), 2 Pt) Tm). fl (ay +» Ly) Q 


When A in 1) is restricted to positive values, 7 is called a right 
hand partial differential coefficient, and their aggregate gives rise 
to the right hand partial derivative with respect to «,. 

The meaning of the terms left hand partial differential coefficient 
and derivative with respect to x, is obvious. 

They are denoted by putting the letters R and Z before the 


symbols 2). 
The function f(2,---x,) has therefore in general m (first) par- 
tial derivatives, 
of af of 
Sra ede 
The process of obtaining these partial derivatives is called 
partial differentiation. 


415. Exampwe. aaa 


Tf the point x, y is not at the origin, 
x? + y2>0., 
We can therefore apply 378 and 387, getting 


Ore ie = Of ee 
bn Jay 8 Vea 


Thus the partial derivatives with respect to x and y exist at all points different 
from the origin. 
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When the point x, y is at the origin, we cannot apply this method. (Compare 
388. ) 
We therefore proceed directly. We have 


Af _ VAs? 
Ax Ag 
This shows that 
BfZ(0; =-— 1, £P2(0; 0) =— 1, 


Thus the partial differential coefficient with respect to x does not exist at the 
origin. Similarly, 
Ff',(0, 0)=+ 1, Lf,(0, 0)=-1; 


and the partial derivative with respect to y does not exist at the origin, 


416. In the case of two independent variables, the (first) 
partial differential coefficients admit a simple geometric inter- 
pretation. 

Let the graph of z LP 

2=f(@Y) A 


be a surface 8S. The plane we 


y = constant 


y 
intersects Sin a curve C. 


Let PT be the tangent to Cat P=(a, y, z), making the angle 6 
with the z-axis. Then 
Jae tan 0. 
ay 


Compare 365. 
The partial differential coefficient 


af 
ay 


has a similar meaning with respect to the y-axis. 


417. Let fi (#,++'&,) be finite for a domain A. We may now 
reason on f/ as we did on f. Let 2 be a proper limiting point of 
A, and a/ AG 15D), © +A, 4) ++ L_) any point of A different 
from 2. 
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If 


Ne 
Le ee 
n=0 h 
is finite or infinite, 7 is called the second partial differential coeffi- 
cient of f with respect to x, x, at the point 2, and is denoted by 


oe? Dos Oy 
Df (11 Bp) CoA ill Con cgay y 


Lx. 
Ox,02, rs 


The aggregate of these 7’s will define a new function over a cer- 
tain domain A, 2A, which is called the second partial derivative, 
first with respect to x, then with respect to 2. 

Proceeding in this way, we may form third, fourth, --- partial 
differential coefficients and derivatives. 


Change in the Order of Differentiating 


418. 1. In almost all cases which occur in practice, the partial 
differential coefficient has the same value, however the order of 
differentiation is chosen. For example: 


aa ee ath wee SHA mee, FE a SN Serpe 
DyX_lg J Ly Hy e/ LyXH, J UyWgl, ~~ J Xz XyL_ _ D30 4r,* 


That this is not always true is shown by the following example: 


2 
: 3 for points different from the origin. 


2 fy)=2y 5 
: Pei) = 
Da 2y ar 
=0, for the origin. 
Then if 2, y is not the origin, 


3 poe ge  eAaayt 
Vay {5% y |, 


Ox e+ y? a (a? + y?)? a 


ay x+y? Char 


Ohm aft 
ana ayaa (3 


(2 


At the origin, 
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From 1), 2) we have, in particular, 
Iz, Y=—-y, yY#%S (4 
Fas 0) ae) ae '0! (5 


Consider now the second partial derivatives. 
From 1), 2) we have, for all points different from the origin, 


of =554| ooey ge 0) 
oxdy 2%+y7? (a2 + y?)? j ~ ayax 
At the origin, we have from 8), 4), 5), 
Af; Ay 11 
a 5) na. Jhe 0.0 =-—1. 
Rea Res 4O.H=-1 (6 
Nhs INE i 
gO OT A 0, = ° 
Win = AEs C0, 0)= +1 a 
Hence, at the origin, 
of 2 af 
Oxdy ayox 


3. In connection with this example, we may warn the inexperi- 
enced reader to avoid certain errors he is likely to fall into. 
To get the equations 3), de. 


it is not permissible to set x =0, y= 0 in the relations D228 Ln 
fact, these formulze were obtained under the express stipulation 
that this point «= y = 0 be ruled out. 

To get the equation 6), #.e. 


FryO, 0) = — 1, (6 
it is not permissible to differentiate 4), 2.e. 
F200, Y=—Y (4 


with respect to y, thus getting 


Fiy(O, y= 15 
and in this set y= 0, getting the required value of f7/(0, 0). 
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In fact, the relation 4) was obtained under the express condition 
that y #0. 

Similar remarks apply to f//(0, 0). 

Junior students are so accustomed to differentiate with their 
eyes shut that they often overlook the fact that formule and 
theorems are usually not universally true, but are subject to 
more or less stringent conditions. Compare also the example 
of 388, 4. 


419. It is easy to see a priort why fi) (a, b) may be different 
from f//(ab). 
By definition, 


F(a, y) = lim (ath, » — f(a, y) 


SEG d= lim FQ, b+ o — fia, b) 


= lim; {tim Zt" 6+k) —f(a,b+hk) 
k=0 n=0 h 


n=O 


sayfa sett: Ze a 
Het us set 


1G yt ae a A: as ~ —f(a +h, bd) +f 6). 


Then 1) gives 
zy(4, 6) = lim lim F(A, k). 
k=0 h=0 


In a similar manner we find that 
Fyr(a, 6) = lim lim F(A, k). 
a=0 ©) 


These formule show that f1/,(a, 6), Fii.Ca, 6) are double iterated 
limits, taken in different order. It is therefore not astonishing 
that a change in the order of passing to the limit may produce a 
change in the result. Cf. 322, 323. 
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420. 1. We consider now certain cases when it is possible 
to change the order of differentiation in a partial differential 
coefficient. 


Let f(xy) be defined in D(a, b). Let D* be the deleted domain 
of D. We suppose: 


a) that fi exists in D, 

B) that fi, exists on D*, 

y) that lim J ys As finite or infinite. 
Then i) 


ry 4s b)=2. qd 
If, moreover, 


5) f) exists for all points of D on the line y=b; then 


Tay 0 =n. (2 
We suppose first, that all four conditions «-6 are satisfied, and 
hat th 
show that then Giles eminem (2! 
Let 
pa fat hsb +k) — fla, b+ k) — flat hy B) + fab) 
oe hk ’ 


as in 419. We introduce the auxiliary functions 


G(@) = f(a, 6+k) — f(, 5), (3 

Hy =fathy—fay)- ee 

bein hkF = G(a + h) — G(a) (5 
PAH bob) Ch). (6 


Setting, as usual, h=Ax, k=Ay, 


we have from 4), 
A 
AG b)| = (2); 


where e= (2) is a function of & and a, such that 


lim e= 0. (7 
k=0 
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Hence G@) = AF ahd + Gy}. @ 
Similarly, by «), 
Ay) =hi fr, y+ ays; @ 
where 7 =7(y) is a function of and y, such that 
lim n= 0. (10 
h=0 


Then 5), 8) give 


Pati fyat hb) =f D+eathy—e@)}. 
Similarly, 6), 9) give 
Pah bth— Ka bW+rb+h=1B}. C2 
On the other hand, we can apply the Law of the Mean to 5), by 
virtue of «), getting 
kh = G' (ec); Cae 4h Or ae Or ads (13 
Differentiating 3), we get, using 13), 
kB =} fl(o,b-+h) — fice, b)}. qu 
By virtue of 8, we can apply the Law of the Mean to 14), 
getting 
Mee (Crd). b<d<b+k, or b+k<d<b. (15 
From 11), 15) we have 


1 er 4) 
end ex Ppa os TA eh) ) Ere 
h h h 
From 12), 15) we have 
i _ 
Reece Fira, b+ 2 Je(ab) , a " kh) i, (17 


We can now apply 824 to 16). 
Now, by y), : 
lim A Gay i) = A. 
4=0, k=0 
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By 7 
yt) lim e(a+h)=0, lime(a)=0. 
k=0 k=0 


Hence, letting % first pass to the limit, and then A, 


Ec +h, b)— flab) , eCa+h) Oy 
h h he 


X= lim lim 
r=0 =k=0 


— tim Lats BD = F4(ad) 
n=0 h 
=Syr(a, 6). (18 
Similarly, 17) gives, letting first 2 pass to the limit, and then &, 
A= Sry(a, 6). (19 


The equations 18), 19) prove 2). 


2. If we wish to prove 1), without imposing the condition 8), 
we have only to observe that 17) has been established without 
reference to 6). But, as has just been shown, we can conclude 


1) from 17). 


3. It iswell to note that this demonstration does not postulate 
the existence of fi'; or the continuity of either of the second 
partial derivatives; or the continuity of ff} in D or D*. 

We observe also that x and y can obviously be interchanged in 
the statement of the above theorem. 


421. The case which ordinarily arises is embodied in the fol- 
lowing corollary : 

Let fi, fi, Fi be continuous in the domain of the point a, b. 
Then fil.(a, b) exists, and is equal to fila, 6). 


422. It is easy to generalize 421 as follows: 


Let the partial derivatives of f(a, +++ x,,) of order Zn be continu- 
ous in the domain of the point x. Then we can permute the indices 


Lin 
Coane i 21 re Zi) ad 


without changing its value. 
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Since any permutation of the indices 
Lily eee ly 
can be obtained from any other permutation 
bylg see bas 


by repeated interchanges of successive indices, we have only to 
show that we can interchange any two successive indices as ¢,, ¢,+1 
in 1) without changing its value. 

Let us introduce the function of 2,, x 


bp 4d 
I) hoe), — UES See ys 


where we consider all the variables on the right as fixed, except 


the two noted in g. 
Then, by 421, 


Pmuauy og 
Or,0%,,, 9%, , 0%, 
Hence 
(r+]) = af ED) F 
Hebbel td Help tlp party 


Differentiating now with respect to wv .,° 


,77@,, inthe order 
given, we get 


ae +8, eater . 
ad Wied road os le CAE AT att Ee SOLA 


Totally Differentiable Functions 
423. 1. If the function f(x) has a finite differential coefficient 
at z= a, we saw that 
Af = f' (ayh + ah, 
where / is an increment of z, and « is a function of A, such that 


lim «= 0. 
r=0 
Under certain conditions, to be given later, an analogous theorem 
holds for functions of several variables. Let Af be the increment 
that f(z, ++ %,) receives when we pass from the point a=(a,-a 
to the pointa+h=(a,+hy--a,+h,). 


m 
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Here any of the f’s may =0. Let 
Af = fra) hy + + fig A) Pn Oehey Hob OhaPor 
where the @, are functions of h,---h,,, such that 
lim a = 0, + lim Cn OU. 


The function f is, in this case, said to be a totally differentiable 
Function at a. 


We call df = fi. (ayhy to + fi,(a) hn qd 


the total differential of f ata. 

Thus, when f is totally differentiable at a, Af consists of twa 
parts, viz. : a aon oh, Boe Rise he 
Here the @’s in the second part have the limit 0 when = 0. 
If we replace a by z and set h, =dz,, ---hy,—=d2p,, 1) becomes 


df = fz,(@) day + +++ + fig (@) Am 


af 
ane Ok Pa 


niger 


424. 1. It is easy to give examples of functions which are not 
totally differentiable at every point. 


Bixee 
Consider Fin 
Fae y) =Viay|=Vey 
at the origin. 
Here 
F200, 0)=9, fF, (0, 9) = 9. 


df =0 qd 


Hence 


at the origin. 
Suppose now f were totally differentiable at the origin. Then 


the increment Af would, on account of 1), have the form 
Af = ah + Bk, (2 


where the limits of « and 8 are 0. 
This is not possible. 
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For, we have directly t 
Af =f(h, k) —f(0, 0) =-V|Ak]. (3 


From 2),3) we have | 


To show now that the limits of « @ are not 0, let h, k= 0, 
running over the line Z, in the figure. 
Then 


h=pcos@, k=psin@. @ constant. 
This in 4) gives 
pVsin 6 cos 0 = p(a cos 6+ B sin 8), 
Vi sin 20=acos0+ sin 0. (5 


or 


If now 
a= 0, B=), 


the limit of the right side of 5) is 0; while the limit of the left 
side depends on 6. We are thus led to a contradiction. 


Be ruX eas 


x . . 
Sy) = waar for a, y not the origin. 


= 0, for the origin. 


f1(0, 0) =timZ& Y— FO.) _ 9, 


ie CO nO p02 
ay =), 
at the origin. If now f were totally differentiable at the origin, 


we would have 
Af = «ah + Bk, 


r cos @ sin 8 = r(« cos 8+ B sin 8). 


Hence 


or 


Hence 
cos @sin9=acos 6+ 8 sin 0. 


Letting now h, k + 0, this gives, in the limit, 


cos 6 sin 0= 0, 
which is absurd. 
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425. Let f(xy) be defined in the domain D of the point P = (a,b). 
We suppose that: 
a) fl exists in D, 
Bs, emats ate. 
y) fi or Ff) is continuous at P. 


Then f is totally differentiable at P. 


For, 
Af=f(at+h,b+k) —f(a, 6) 


= if(ath, b+k) —fla, b+k)} + {f(a, b +k) —f(ab)} 
=A,+A,.. (a! 
By «) we can apply the Law of the Mean to A,, getting 
A, =Afice, b+k). ax<e<ath or a+h<e<a. (2 
By 8) we have 


A, = ki f,(a, 6) + Bh, G 
where @ is a function of &, such that 
lis = 0: (4 
k=0 


From 1), 2), 3) we have 
Af=hfi(e, 6+k) + kif, (ab) + Bt. 


Set 
a=fi(e,b+k)—fica, 6b). (5 
Then 
Af = hfi(ab) + kfi(a, 6) + «ah + Bk. (6 
By y), ima=0. (7 
h, k=0 


Equations 6), 4), T) show that fis totally differentiable at P. 


426. 1. Under less general conditions we can generalize 425 
as follows: 
a) Let f(a, +++ %m) be defined over the domain D, of the point x; 
and have finite partial derivatives fl, --- fi, in D. 
B) Let f, be a continuous function Of ey Lory 10? Lime 
K= 1, 2 =m. 


Then f is totally differentiable at x. 


272 DIFFERENTIATION 


To fix the ideas, take m= 3. Weshave, setting for brevity, 
@, = 2, + hho = Wy Phy Le = 2%, + hg; 
Af = fh) — fCeyryes) = Grats) —Ss)} 
+ { f(@ 4X qtg) — (XX q¥3)} + 1S (@1L_%3) — fH 2%) $ 
oS ee 


By virtue of «) we can apply the Law of the Mean to each of 
these A’s, getting 


Ay = hy fr, + Oph, Loo X53), cl 
Ay = hy fig(@» Ly + Agha, Xs), @ 
Ag = hy fr, (@y Ve. Uz + Oghg). (3 


Making use of 8), we may write 1), 2), 3): 


Ay = Ay fi, (@% qt) + hycey, G 
Ay = ho fire @yVy%3) + Ng btyy © 
Ag = hs firg(@1%_3) + hoes 3 (6 
and for h= 0, 
limbo 0,0 lime, = 07,5 limre, = 0. 
Thus 


Af = df + @hy + ahe + ahs. 


Since the @’s converge to 0, f is totally differentiable at the 
point x. 


2. Asa corollary of 1, we have: 


Let f(a, +++ tm) satisfy the conditions «), B) for a region R. Then 
J is totally differentiable at every point of R. 


427. 1. Let the partial derivative fl, (x, +++ Xm) be continuous in 
the region R. Then the difference quotient 


Aja Oj ee 
Ap aon uniformly 


in any limited perfect domain D, in R. 
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For, by the Law of the Mean, 
Age 
Az, =fi.(% tt Ly ota 6Ax, es Lm)e 
But f1,, being continuous in D, the function on the right con- 
verges uniformly to f,,, by 3852. 
2. Let the partial derivatives of the first order 
Ue Oy ae 
be continuous tn the region R. Then the «s in 
Af = df+ a,Ax, +--+ a,Ar, 


converge uniformly to 0, in any limited perfect domain D, in R. 


For, referring to the proof of 426, we have 
ek tts D1) Ws + O,Ags Let ve Lm) = fn, (ry a Da) = Qs» 


Hence by 1, the «’s are uniformly evanescent. 


428. 1. Let the first partial derivatives of f(a, +++ Lm) be contin- 
uous in the region R. Then f is continuous in R. 


We have to show that 
lim f(a, e hy, eaten hin) =f(ay ae! Lm)3 
h=0 


or, what is the same, 


lim Af=0. a 
h=0 
But, by 426, 2, f is totally differentiable in #; hence 
Af = df + ayhy tots + nh: (2 
As 
lin df = 0; lim «, = 0, -- lima, =0; 
k=0 h=0 h=0 


passing to the limit in 2), we get 1). 


2. As corollary, we have: 

Tf all the partial derivatives of f(a, +++ 2m) of order n are continuous 
in the region R, then f, and all its partial derivatives of order <n, 
are also continuous in R. 
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429. 1. At each point of a region R, let 
Af = q,Aa, + 01° + YmAGn + Ax, + 0+ + @, Ap 3 Cc 


where the q's are functions of x, and the a's are functions of x and 


Aw. Let 
linen We K= 1,2, -- mM. (2 
Az=0 


Then f is totally differentiable in R, and 
bite (3 


For, let all the Az,’s be 0 except Ax,. Then 


Af 
AD, 


a Ye TH Me 


Passing to the limit, we get 3). That f is totally differentiable 
follows now from 1), 2). 


2. Let 
df= dz, sige saat Pind Lm 
in R. Then 
(hs a =1, 2, +++ m 4 
For, by definition, ; 
ey Ate! 
of = ar, ax, + -- az, ae. 
Let all the dz’s, except dx,, be 0. Then 
of ‘ 
df= p. av, a dx, dw, 3 
or of = 
(4. a soa, 0: 


As dx,# 0, we have 4). 


430. 1. Let f= f(u, ++ un), and u,=9,(2, -++ %,), t= 1, 2, + n. 
Let the image of the region X be the region U. Let f be totally 
differentiable in U, and each g, be totally differentiable in X. Then 
J, considered as a function of the x's, is totally differentiable in X. 
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Since the g’s are totally differentiable, 


Ou, e=1, 2, ---n, 
Au, = > dx, Az, :- 2a, Azx,. K= aD 2, oe 77 qd 
Since f(u, +++ u,) is totally differentiable, 
Af= > aw, + =f Au,. t= 1, 2,-n. (2 


Replacing the values of Aw, given by 1), in 2), we get 


apa (# Oty af Buy 2. eee st |, 


OU, 0X, IUy OX, OU, OL, 
te eee ac ae 
+ . . . ° ° . . (3 
ee oreperniirap aie 
+ yyAry + oes FAI 3 
where lim y, = 0, +++ lim Ym, = 0, (4 
when Avy +++ Avy = 0. 


Then, by 429, 1), f, considered as a function of the 2’s, is totally 
differentiable; and 


af af Ot. A ty af 8H 
ot. au, Ox, Gia Ox, OU, OL, 
, G 
af af du, ays af du, a of Ou, 
Oty, OU, Lm OU, Om, <1 OU, Lm 


Also, 


y=>e de, = Yaz, Cig ey Shee © (6 


du, Oz, ~ 47 du, ax, E 
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2. We have, f being considered as a function of the 2’s, 


af a 
af= Ye. > gr boo +z Se 
or 
af= > 2 af - dy 


Thus to find df, f considered as a function of the 2s, we may first 
find df, considered as a function of the ws, and in the result, replace 
the du’s by their values in the x’s. 


8. Asa corollary of 1, we have: 


Let 
rs) es of 
au,” Ou. 
be continuous in U. Let 
ou Ou 
az, ie rae c= 1, 2, oo W, 


be continuous in X. Then f, considered as a function of the x’s, is 
totally differentiable in X. 

For, by 426, 2, f considered as a function of the w’s, and the w’s 
considered as functions of the 2’s, are all totally differentiable. 
tence, by 1, f considered as a function of the 2’s, is totally 
differentiable. 


Some Properties of Differentials. Higher Differentials 


431. In this section we shall suppose the total differentials 
which occur exist in a certain region #, in which 2=(a,---2,) 
ranges. 


Lelet 
F=f, t+ fy: e’s constants. 
Then 
dF =c,df, +--+ ¢,df,. 
For, 


aP= 35 de, =). sede, 


tK 


= ay c, > oda, =>ic,df.. 
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2 Let Haig: 
Then 

dF = fdg + gdf. 
For, 


an => UP ay, = SS jhae, + Yo jhds, 


og 0 
a oe dx,+g9> de, =fdg + gdf. 


3. Let 

ee ela: 
Then 

ap =I —f49, 

g 

For, mee ag 

ar an, aa, 

df= Pe ee ear zx, 


_f fag _gaf — fag, 
gar 7 


432. The partial derivatives involved, being supposed continu- 
ous in a certain region F, let us form the expressions 


df = eee - dd t,« = 1, 2,-..m 


ae t,9,K=1, 2,--.m 


Tz Sheers 


They are called the second, third, --. differentials of f(a,++-%m), 


respectively, in R. 
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We notice: 


Sy 
df = 2 dx.>, a d 


= dy de; ¢! 


since dx, acts as a constant with respect to the symbol d. 
Then 1) gives 
y= d- of. 


In the same way we find 
hid FEN Sy REM Kec 9 kg SO 
433. 1. Let w=f(u,-:-u,), while u,---u, are functions of 
£1 °**L_. Let w, when considered as a function of the z's, be 


denoted by F(a,:*+x,). Let finally all derivatives involved be 
continuous. ‘Then 


dFk= +e a rd, a 


SS af 
PE = 5) du,d- ne > au, 


l 


=> Tee Mt DE ou, 


= d*f+ ye Eu. (2 
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2 
Fy Pe) LEEWA orf 
yy LE Ou, iat — du, OU, eg 


af 2 2 af 
+ Dy uy, 5u, tee Pu + DS, Pu, d se 


c 


+> Pam 


u of of af 
== > Beat a du, du, du, +3 Ss iE du, du, + ps on Bu, 


t Uy, Ou, ie Ou, 0 


af af 

PARE les 

af +3 2 AO: du, du, + > oul d?u,. (3 
In the same way the higher differentials d#/’--- can be calculated. 


2. In case @u,=0, du,=0, + 


we have dF=df, ?F= df, @F = yf, -- 


434. Let all the partial derivatives of f(a, +++ %n,) of order n be 
continuous in the domain D of the point x. 
Then, if «+h lies in D, 


Fay H hy + By + Dim) = Fy Pn) > = ee es) +a 5 ay 
(a es ar ed a 


setting dij hh, anda I, 


The expression on the right of 1) is 
called Taylor's development of f in finite 
form. 

For simplicity we shall suppose m=2. 
The reasoning in the general case is 
precisely the same. 

To avoid writing indices, we shall call 
the variables z, y. 
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Let «, y be any point on the line Z joining the points a, 6 and 
ath,6+k. Then 


g=atuh, y=b+uk. Ou 1: 
Also let 
f(a yY=flatuh, b+uk)=9(uX). 


Then, when « runs over the interval 9=(0, 1), the point zy 
runs over the interval on Z between a, 6 anda+h, 6+k. 
By 483, 1, we have 


J(u) = oF A = af(x, y), 


9" (4) = €F@ Ys - GPU) = ATE Y)- 
Thus g(#) and its first » derivatives are continuous functions 
of w in Qf. 
Applying 409, we have 


2 n 
9) = 9) +559 O+ 579" O + + gu). 


O61. 
Setting here w= 1, and observing that 
gD=fath b+k), 9O=f, 6), 
gO) = fa, b), oO) = F(a, 6), ++ 


g” (Ou) = d"f(a + Oh, b + Ok), 
we get 


Naa bay aden n+ ata, b) + 5 Pf(a, b) + +-- 
i ee he 
i ates (as b) + ata + Oh, b+ Ok). 


435. In Taylor’s development of a function f(x) of a single 
variable [409], we have only assumed that f”(2) is finite within 
%; whereas, in the corresponding development of a function of 
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several variables, we have assumed [434] that all the partial 
derivatives of order n are continuous in D(a), in order to use 430. 
It is interesting to note that the development may not hold if 
these derivatives are not continuous. 
Consider the function 


employed in 424, 1. 


We have 


F2(@, 0)=9, fy, y) = 9. 


The derivatives of the first order are thus continuous, except at 
the origin. 

Let P=(, x), Q=(@+h, x+h) be two points on the line 
y = 2, which we call L. 

If now Taylor’s development were true in a domain about a, in 
which the nth partial derivatives were finite, we could write, tak- 
ing here 7 = 1, 


Seth ethy=fa n+ Mfg O+hE& Os, ad 


where (&, &) is a point on LZ between P, Q. 
This formula should be valid for all 2, A. But in the present 


case 
Si&, = FE &) = 3 sgn 
Thus 1) gives 
|v+h|=|a|+hsgn &. (2 


That this result is false is easily seen. 


For example, let 
g=—1, h=5. 


Then 2) gives ; 
4=1+5, if &+0 


=1, if g= 0. 


CHAPTER IX 


IMPLICIT FUNCTIONS 


436. 1. Let F(a, “88 Ling Ub) = 0 @! 


be a relation between the m+ 1 variables 2, +++ %m, u. Let 
Ly = yy °° Ly = Oy 
be a set of values such that the equation 
EG, -* On, U) = 9 (2 


is satisfied for at least one value of w; 7.e. the equation 2) in wu 
admits at least one root. Let D be the aggregate of the points 
©=(X, ++») for which 1) has at least one root wu. We may con- 
sider w as a function of the v's, u= (a, --- z,) defined over D, 
where $(2, --- 2%») has assigned to it at the point x, the roots wu of 
1) at this point. 

We say wis the emplicit function defined by 1). It is in general 
a many valued function. 


EXAMPLES 
1. Let 
y¥=f@) @ 
be defined over a domain D. Let # be the image of D. Then 8) defines an inverse 
function 
x= 9(Y), 


defined over #, by 217. This same function may be considered as an implicit 
function, defined b 
y: y — f(x) = F@, y)=0. 


2. Let f(x) =1 for every xin D=(01). If we set 


y¥=S(%), 
the image # of D is the single point y=1. The inverse function 
r=g9(y), 


is defined only for y= 1; at this point g takes on all values between 0 and 1. 
282 
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3. Let # =0 be the relation 
v+y2+422—7=0, r+0. (4 
At each point of the domain D, 
a+ yc, 


the equation 4) admits one, and in general, two values of z. The equation 4) 
therefore defines z as a two-valued implicit function u of 2, y, over the domain D. 


a e+ y+ 22=0. (6 


In this case there is only one set of values, viz. «= y=z=0 satisfying 5). Thus 
z is defined only for a single point, viz. «=y=0. At this point, z=0. 


5. e2 + y2 + 224 72 = 0, sel). (6 


This equation is satisfied for no set of values of x, y, z. The equation 6), there- 
fore, does not define any function z of a, y. 
6. sin? uw + cos? vu — 7 ==()) 7 
This equation admits no solution except for points on the line 
Y=. 
For all points on this line, the origin excepted, the equation 7) is satisfied for 


any value of w in ft. 


2. More generally, let 


Fi, “Dmg Uy “+ Uy) =0 
aan cs 


Bay ++ Lmny Uy 1+ Uy) = 0 


be a system of p relations between the m+ >p variables x, u. Let 
D be the aggregate of points w=(2,-:-2,), for which the system 
S ig satisfied for at least one set of values of w,---u,. We may 
consider the w’s as functions of the a’s. 


Uy = $y (XY ++ Lm) 


Up = Pp (X71 -*° Zn), 


where the ¢’s have assigned to them at the point 2, the values of 
the roots wu, ++: u, at this point. We say u,---u, is a system of im- 
plicit functions defined by the system S. These functions are, in 
general, many valued. 
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3. Suppose we know that a set of values 
- 


De Ayes Vy, = gy Uy 0 yy a l, =D, 


satisfies the system S. Let us call the set of values u,=6,---u,=0, 
initial values. 

We wish to show now that under certain conditions, the system 
S defines over a region Ra set of p one-valued continuous func- 
tions u,--- u, in the variables x, ---x,,, satisfying S' for every point 
of A, and taking on the above initial values at the point =a. 
Furthermore there is only one such system of functions. 

The method employed is due to Goursat, Bull. Soe. Math. de 
France, vol. 31 (1908), p. 184. It rests on a principle, having 
many applications in analysis, known as the Method of Successive 
Approximation. 


437. 1. Let us first consider only two variables. The method 
employed for this simple case is readily extended to the most gen- 
eral case. We begin by establishing the fundamental 


Lemma. Let f(x, u) be continuous, and y exist in the domain D, 
Ou 
defined by 


ANG lx—al<a, 
Osys ju —b|<r. 


Let f vanish at a,b. Let 0 be an arbitrary positive number <1, 
such that 


af 


ae ath in D, el 
while 
f(a, b)|<7rad—-A=n<r, in X. @ 
Then 
u—b=f(a, u) (3 


admits one and only one solution 
U=o a) an MN. 


which ts continuous at a, and takes on the initial value u =b at e=a. 
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The function is continuous in A, and remains in B while x runs 
over YA. 


We set 
u,—b= f(a, 6), u,—b= f(a, uy), uz; —b = f(a, Ug )s °° 


Then all these w’s fall in %. 

For, by 2), uw, falls in 8. Let us admit that u,_, falls in %, and 
show that u, also falls in 3. 

In fact, by the Law of the Mean, 


U,— Uy = (u, — 6) — (Cu, — 4) (4 
=f(@, u,1) —F@ 5) 


af(a, ul 
Hence, by 1), 
|u,— u,|<@|u,_; — b| (6 
za (6 


since, by hypothesis, w,_; falls in %. 
Thus, from wu, —b=(u, — u,)+(u, — 5) and 6), we have 
|u, —b| <|u, —b| + Or. 
But 
|u, —6| =| f(a, 6)|< A—4)z, by 2). 


|u,— bl<r; CG 


Hence, 


t.e. all the w’s fall in %. 
We show now that for each z in Y, 


U= lim a= o@) 
is finite. To this end we show 
e>0, m, |U,—Umni<e n>m. (8 
For, in the same way that we established 5), we can show that 


|et, — Up—1| <0 | U1 — Up-2]- (9 


286 IMPLICIT FUNCTIONS 


Thus, we get 4 
|. — Uy |< O|uy—b |<, 


| 3 — UWy| < O| uy — Uy|< On, (10 
|w,— Ug |< O)uUs — Us| < 6%n, etc. 


ek | Un = Urn << nO” 1 + Oe as gr-m-1) 


<f<, since 0<0<1 
<6, 


if m is taken sufficiently large. 

Thus the relation 8) is established. 

Furthermore, the above reasoning shows that one and the same 
m suttices wherever z is taken in A. Thus u, converges uniformly 
to Uin %. 

Finally, by virtue of 7), U falls in 8. 

The function UV satisfies 3) in QF. 


For, in 
Un — b = f(%, Un-1) 
let n=. Since f is continuous, we get in the limit 
U—b=fa, U): 


We show now that U= ¢(~) is continuous in %. For, since »u, 
converges uniformly to $(2) in %{, we have 


d(@+hy=u,(a+h)+e, le"|<5 


p(x) r Up (£) st ei! (eld | < a 


if m is taken large enough. 


But uw, Ug, ++» are continuous functions of 2, since f is continuous. 
Thus, for sufficiently small 6, 


Jtin(e +h) ey) <3 
for |h| <6 and x+h in Y. , 
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Hence 


lp(a + h) — o(2)|<e. 


We show now that U is the only root of 8) which is continuous 
at a and takes on the initial value 6 at a. 
For, let V =z) be such a solution. 
If x is taken sufficiently near a, V falls in %. 
Then from 
Vaasbic= f (Gr.2 VY, 


a= b= FLU), 
we have, by the Law of the Mean, 
|[V —u,|=|f(@, V—F@ um-)| 


te ca 


<0|V—u,4|, by 1), 
<1 —yu,|. 
Hence, passing to the limit, n = «, 
V—U=0, for all points of 1. 


2. As corollary of 1, we have: 


Let of 


LCL, w), du 


be continuous in the domain of the point (a, b), and vanish at that 
pownt. 
Then No lh = f(a, U) 


admits a unique solution 


u= (x), 


which is continuous in the domain of x= a, and has the initial value 
i=) to a. 
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438. 1. By means of the preceding lemma, we can now prove 
the theorem : 


Let F(x, v) be continuous, and F', exist in the domain D, defined by 
Y; |jvr-—a|<a, 
B; |w—b\<r. 


At a,b let F=0, while F! +0. 
Let 0 be an arbitrary positive number <1, such that 


JUG u)| 0, in D: 1 
j1- F(a, TCR in D; ( 

while 
anh i L@leate, 5k 2 


Then the equation 
F(a, u)=0 G 


is satisfied by a one-valued continuous function 


having the initial value b at x=a, and which remains in B while x 
is in A. 

Furthermore, 3) admits no other solution which is continuous at a, 
and has the initial value 6 at a. 


For, consider the equation 
F(x, u) 
La, 6) 


Evidently this is equivalent to 3); 7¢.e. every function « which 
satisfies 3) satisfies 4), and conversely. 


Here 
af 1 _ Fite u), 


ou Fica, 6) 


a eT a 


eC) (4 


Hence f is continuous, and f/ exists in D; also Jf vanishes 
in dh dee 
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Furthermore, from 1) 


SGU in D. 
while from 2), 
| f(a, b)| <1 — 4)r, in A. 


Thus f and f/, satisfy all the conditions of the lemma in 487, 
and the theorem follows at once. 


2. The reader should remark that the preceding theorem makes 
no assumption regarding #. This may not even exist. 
For example, let 
rine =0, forrz=0. 
x 
Consider 1 
THE coin — 0. (5 


Here F, does not exist at x=0,u=0. However, the equation 
5) defines a continuous one-valued function, which takes on the 
initial value w= 0 for z=0; viz., 


Silat oe Vi 
u=~/x sin 
z 
3. As corollary of 1 we have: 
In the domain of the point a, b, let 
TUG TUG) 
be continuous. <At the point a, b, let 
he Var, 
Then the equation F(x, u) = 9 admits a unique solution 
u=(%), 


which is continuous in the domain of the point x= a, and has the 
initial value u =, at this point. 
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439. We have seen in 488 that — 
F(a, u)=0 a 
is satisfied by a continuous function 


u= (x) 


in a certain interval (a—o, a+o)=(A, B); and that there is 
only one such function which = 6, when =a. In general this is 
true not only for the interval (A, B) determined by the theorem 
438, but for a larger interval (C, D), containing (A, B). For, let 
a, be a point near one of the end points of (A, B). Let 65=¢,(4). 
Let us replace a, 6 in the theorem of 438 by a,, 6,. Then the con- 
ditions of this theorem are satisfied for a certain interval (A,, B,), 
about a,; to which corresponds a continuous function 


u= $,(@), 


determined by the condition that «= 6,, forv=a,. The interval 
(A,, B,) will in general extend beyond (A, B). In the interval 
(A,. B) which the two intervals (A, B), (A,, B,) have in common, 
the two functions 


$M), $a(u) 


are equal. Let us define a function 
u=d(2)= ¢,(2), in (A, B), 
= $,(), in (A,, B;). 


Then the equation 1) is satisfied by this function in (A, B,), 
and it is uniquely determined by the 
fact that it is continuous in (A, B,) 
and has the value w=68, for x=a. 
In this way we can continue extend- 
ing on the right, and on the left, the 
original interval, until we are blocked 
by certain points beyond which we 
cannot go. Such points may arise 
when F(a, w) ceases to be continuous, or when F’,! = 0. 


AA,4a,B B, 
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440. 1. We proceed now to extend the theorem of 4388 to 
embrace the system S of 436. 


To this end we generalize the lemma of 437 as follows: 
Lemma. Let 


Fi, 18° LnWy 0? Uy) = fy 24 ote Lb 465 Up)» 
UB 
Ou 


K 


and 

bh iis 25 tere ps 
be continuous in the domain D defined by 

a; |z,—- a4|<o---|2, —a,|< 9, 
B: | — 0, (<7 --|u, — b,| <7, 


and let fi, --- f, vanish at the point (a4 +++ dnb, +++ by). 
Let 0 be an arbitrary positive number <1, such that 


of. <5 pW NS a a a) @! 


while 
7, --° Gb, 6,) |< tT —A=n, mW t= '1, 2, <p. (2 


Then the equations 


Chie by = f(a + Up) ar Up — by = fip(2y +++ Up) 
admit one, and only one, set of solutions 
= 9G Bin eee U, = by(@1 -°* Lm) 


in U, which are continuous at a, and take on the initial values 6, --- b,, 
Ohi WI —\ (0c 

The functions are continuous in Mt, and remain in B, as x runs 
over %. 


owe Uy, — by = f(y +++ Vmby +++ Oy) 


Up, — b, = Fn (21 sels Del poe by) 


Uy — Oy = fy (2 0+ Gn 1+ Up) 


Upg — Op = Sp 21 0+ Cis *° Up) 
etc. 
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We show now that all these w’s he in %. 

For, by 2), w,° Up), are in B. Let us assume now that 
U1, p-1°' Up, p-) lie in B, and show that w,---u,, also lie in B. By 
the Law of the Mean, 
if 


of, 
dup 


of, 
Ue y= A ey — by) oe ite + (u yr-1l by) 


the arguments of these derivatives lying in D. Hence, by 1), 
0 
RECS g Cs es aa 8a Lact a (3 


< Or. 


Thus, as 
Up — b, = (ty a Un) ae (ta ae b.)s 


we have 
|» — b,|<|uy — b,| + Or, bab, 2ycnD. 


or using 2), 
REN i Wee W ACTIN Ba Sy oe 


which was to be shown. 
We show now that for each z in Y, 
Clim Un n= P,Q, ++ Vm) 
is finite. 
To this end we show that 


e>0, m, |Uyn—Um|<e. n>m. (4 
— ry 2, “Dp. 
For, as in 3), 
7 
an = Me ea] <5 Elta, pot — Ma, pal + ++ | Up, n-1 — Up, pl (5 
Then 


|e%2 —%,1]<0@n, by 2) and 8), 
[ts — U,2|< 6%, by 5), 
|, 1 UW, 3| =< @n, etc. 


These relations are analogous to the relations 10) in 437. The 
rest of the demonstration can now be conducted as in 437 to estab- 
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lish not only the relation 4), but the remainder of the theorem in 
hand. 


2. We can state 1 in a form less explicit, but easier to remem- 
ber, as follows: 


Let 
Fi (@ + my Uy “+ Up) Sp Dio? Lan Uy +" Up)s 


of, 
ain tuKica sed, Ge* Dp. 


and 


be continuous in the domain of the point ay +++ Anb, +++ by 
Let these p?+ p functions vanish at this point. 
Then the system of equations 


Uy, — 6, = f(y +> Up) cee Uy — Oy = f(y +++ Up) 


admits a unique system of solutions 


oe i (2 ee Lm) Bee eee py (% oa) 


which is continuous in the domain of the point x, = ay +++ Up = Am, 
and takes on the initial set of values uy = 6, +++ Uy = by. 


441. We can now generalize 438 as follows: 


Let 
By (G4 11+ Big + Up) Aci F400 my +9 Up) 

and 
OF 


Ou 


Kk 


tk — 1, 2,120 pe re! 


be continuous in the domain D of the point 
Q; Wy = O21 Lin = Amy Uy = b,---U, = b,,. 
Let F,--- F, vanish at Q, while the derivatives 1) have the values 


d at Q. 


tK 


Let 
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Then the system of equations { 
f,=0--F,=9 (S 
ts satisfied by a set of functions 


Wy = $421") 


Uy —— py (21 Sy aa) 


which are one-valued and continuous in a certain region IU, about the 


point 
a 5 Vy =H Ay Lp = An 5 


and at this point, these functions have the values 
Uy == Oy ee). 


P 


Furthermore, the system S admits no other set of p functions, con- 
tinuous at a and taking on the initial values 6 at that point. 


We replace the system S' by the equivalent system 
yy (Uy — by) Hove Diy (Uy — bp) = By (My — By) +o 
+ dip (Up — b,)- P= 
(2 
yy Wy — by) oe + Typ (Uy — by) = dy (Uy — By) +> 
+ bpp Uy — by) — B, = Jp 


Since A+ 0, we can solve this system for the differences w— b,, 
and get 
Uy — Oy = C119 Ho + Ip = Jy 


(8 
Up — by = Cn Ji Fo + lpn Ip = fy. 


Obviously, the functions g, and hence the functions f, are con: 
tinuous in D. 
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So are the derivatives = For 
of, ag, 9p 
oie ies “+e oem t,e=1,2--p. 4 
where 
OF, OF, 
du, Bu,” o 


Since the g’s vanish at Q, so do the f’s. Since the derivatives 
5) vanish at Q, so do also the derivatives 4). 
Obviously, therefore, the numbers o, 7, 0 of lemma 440 exist, such 
that 
af, 


Ou, 
VF.Cayes LD -6,) | << T1- 0), in YY. 


We can therefore apply this lemma to the system 3). Since this 
system and the given system S' are equivalent, the theorem is 
proved. 


Ea Os in D. 
P 


442. 1. Let F(442°° Vimy U) = 9 ad 


admit a solution u=b, at the pointw=a. In D(a, 6), let f(a,---2,,v) 
have continuous first partial derivatives. Let fi, #0 in D. Then 
1) defines a one-valued functicn u, in a certain domain &, of the point 
a, whose first partial derivatives in A are given by 


if 
CU ere 1 en: @ 


For, let x be a point of A. Let 2 receive the increment An, 
while the other codrdinates of 2 remain constant. Let the corre- 
sponding increment of uw be Aw. Then 


SF (ay Be + Aa & yt + Av) — fay ++ Mu) = 9, Gc) 


by virtue of 1). Applying the Law of the Mean to 3), we have, 
setting v1 =2.+ 0Ax, wu! =u+ OAu, 


Fin (Gy Ch By’ Ax, + fl (ay Ol Bp! Au = 0 
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whence 
Au eA ee) 


Aa fie al tq!) 


Passing to the limit, we get 2). 


af of eng F 0 4 

De Oa OE Ta iat Ee eo pore id ( 
For, by 2), af Ea 
eS ee Se lez 
Ou Ou 


Multiplying by the common denominator, we have 4). 


443. 1. Let the system 


F845 Lins Uy Uy) = 0 


dd 


B44 0° Ling Uy 1 Uy) = 0 


admit a solution u= 6 at the pointr=a. Let the functions F,---F, 
have continuous first partial derivatives in D(a, b). Let 


ah oF, 
OU, du, 
AFS |e & o & Sc = 0, in D. 
ar oF, 
OU, OU, 

Then 1) defines a system u,---u, of one-valued functions in a cer- 
tain domain A of the point a, whose first partial derivatives — in A 
are given by the system of equations 7x 

OF, | OF Oty yy Fy 8p _ 9 
CLI Ou, on Ou, 02, 
5 4 . (2 
OF, , OF, 30, 4 Fy Buy _ 
Oz. Ou, Ox, OUs Oc ie 


with non-vanishing determinant J. 
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For, let P = (a---x,,u,-+-u,) be a point of D. Let Au,---Au, be 
the increments of w,-- 


Uy, Corresponding to an increment Az, of z,. 
Let 0<6,<1, and 


OQ, = (ay Uy FO AG. Lyx Uy + O Au, +++ Uy + O Au). 1=1, 2 


5 C009 Ue 
OF, t 
Let gu ae,’ and y,. be the value of = at Q,. 
Then, by the Law of the Mean, we have from 1), 


Au Au Au 
Rea ea ino isA, acta yi yo =O 
é} 
AF, = eles | me 
= ¢, oh i fe Az, ae Vr Ap a 


Au 
acne Yoo Aa = (0). 
Thus, 


Wa Py Vip Vi Vip 
Aw Wor Po Wap ; Par Yop |. 


Mi Pore Vpp Vor Vp 


Let Av, =0; the limit of the right side exists, since the partial 
derivatives of the #’s are continuous, and J#0 Hence the 

Hence in the limit, the system 8) goes 
over into the system 2). 


; - Ou : 
derivatives —! exist. 


2. The determinant J is called the Jacobian of the system 1) 


CHAPTER X 


INDETERMINATE FORMS 
Application of Taylor's Development in Finite Form 


444. The object of the present chapter is to show how in cer- 
tain cases we may determine the limit of expressions of the type 


S@) Go ol (ay ev) vu ee C7) 
ZS FO)-9@). F@)-9@). F@) 


which, on replacing f(z), g(x) by their limits, assume the forms 


0 


0 0 «00, co —00; 1°, 0°. a? 


These are ordinarily called indeterminate forms. 


445. Suppose by the aid of Taylor’s development in finite form, 
or otherwise, we find that, in R= RD(a), 


F(@)= «(a — a)" + 6(@)(@# — a)”, m' >m. 
g(@)=B@—a)" +¥@)@—a)", n' >n. 
where ¢, y are limited in R, and a, B#0. 


Then f(x) Z one (x es ayn dh 
ge) B+@—ayrmp 


Passing to the limit z= a, we have 


a (Dat a, LA. 


(0, if m> MN, 
R lim C2YS | 6/8, if = 2, 
2=a L) 


. a 
o-oo, if m<n. o =sgn—. 


Similar considerations apply to the left hand limit at a. 
298 
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liane et — esina io 
Example. eee ees +1. 
For, “x. x2 98 
es — | = pe fade 4. i 
e Tita ert he 
ene = 144+ 402 4 wtdo(x). 
J(@) = e — esin= = 198 + a4o(x). 
Similarly, 


g(%) =x — sing = $23 + 2y(a). 


The functions ¢, y are limited in D(0). 

Thus, 
Sa) _ 4+ ole) 
9%) 3+ 0 Y(x) 


whose limit for x = 0 is 1. 


446. To find the limit of 


I) — 9), ad 


when f and g are infinite in the limit, we may sometimes find a 
development of f(x), g(x) in the form 


h_m O_ m+) 


(@—a)” “@oaytt efter + a + &, (2 — a) + mare + (a — a)"b(a), 


valid in D(a) or RD(a), the function ¢ being limited here. 
This method of finding the limit of 1) is best illustrated by 

an example. 

: 1 

lim (5 - cosec x) c=): 


2=0 


We have 


ah 20 Oe Um eal 54) 
cosec # = amet aor CPYERYY o(4)=4 
1 AGG) 2 te 
eS | ee he | ; =r 4 
ane INES + xy (a) ¥(“)=% 
Hence 1 
Cosec @ = — {1 + xy(a)}. 
Therefore 


i cosec * = — ay (a) = 0. 
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447. When the independent variable x = + 0, we may set 
1 


t= 
ale 


which converts the limit into # lim, by 290. 
u=0 


1 
Example. yaaa). a>0. 
lim y = log a. 
z=-+00 
For, 1 
at = a" = evga —1+4 uloga+t wo(u), 
where 
o(u) = i log? a. 
Hence 


y =loga + up(u) 


= log a. 


448, When the preceding methods are not convenient, we may 
often apply with success one of the following theorems. ‘These 
rest on 
Cauchy's theorem. Let f(x), g(x) be continuous in X= (a, b). 
Within U, let f' (x) be finite or infinite and g'(x) finite and #0. 


ae f@) — fla) _ f'Ce) 
— a Cc 
A =TeS Or eet ql 


We note first that g(6)#g(a). For, if g(b)=g(a), we can 
apply Rolle’s theorem to g(x), which shows that g’(2) must vanish 
within 2%, which is contrary to the hypothesis. 

To prove 1), we introduce the auxiliary function 


f() -—f@) 
gO) — 94) 
Obviously, A(x) is continuous in %. Also for points within , 
for which f'(2) is finite, 
6) —f(@) 

hi(a) = f(a ehh ! ; 

@=f'@) Ta @) 
while for the other points within %, h’(x) is definitely infinite. 


Finally, we observe that h(a)=h(6)=0. We can thus apply 
Rolle’s theorem to h(#), which gives 1) at once. 


h(x) = fe) —f(a@) - ig(«) —g(@)}. 
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449. 1. Let fle), f'(@) f°), g(), gC) + gP(a) be 
continuous in A= (a,a+6), and vanish forx=a. Let f(x) be 
finite or infinite within %. Let g(x) be finite and «0 within Y. 
Let g(x), g''(@) g(x) #0 within Y. Then 


Fath) _ fC, 
garth) ge) 


flath) _ fe) 
gath) gq)’ 
F'(e) = es) 
Je) g(a)’ 
2. We note that the denominator g(a+h) in 1) is #0. For 
otherwise, g'(v) would vanish somewhere within Qf. 


a<c<ath. ad 
For, by 448, 


a<c<ath; 


a<C,<c,, ete. 


The Form ; 


450. 1. Let f(x), g(x) be continuous in R= RD(a), and vanish 
ata. Let g'(x) be finite, and #0 within R. Let f'(x) be finite 
or infinite within R. Let 


R lim re on r, finite or infinite. @! 


where x runs over only those values for which f' (x) is finite. 


Then 


S(®) 
flim a) Sys (2 


OD GD) 


g@) JQ 


The limit of the right side, as =a, is 2. 
Hence the limit * of the left side is A, for z=a. 


For, by 449, 


DNL 


* The reader should bear in mind that a limit is a general limit, unless the contrary 
is stated. Thus in 2), x runs over all values withir. R as it =a; while in 1) it ranges 
only over a specified part of Rh. 


302 INDETERMINATE FORMS 


. Let fe), g(@) vanish at x= ay while g(x)#0 within RD(a). 
a (a) exist, finite or infinite. Let g(a) exist and be #0. Then 


f@)_f'@. 
fe Ga) ga) 


@Q)-I® 
F(@) es L—a Bhs Hi (@). 
Iz) g@)-I®) ¥Y@ 


et—a 


For, 


3. We can generalize 2 as follows: 


Let f(x), g(x) and their first n—2 derivatives be continuous in 
R=RD(a). Within R, let f°) be finite or infinite, g(a) 
finite, and g!, g'  g®’ V#0. Let f, g and their first n—1 deriva- 
tives vanish at a. Let f™(a) be finite or infinite, while g"(a) is 


finite and #0. Then 
fe) £°@), re 
me 9%) g(a) 
pe) (ec) a Ca) 


For, by 449, 


Lee) ema 
G2) Me Gee Co yame gene) ge 1a) 


But as =a, so does e=a. Hence, passing to the limit z=a, 
we get 2). 
Example. Let S(«) = x, for rational x. 
= 0, for irrational x. 
Let g@) = sing. 
Here f’(a) does not exist except at x =0, where it =0. Hence, by 2, 


fe) _ f'@) _0 
Py ge) gO) ot 


a result which is obvious from other considerations, 


= 0, 


7 
4. In 1, we assume the existence of X= Rlim f eae and then 
show that 7 (2) 


oe 
Rii ae re @! 
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That the limit on the left side of 1) can exist when 2 does 


not is shown by the example in 3. It is also illustrated by the 
following : 


Let S(@) = x sin+, formas: 0; 
=), TOTO) 
Let I@Q)=2. 


Then, for x #0, 
IAC) = 2esin + — cos 2 
x Ge 


hil 
ie HGS) = ih, 
Hence 1 
A= Blim © 
2=0 g'(«) 
does not exist. On the other hand, 
im J) = 0 
a=0 J(X) 


We observe that this result also follows from 2, 


451. Suppose: 


1°. f(@), g(x) are continuous in D(+ 0); 
2°. f' (x) is finite or infinite in D; 

3°. g(a) ts fimte and #0 in D; 

4°. f(+0)=9(+0)=90. 


VC hen 


Let lm iN r finite or infinate. 


stn J (2) 


where x runs over only those values for which f' (x) is finite. 


Then * lim Je) =X 
a=to 9(@) 
We set 1 
t=: 
u 


Then D goes over into Rk = hD*(0). 


* Cf. footnote, page 301. 
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‘a Ha) = F(Z) 26@u)s 


1 
92) = (7) = 00: 
The functions ¢, y not being defined for u = 0, we set 


$(0) = 70) = 0. d 


Since f, g are continuous in D, ¢, ~ are continuous in &, by 
virtue of 1) and 4°. 
For points of D at which f’(z) is finite, 


p'(u OE Ae as — fl (@) +. 


Hence at the corresponding points u in R, ¢'(w) is finite. 
From the relation 
Ag _Af Az 


Au Az Aw’ 


we see that when f’(2) is definitely infinite in D, ¢'(w) is also 
infinite at the corresponding w point in R. 

Thus ¢/(w) is finite or infinite in &, while w'(w) is finite and 
+ 0 there. 

Then by 450, 1, if 


R lim mn oe <= nr, r finite or infinite. 
wu running over only those points for which ¢/(w) is finite, 
Rilim ce) =A, 
wo CU) 
But 
tem $C. — jen, FO. 
- ae Wu) a g(a) e 
Also 


d' (uw) oe f(a) 
== R lim im 
wo p'(w) spate xg’ (x) ter CN C 


Hence 1), 2) give the theorem. 
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The Form 2 


ioe) 


452. Let fia+0), g(a+9) be infinite. 
In R= RD(a) suppose that 


1°. f(x), g(x) are continuous ; 

2°. f' (a) ts finite or infinite ; 

3°. g(a) ts jinite-and 0. 
Let 


eee Ce) : : : 
R lim g " =, d finite or infinite. 


x ranging over only those values for which f' (x) ts finite. 
Then * 


i @) 
R lim Hes =. 


Let a<a<b<a+6. Then, by 448, tt 


UO) 7) as () 
G@)— Gy 5 &) 


Thus i 
f(w) =f(b) + ; a ‘g(2) — g(b)}, 


a<E<6b. 


whence 


f@)_ #0) #'O{,_9@)). 
LO OMurIGre eG a 


Here 0 is any fixed point in A. 
There are two cases according as 2 is finite or infinite. 
Suppose r is finite. Leta> 0 be small at pleasure; we can take 
6 so small that 
AC ye? |a'|<o. 
I 
Let r>0 be small at pleasure. We can choose a+7<8, such 


that E _fO) Es _g@) 
g(@)’ g(2) 


are numerically <7, ifv<a+n< b. 


* Cf. footnote, page 301. 
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306 
Then for all z in (a*, a+7), we have by 1), 
S(@) SS! ly ae 2 
Tat + told — 7). ( 
Thus : 
TO some it nee 
Tay <7 t+) +e +7) <6 


if o and 7 are taken sufficiently small. 
Suppose » is infinite, say N=+a0. Let M>0 be large at 
pleasure. We can choose 6 so small that 


£®_ 
T= MA+H), — w>0. 


Choosing 7 as before, we have for every 2 in (a*, a+), 


[oe Le 
AED Pere Glspie La). 


If we suppose 7 <4, and M sufficiently large, 


f() 
es >MA1—7)-1>4, in D,", 


where G is as large as we please. 


453. Let f(+0), g(+) be infinite. 

In D( +), let 
1°. f(x), g(x) be continuous ; 
2°. f'(ax) be finite or infinite ; 
3°. g'(@) be finite and #0. 


Let lim f J (#) =, r finite or infinite. 
SO) 

Then 
lim S@) _ 
w=+00 g(@) 


We deduce this theorem from 452 in the same way as 451 was 
derived from 450. 
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387 
The Forms 0.0, o—«, 0°, 1°, «® 
454. 1. Let f@)=0, g(v)=+0. Then S(@)g(@) is of the 
form 0-0. 
Setting fy= J this form is reduced to = 
J 
2. Let f(v)= +0, g(x)= +0, the infinities having same signs. 
Then f(a) — g(«) is of the form «0 — o. 
Setting 
Lael 
enteee Set 
0 S 
this form is reduced to —- 


3. Let f=0, g=0. Then [f(x)]™ is of the form 0° 
Let 


y=f"%, f(w)>%. 
Then 
logy=g log f= coe 


lo 
is of the form >. sf 
If 


then 


logy=A, 
lm lim ya) ye. 


The other forms 1”, «® are treated in a similar manner. 


EXAMPLES 
Ue xlog(1 — cosa), anes a 


has the form 0-0 for” =0. We may write it 


log(1 — cos x) 
ope 


which has tne form 2 


The conditions of 452 being satisfied, we differentiate 
pumerator and denominator, getting as new quotient 
sin x 
l= cosy ela 
eG) ~~ 
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This has the form >, for z=0. Applying 450, 1, we get, differentiating once 
more, . 


ep iisae tke 
— M gec2 2 
2 
whose limit for « = 0, is 0. 
Hence, 
Riim « log(1 — cosx)= 0. 
a0 
2. Rima|logz|*=0. a, #>0. (2 
z=0 
For, log al f(x) 
x“2|log a |* = —=——- == —.. 
Hoga lt = ae = g(a) 


We apply 452. 
SI) _ w [log a [4-1 
TO) ae 


If 1<1, this expression = 0. If u>1, we differentiate again, etc. 
3. At first sight one might think that 


lim SCOT) 1 


= Oy C 


since 2+ t4 This is, however, not true in general. 
n 
For example, let f(#) = e*. 
Then 
F(n + 1) nD entl = 
ji@) ~~ Ge 
Hence the limit 3) is here e and not 1. 
Again, let 
KO= Es 
Then 
ertl 
n ee” 
which =+ o. 
Criticisms 


455. 1. The treatment of indeterminate forms in many text- 
books is deplorable. 

We consider some of the objectionable points in detail. 

When f(2), g(x) vanish at «=a, the function 


af) 
PO= 5) ooag 


is not defined at a. 
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Some authors admit division by 0. 
From this standpoint the value of ¢ at a is hidden because ¢ 


: , 0 : 
takes on the indeterminate form 0 The true value, as such 


authors say, may often be found by a simple transformation, or 
by the method of limits. 
For example, if 
fa)=8— a, g(x)=2—a 


the true value of ¢@ may be found by removing the common factor 
x—ain 
By eS 


vc — Oo ma 
g(a) =2a. 


As already remarked, division by 0 is ruled out in modern 
analysis. 

First, because it is nowhere necessary; and secondly, because 
of the difficulties and ambiguities it gives rise to. 

The expression 1) has then no value assigned to it for r=a. 
We may therefore, if we choose, agree that in all such cases ¢ 
shall have the value 


(w@+a)——. 


Thus 


when this is finite. Some authors do this; in this case ¢ has a 
true value at a. However, we shall make no such convention in 
this work. 


2. In this connection let us give an example of the so-called 
paradoxes which arise from division by 0. 


Let x=1; then ae Te 
Dividing both sides by x—1, we get 
g+1=1, 


which gives, since += 1, Desi 


It is easy to see where the trouble arises. 
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When c+ 0, we can always conclude from 
ac = be (2 
that ers fe 


If, however, c=0, we cannot always conclude 3) from 2). 
In fact, take a #6, if c= 0, we still have 


ac = be. 


456. 1. To find lim ¢(z), some writers proceed thus. From 


F@+M-fLO 
Fath) h 


PA Gath) at D= TD 
h 
they conclude that e FO) . 
im } =———- C 
g (4) 

This is correct if f’(a), g'(a) exist, and the latter is #0. 

If both are 0, they say 
I) © 
g' (4) 


is still indeterminate. Applying the preceding reasoning to 2), it 
follows that its true value is that of 


co) 
g'(@) 


This last step would be permissible, provided the first step 
showed that 
I @) 


J@) 


But it does not; it shows only that 1) is true, and even here 
we must assume that g/(a)+0. 

In order to take this second step correctly, we have proved 
Cauchy’s theorem, 448. Cf. 449, 450. 


lim ¢= lim 
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2. In this connection we note that we cannot always say that 


S(@) J (2) 
(2) a J (2) 


Lave the same limit for z= a, when f(a)=g(a) =0. 
For example, let 


J oO=2 an z, GEE a=; 


Then 
ee 
ae g(@) e 
while 
1 eae a : 
Sat on eae z>0. 


has no limit forzv=0. Cf. 450. 


457. Some writers, using the relation of Cauchy, 


pe an TC) 
aa no, UDO, 


b 


conclude now that 
f(a) 
J (@) 


This is true if f’(7), g'() are continuous at a, and g! (a) #0. 


lim ¢= 


458. Some writers, in order to evaluate lim d, develop f(x), 
g(x) into infinite power series. The possibility of such a develop- 
ment is established only for a few simple cases in many text-books. 
For example, such books do not show that 

SeCw,eetatia, elt? 
can be developed into power series; yet they give examples of 
indeterminate forms involving these functions. 

There is, however, no necessity of using infinite series; all that 
is needed for such cases is Taylor’s development in finite form. 
See 445, 446. 
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459 To evaluate the form 2, some writers proceed thus: 


1 
_ f(x) _ g@), 
Ore 
I(®) 
Hence 
J (@) 
lim ¢(@) = lim me = lim ¢?(@) 2. 
PG) 
Dividing by lim ¢(@), they get 
== lim bd) a : 
Hence 


es oe) 
lim ¢(2)= lm . 
o(@) = lim 
This method assumes the existence of lim¢(2); that is, the 
existence of the very thing we are seeking is put in question. 
Suppose by this method we find that 


So ENCE ‘ 
lim 1 
J @) 
for example; what right have we to say that therefore 
_, J) 
lim sal? 
9) 


None whatever, until by some subsidiary investigation, the 
existence of lim ¢ is established. See 877, 3. 


Scale of Infinitesimals and Infinities 
460. Consider the functions 
SQ) = log aad) = a, B>0. 


Both increase indefinitely as «= +0. We may ask which 
increases faster 
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The quotient 


Li@® 
3 g@) 


is of the form 2%. The conditions of 453 being satisfied, we 
consider 
SL. «logs 
Le g'(2) a; B xe i 


re 4d ;— 0: hence O= 0; 
If «>1, we consider 


a3 Baca) CO 1 lostn a, 
me hee 


host 0 0-29, 90.<- 0s hence = 0: 

If a>2, we may continue this process. As the exponent «@ is 
diminished by unity each time, log # must have finally a negative 
or zero exponent. Thus in every case Q= 0. 


2 


461. 1. Let f(x), g(v) become infinite for x=a, a being finite 
or infinite. If 


lim 169) is finite and <0, 
g(*) 


we say f and g are of the same order infinite. If 


lim ae) a=) 
I(*) 


G 
we say f is of lower order infinite than g. If 


lim S(@) is infinite, 
g(®) 


we say f is of higher order infinite than g. 
These three cases are denoted respectively by 


S(ia)~g(@), F@)<gI@), f@)>I@). 


We may also say more briefly, that f(x) is infinitarily equal, less 
than, greater than g(x). 
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2. Similar definitions hold when 
fa) =0, gz) +0. 
If, for example, 
lim I) = (), 
yg) 

we say f(x) is infinitely small relative to g(x), or an infinitesimal 
of higher order than g(x). We may also say f(x) 7s infinitarily 
smaller than g(x). In symbols, 


I(x) <g@)- 


3. Turning to the result of 460, we have: 


Lowey =a" a, B>0,7= +0. 


however large «is and however small B. 


462. Let us consider now functions of the type 


teat, Galen, © 
For a>1, we have 
Or loge a. 
For sufficiently large 2, 


big, lx, 1,0 += la 
are >0. We have, then, 
Go bae ole Sl Bw 


The values of these zterated logarithms decrease very rapidly. 
For example, let 


#= 1,000,000,000 = 10°. 
Then 
la = 20.728, v= 3.031, 1,2=1.108, yw=0.108 -.- 
l.v =a negative number. 


Hence /,x does not exist. 
463. 1. Whenr=+ 0, we have, if a, 0,, % --- >0, 


a > 14a > ,%0 > 1%0 --- (s 


The sequence S may be called the logarithmic scale. 


SCALE OF INFINITESIMALS AND INFINITIES 
To prove S, let 
u= En—1e> 
Then wu=+oo with x We have 


lim hg BO = lim logem u = (0) 


x00 Lana, u=fo y*m—l 


by 461, 8. 


; m=1, 2, - 


Deel Ws) Oy, 80 > 1, o> oO 5 
Pale = Lala > Lvl,cl.x 35 woe 


This follows at once from 1. 


464. Letxr=+, while a, a, a, --->0. Then 
pei ed (LY Ne (e )a< ve 
The sequence Z’ may be called the exponential scale. 


Let 
Aare te ae 


9) 
We apply 453. F'@) age 
I@) Ger 
linow Vana l, V=— 0, 
It a>I, fl) _ ea — Var? 
Goce ae Oren” 


If 1<a<2, this shows that Q= 0, and so on. 
Hence 


ut < (GIs 
To show (er) < (oD 
let us set “ 
ne? 
: as Oo oy 
net lim a) eine : 


a=-+00 (e")% u=+0 (Cars 
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(2 


@! 


as just shown. This proves 1). The rest of the theorem follows 


now in the same way. 


816 INDETERMINATE FORMS 


Order of Infinitesimals and Infinities 


465. 1. Let 2=0; then z is an Tinea x’, x? .-- are also 
infinitesimals. 

Taking 2 as a standard, we may say x” is an infinitesimal of 
order n, n being a positive integer, and, in general, if «>0, a is 
an infinitesimal of order wu, where pw is any positive number. 

Then, if 
Rilim I) 

z= wv 


is finite and +0, we say that f(x) ts an infinitesimal of order p. 
Not every infinitesimal, however, has an order. 
For example, by 464, there is no number yp, such that 


is not 0. Hence e * has no order. 


2. On the other hand, an infinitesimal (v7) may not have an 
order p, because 


Flim J) 
x 


t—\) 


either does not exist, or when it does it is infinite or zero. 
Thus 
a oil 
@ sin — 


Riim 
z=—0 ao 

does not exist. Hence 
x sin 


is an infinitesimal without an order. 


3. Obviously, similar remarks hold for infinities. 


CHAPTER XI 


MAXIMA AND MINIMA 


ONE VARIABLE 
Definition. Geometric Orientation 


466. Let f(x) be defined in 9% = (a,b). Let ¢ be an inner point 


of A. If 

Af = f(a) —f(c) >0 in D*(e), a 
J has a minimum ate. If 

Nj =f @)— fe) = 0 in D*(e), (2 


f has a maxemum at e. 

In words, we may say: f has a maximum at e when f(c) is 
greater than any other value of f in 
the domain of ¢; it has a minimum 
at e¢ when f(c¢) is less than any other 
value of f in the domain of ec. Accord- 
ing to this definition, f(2), whose graph 
is given in the figure, has a maximum ee = a 
at c,, and a minimum at ¢,, és. 

The reader should not confuse the terms f(v) has a maximum 
or a minimum at a point ec, with the terms 


Min f@), Max f(@), in 2. 


0) 


A function may nave an infinite number of eatremes, that is, 
maxima or minima, in YI. 


Example. 
S(2) = at(1+4 sin? A TOGO; 
& 


= 0. forz =0. 
817 
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This function oscillates between the two parabolas 
y=2, p= 2a? 


At the origin, f has a minimum; and in any vicinity of the origin, f has an in. 
finite number of maxima and minima. 


467. We consider now how the points at which f(x) has an 
extreme may be determined. Consulting the Fig. in 466, the 
reader will observe that at the points of extreme the tangent is 
parallel to the axis of 2; that is, at these points f’(x) = 0. 

However, f(a) does not need to have an extreme at all the 
points at which f’(7) =0. 

For example, 


=e. 


This is an increasing function whose derivative vanishes at 
a=. In fact, at this point the graph has a 
point of inflection with a tangent parallel to 
the w axis. see Pig. dL: 

On the other hand, not all the points of ex- Oo 
treme are given by the roots of f’(v) =0. 

Example. 


OPS ae Fig. 1. 


This function has a minimum at the origin 0, 
which is a cuspidal point, with vertical tangent. 
See Fig. 2. 

At this point, y has no differential coefficient, 
since 


LF O=+0, Lf'(0)=—o. ies 2e 
Criteria for an Extreme 
468. 1. In D(a), let f(x) be continuous and f™(a)#0. Let 
f(a) =f" (a) == F°(a)= 0. 


Then f has no extreme at a, if n is odd. Tf n is even, tt has a 
minimum, if f™ (a) >0; a maximum, if f(a)<0. 
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For, under these conditions, we have 


Af =f(a+h)—fla)=* (a+ Oh). 
Since f(a) is continuous at a, 
sgn f(a + 0h) =sgnf™(a)=a. 
sgn Af=osgnh. 


If n is odd, 


As h can take on positive and negative values, Af does not pre- 
serve one sign in D*(a). Hence, f has no extreme ata. If n is 
even, 

sgn Af=o. 

Thus in D*, 

Np Oa Fea), 


eet ee), Us 
2. In N= (a, b), let f’ (x) ewist, finite or infinite. The points 
within X at which f(x) has an extreme, lie among the zeros of 
f'@). 
For, suppose f(z) has a maximum atc. Then for h>0, 


fle +h) —f(e) <0, fle—h) —f(e) <0. 
SLAs: 


ial 


But when h= 0, 
dimelie= lite 7 (0). (2 


On the other hand, 1) shows that 
lim R = 9, lim LZ = 0; 


which with 2) shows that f'(c)= 0. 


3. The reasoning in 2 also shows: 


Tf f(x) has an extreme at x= a. then f'(a)= 0, f f' (a) exists 
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469. Let f(x) be continuous in D(a). Let f'(x) be finite in 
D¥(ay, Let \ 
Rf'@=cn, Lf'@=—-cn, c=+1. 
Then f has a minimum at a, if c=+1; and a maximum, of 


G=a= ik 


To fix the ideas, let o= +1. 
Then 
Riim SBC: u — F(a) =+o, 


h=0 


R ae —2,. 


Thus there exists a 6>0, such that 
flath)—fla)>0,  |hl<d. 


in D;*(a). Hence f has a minimum at a. 


470. Let f(x) be continuous in D(a). In D*(a), let f'(x) be 
finite or infinite, and never vanish throughout any interval of rt. In 
RD*(a), let f'(x) be positive when not zero; in LD*(a), let f' (x) 
be negative when not zero. Then f(x) has a minimum ata. If 
these signs are reversed, f has a maximum. 

For, using 403, we see that f(x) is an increasing function in 
RD(a), and a decreasing function in LD(a). Hence f has a 
minimum at a. 

EXAMPLES 

471, f(t) =atx3. 


In 388, we saw 
Rf' (0) =+ 0, Lf' (0) =— o. 


Hence, by 469, f has a minimum at 0, a result which may be seen directly. 


u 
ex —1 


472. S(*) =—., for x #0, 
ee +1 
=} for 7 = 0. 


This function was considered in 366. 
Applying 470, we see that f has a minimum at the origin, a result that may be 
seen directly. 


CRITICISM 821 


ae 
473. Let J(z) =e *, fora #0, 
=()), TOr—=105 


This function is Cauchy’s function. We see directly that it has a minimum at 
the origin. The same result is obtained by 470. 


Criticism 


474. Some writers confound the terms the function has a 
maximum or minimum at a point, with the terms maximum or 
minimum of a function in an interval. These two terms may or 
may not mean the same thing. 

For example, let 


S(@) =sin a, YW = (0, 27). 


: Tr Ete 30 
Then f has a maximum at oy and a minimum at oR These 
are also the maximum and minimum of f in Y%. On the other hand, 
5 Tis . . . 
if we take SB = (0, 7) as one interval, f has neither a maximum 


nor a minimum at any point in BY; yet its maximum in B is 1, and 
its minimum in Q is 0. 


475. The following example also illustrates this point. 
Find the greatest and least distance 6 between a fixed point A 
within a circle and any point P on the circle. 
Let the circle be 
ye oe y = Tia 
and the codrdinates of A be a, 0; a>0. 
Then 


db=V(r—at+yP=aVeitr—2az, 
dd _ —a 


dx W@t+r?—2av 


and 
<i()3 


Hence 6 is a decreasing function in %=(—~+r, 7), and has no 
maximum or minimum at any point in Y%. It has, however, a 
maximum and a minimum in YI, viz. 


Max 8=AO, Minéd=AB. 
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SEVERAL VARIABLES 
. 
Definite and Indefinite Forms 
476. 1. Let f(x, -+%,) be defined over a region, of which a is 


& point. 
rs Af=f@)—fla)>0, in D*(a), 
f has a minimum ata. Tf 


Af <0, in D*(a), 


F has a maximum at a. 
The theorem of 468 may be generalized thus: 


Let the partial derivatives of f(x,+++%,) of order n+1 be con- 
tinuous in D(a). Let the partial derivatives of order <n vanish at 
a, while the derivatives of order n do not all vanish at a. Then if 
n is odd, f has no extreme at a. 

Let n be even. If d’f(a)>0 in D¥(a), f has a minimum ; tf tt 
ts <0, tt has a maximum ata. If d*f(a) has both signs in D*(a), 
Ff has no extreme at a. 


Let 2, = a, + hy +++ %, =A, +h, Then 


Af = af(a)+—_ a¥(a + O8), 
nt n+1! 
by 434. 
Let , +++ 7, be the direction cosines [244, 4] of the line Z join- 
ingaandz. Then 
hy SFL pee hin =TIm 


where Way Oe 
raVhP bo bits abbot yal 


Then Afar G@) Hr KG@), 


since d*f, d’*!f are homogeneous in h, «+: hy. 
Since the derivatives of order n+1 are continuous in D,(a), 
there exists a positive number G*, such that 


[Kj < G, in D;(a). ad 
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If now d*f(a)>0 in D*(a), H is >0 on the sphere 
gy + + Mat = 1, (S 
to which 7 is restricted. 
Then, by 355, 2, there exists a A> 0, such that 
ene 
Then, by virtue of 1), we can choose & <6 so small that 
Aj, in, DP (a). 


Hence f has a minimum at a. 
Similar reasoning shows that if d"f(a)<0, f has a maximum. 
Consider now the case that d”f(a) has both signs in D*(a). 
Suppose that it is positive at a+ h and nega- 
tive at a+h. oe, 
Let LZ, M be the lines joining these points ah 
with a. Let 7, « be their direction cosines. 
pct Giclee 7A 0. 77 
a eae ath 
U1 () =, B<0. 
Let a+ th, 0<t<1, be a point on Z between a and a+h. 
Let 


Thus 


Dist(a,a+h)=r; then Dist(a, a+th)=tr. 
Af=f(atth)—fla=tr"jA+irK’}. 


Let ¢) be such that tr@< A. 
Then, by 1), Af>0 for all points on Z between a and a+th, a 
excluded. Similar reasoning shows that Af<0 for all points on 
M sufficiently near a, the point a excluded. 
Thus in any domain of a, however small, Af has opposite signs. 
Henae in this case f has no extreme at a. 


Let 2 be odd. Then H being homogeneous, 
H(—)=(— 1)*H(@™) = — H(n). 


Hence d*f(a) has opposite signs in every domain of a. Hence 
when 7 is odd, f has no extreme at a. 


324 MAXIMA AND MINIMA 


2. Let f(x, -++%,) have partial derivatives of the first order, finite 


or infinite, in the region R. \ 
The points of R, at which f has an extreme, satisfy the system of 
equations af af 
— == 0 ee (@) 
Ox, OL 


The demonstration is analogous to that of 468, 2. 


477. 1. We have just seen that the sign of d"f(a) plays a 
decisive réle in questions of maxima and minima. But as already 
observed, d"f is a homogeneous integral rational function of h,, 
hy, «++ hm of degree n. Such functions are subjects of study in 
algebra and the theory of numbers, where they are often called 
forms. 

A form ®(2, --- x) which has always one sign, except at the 
origin where it necessarily vanishes, is called definite. 

Such a form is 
Aya ee HAA, ad 
the a’s being not all 0. 

If the sign of a definite form is positive, it is called a positive 
definite form ; if negative, it is a negative definite form. Thus 1) 
is a positive definite form, while 


Sips Ge aj 
ayer Any Lm 


is an example of a negative definite form. 
If ® can take on both signs, it is called indefinite. 
Thus 
ae fee + DS 
is an indefinite form. 

There is a class of forms which vanish at points besides the 
origin and yet, when not 0, have always one sign. They are 
called semidefinite forms. 

Such a form is, for example, 


(421 + + + Ag Em), 
which is positive when not 0. 


Consider the quadratic form 


F= Ax? +2 Bey + Cy. 
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If A + 0, we can write it 


| (Aw + By)? + (AC — Bey}, 


i 


li=S L 

A {| 

If the determinant 
D=VAC= B2 


is > 0, F does not vanish except at the origin, and is therefore a ui posivive definite 
form if A >0, and a negative definite form if A < 0. 
If D<0, Fis an indefinite form. 
IP JD) i= 0p, 1 a 
= rica + By) : 
Hence F vanishes on the line 
Ax + By =0, 


but has otherwise one sign. ‘Thus, in this case, F is semidefinite. 


The theorem of 476 may now be stated as follows: If d"f(a) 
is an indefinite form, f has no extreme ata. If it is a positive definite 
form, f has a minimum; if it is a negative definite form, f has a 
maximum at a. 


478. When n= 2, t.e. when not all partial derivatives of the 
second order are 0 at a, d"f(a) becomes a quadratic form, 


O(a) = a,b by, 3 i,k = 1, 2, --- m1. ad 
where ee a.), 
and hence 
a, = 


The determinant 
CES Cae: 
A, = are Aen 


Ant Ama °** Gnm 


is called the determinant of the form 1). 

Let A,,_; be obtained by deleting the last row and column in A,,; 
let A,,-2 be obtained by deleting the last two rows and columns in 
A, ete.; finally, let Aj=1. 

In algebra the following theorem is proved : 

In order that the form 

za hh (2 


uk ub KK 
be a positive definite form, it is necessary and sufficient that the 


signs of NG INGO ree (3 
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are all positive. For 2) to be a definite negative form, it is neces- 
sary and sufficient that the signs in) are alternately positive and 
negative. 

Applying this result to the theorem in 476, we have: 


Let the partial derivatives of the third order be continuous in 
D(a), and let*those of the second order not all vanish at a. Let all 
the first derivatives vanish at a. Let 


a, ale (oy i Am) 


Any 18+ App 
If the signs in the sequence 
Bye Ne argh 


are all positive, f has a minimum. If the signs in this sequence are 
alternately positive and negative, f has a maximum at a. 


Semidefinite Forms 


479. Up to the present, the case that d"f(a) 1s a semidefinite 
form has not been treated. It is, however, easy to show that in 
this case f may or may not have an extreme at a. 


nisi Say) = 2 — 6 ay? +8 y =(@ —2y%)(e— 4y%). 
@ = (Ms 0), 
Here 
F'x(0) =0, f',(0) =0; 
S20) = 2, f"y(0) =0, f!y2(0) = 0. 
Hence, 


@f(0) = h2. P 


dD 


We have here a semidefinite form. 

That f has not an extreme at the origin is 
obvious. 

For, if P is the parabola 


f<o S>| 0 <0 


x= 2 y?, 
and @ the parabola 
n= 4y’, 
vO 
we see that f<0 between these parabolas, and 


>0 in the rest of the plane. points on the parabolas excepted, as in the figure. 
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Ex. 2. 
Say) =v? + ay + xt 
= w\? 34 
= (v + 4 + 4 x. a 
= (OnO)s 
Obviously, from 1), f has a minimum at the origin. 
Here 
F0)=0, 0) =0. 
20) =0, F100) =0, fi5(0) = 2. 
Hence, 


@f(0) = Ke. 


We have here a semidefinite form. 


480. It is beyond the scope of this work to do more than show 
that the semidefinite case is ambiguous and requires further 
investigation. We refer the reader for a detailed treatment of 
this case to Stolz, Grundziige, Vol. 1, p. 211 seg.; Jordan, Cours., 
Vol. 1, p. 880 seg.; Scheeffer, Math. Ann., Vol. 35, p. 541; 
v. Dantscher, Math. Ann., Vol. 42, p. 89. 


Criticism 


481. The partial derivatives of order n being continuous in 
D(a), we have seen that 


ih 
Af = df(a) +a af(a) ++ see At! + 0h)=7,+ 7, +--+ T,. 


The terms 7}, 7,, --- are polynomials in hy, hg, ---h,, of 1°, 2°, + 
degree, whose coefficients, except the last, are constant. Letting 
hy, hg, +++ be infinitesimals of the 1° order, 7. if 0 is thus an in- 
finitesimal of rth order. The assumption is now made by many 
authors that 7f r<s, then T, is infinitely small compared with T,,. 
When there is only one variable A, this is indeed true; it is not, 
however, always true when there are two or more variables 
Helge 


As an example, consider the form 


h?2— G6 hyhe +8 ht = T, + Ty + Ty 
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Let the increments h,, 4, be related by the equation 
12 = his @ 


i.e. let the point (h,, 4.) approach the origin along the parabola 1) - 


Then 
Iau ipa, Sirs oe hot, Lg Oia 


which-shows that 7, 7’, instead of being infinitely small compared 
with 7,, are in fact numerically 6 and 8 times larger than 7}. 


482. Let us see now how this erroneous assumption regarding 
infinitesimals, when applied to the semidefinite case, leads to a 
false result.* For simplicity we take only two variables a, y. 


Let Af=f(at+h, b+k)—f(a, b) 


ik 


= 5 (Al + 2 Bhk + CR} +o 


= fh, alle Us sk cor 
Let the determinant AC— B2=0. Then TZ, is a semidefinite 
form. To fix the ideas let d#0; then 
1 
= oA {Ah + Bk i, by ATT, ih 


Thus Af has the sign of A, except for the points (hf, k) on the 


line L, 
Azx+ By=0. (L 


For points on L, Af becomes 
T,+7,+-+ 


For points on the line Z, on opposite sides of the origin, 7, takes 
on opposite signs. As the sign of Af at these points depends on 
the sign of 7; (making use of the above erroneous assumption), 
it is thus necessary that 7,=0 for points on JZ, if f is to have 
av extreme at a, 6. If 7,=0 for these points, 


Me Ti+ eee 


* Cf. Todhunter, Differential Calculus ; Desmartes, Cours d’ Analyse. 
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for these points. If now 7,#0 on Z, f has an extreme * at (a, d), 
if 7, has the same sign as A, for points of Z, the origin excluded. 
That this result is wrong may be shown by applying it to 


JI (2y) = 2 — 6 ay? + 8 y', 


which we considered in 479, Ex. 1. 


Here 
aie eet Onan Dy, aS Ic, A=2. 


The line Z is, in this case, the y-axis. For points on L, T,=0; 
while 7,>0, the origin excepted. Thus 7, has the same sign as 
A. We should have therefore an extreme at the origin, if the 
above reasoning were correct. But as we already saw in 479, f 
has no extreme at the origin. 


483. Another error which is sometimes made is the following. 
It is assumed that the function f(a, y) has an extreme at the point 
FR when and only when f has an extreme along every right line 
through R. 

That this view is incorrect is seen by the function 


Say) =(@-2YP)@—4y), 


given in 479, Ex. I. 

As the figure shows, a point 8 
moving along any line L toward the 
origin #, finally remains in a region 
for which Af>0, the origin of 
course excluded. If, therefore, this 
view were correct, f would have a 
minimum at R&R, which we know is 
not true. 


Relative Hatremes 


484. 1. Let us consider the problem of finding the points of 
maxima and minima of a function 


w= fa, 900, AY) oc Uy eee Uy); (al 


* According to the above erroneous hypothesis. 
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where the variables u, +++ u, are one-valued functions of a +++ &p; ° 
defined over a region #& and satisfyiitg the system 


oi "+ Up) = 0 
‘ 5 (2 
dp (@y 1° Up) = 0. 


Such points of maxima and minima are called points of relative 
extreme, to distinguish them from the case when the variables 
Ty +++ Ups Uy +++ Uy are all independent. 

Let the point (a, --- u,) run over the region 7’ when (4 --- 2) 
runs over R. Let f, ¢, --- ¢, have continuous first partial deriv- 
atives with respect to 2 --- uw, in 7, and let the w’s have continu- 
ous first partial derivatives with respect to 2, --- x, in #. 

Let w considered as a function of 2, --- x, be denoted by 


W= FG, --* Ly): 


The points of extreme of w in RF satisfy the system 
Ce ae (3 


by 476, 2. Let S denote the set of points determined by 8). 
Lagrange has given a method for forming the system 3), which 
is often serviceable. It rests on the introduction of certain unde- 
termined multipliers pm, --- fy In fact, differentiating 1) 2) we 


get: 


of of of of 
Ui s CLa Se ere! as Su, duy +++ + EN Ay 5 
_ of, dd, apy dp, 
LR pe CES aren nies cis tia Ree eam 


coals a 
by = FP dn, + + + 5PP diy + Fe dy + + Ee du, = 0. 


Pp 


Multiply the 2d, 3d, --- equations by m,, mw, - respectively, 
and add the results to the first equation. 
We get 
mite 


dw = Go: ree ty+ +(e +3 He 
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Let us now, if possible, determine the p’s so that 


af be _ 
+ Dp Me at me cee! © 
Then 4) gives 


do = (FE +S) a 5) + « +(e +e Fat) am (6 


Then, by 429, 2, 
oF af db, oF Us ad, 
fa >) x fpr aaa 


dr, 82m Us OLm 


ue 2,’ 0m, 


These are the left hand members of the Ae 3). 
Hence, by 3), 


ES ee 0. (7 
1 m me 


Thus the points of S are determined by 2), 5), 7). 
2. Let us introduce the function 
9 =F + Myhy ++ + Mbp: 
We observe that, considering x, --- u, as independent variables, 


og Og Lee og 
a I2yy ee apne du, ay e 


are precisely the equations 5), 7). 
485. To determine whether a point of Sis a point of extreme, 
it is often necessary to consider the second and even higher differ- 


entials of F(a, ++ x,). Here it is sometimes convenient to make 


use of the fact that 
d*F = d’q; 


where the differential on the right is calculated supposing 
Ly + Lng Uy ors Uy 


to be independent variables. 
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For, let us denote g considered as a composite function of x by 
GG By, Joe Lert \ 


(a2, Hho ay = G(x, AAS Loy) 


since the ¢’s vanish now by 484, 2. 
Hence 


2H = dG. 
But, by 438, 2), 
og og 
ee phe ae ib ae 2 
PG = dy + Yaz Put Da Pu, 
= d’g, by 484, 8). 


486. Exampie. Let us find the shortest distance from the point P = (a:azaa), 
to the plane 


b = 01%, + boxe + bgx3 + bo = 0. qd 
Let 
Way? = 7342, = 0) = ies, Ah By 
= f(a1%2%3). 
The points of minimum value are the same for w and 6. 
We have 
g=ft ud, 
09 _ 9 0 
apt (%, — a) + wb, = 0. v= 1) 2)0. (2 


From the four equations 1), 2), we find 
%— =— tub, 


ree ab + dob. + a3b3 + bo 
“~ by? + be? + bg? . 


Hence at this point « = , 
_ (@1b1 + debe + a3b3 + bo)” 
ae by? + bo? + bs? . © 


To ascertain if € is a point of minimum, consider the value of d2w at this point. 


We have 
dg = ={2(a,—a,) + ub idx, BS Up 74 Bhs 


ag = 22 dux,2. 
As this is positive, £ is a point of minimum. Thus the least distance 59 from a@ 


to ¢ is determined by 3). We get 


ie a1b1 + dzb2 + asbs + bo 
Vb42 + bo? + b32 


CHAPTER XIf 
INTEGRATION 
Geometric Orientation 


487. 1. As the reader is probably aware, the integral calculus 
arose from attempts to find the length of curves, the area of sur- 
faces, and the volume of solids. 

Before taking up the general theory of integration, let us see 
how the problem of finding the area of a simple figure leads to an 
integral. 


2. In the interval &=(a, 6) let y= f(x) be an increasing con- 
tinuous function whose graph I is given in the adjoining figure. 

We seek the area A of the figure 
abe8=F. The upper boundary of 
F is the curve I. 

To find the area of a circle in 
elementary geometry, we form a ye 
sequence of inscribed and circum- 
scribed polygons. Each inscribed - 
polygon is contained in the circle; : 
each circumscribed polygon contains the circle. We say the area 
of the circle is therefore less than any of the outer polygons, and 
greater than any of the inner polygons. We then show that the 
areas of these two systems of polygons have a common limit as 
the number of the sides increases indefinitely. This limit is then, 
by definition, the area of the circle. 

We shall adopt a similar procedure here, reserving for later a 
more thorough discussion in connection with other fundamental 
geometric notions. 

Let us divide (a, 6) into equal intervals by introducing the 
points @1, Ay, As, °° 


as b 
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Over each interval (a,, a,,,) we have two rectangles 


r* 
i oe 
Pin = UnGm +1 mUm+ bn = I (Gm)> 
and ‘yf 
Rin = An An+1%n m+1° 
Let 


8, = 1 Bry he + yp 
S,= Ry + Ry t+ By 


Then S, contains #, while s, is contained in #& 
Let us now divide each of the intervals 


(4, A), (Ay, Gy), ** (Anis b) 


into two equal parts. We get two new sums s,, and S,,. In this 
way we may continue without end. Let us now give m the values 
ae oedeba 

We get two limited univariant sequences 


Sra bs ep OS, <4 
Sf gee gare Sys 


Each sequence has a limit by 109. These limits are, moreover, 
the same. For S,—s, is obviously the area of the shaded region 
in the figure. 


Hence fyatp: 
S, — 8) =(B—«@) he : 
Evidently 
lim (S,, —s,)=0. 
Hence i 


lim S,, = lim g,. 
As in the case of the circle, the common limit is, by definition, 


the area of Ff. 


3. Now ne 


n 


i Gray 


n= 


Hence Zar 


3,= {f(a + flay) + +f Cra}; a 


n 
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and therefore, setting for uniformity, a) =a, 


A=lim SFC) 


b—a 
n 


(2 
But as the reader knows, the expression on the right of 2) is 


the integral - 
I F(a@)dz. 


488. Example. Let us find the limit A of 487, 2) for the function 
A OW=62 c>0. 


Set : 
—a 
i ee 
then 
Om = a+ md, m=0,1,--n—1. 
and 
TS(dm) = cr+md = caer, 
Hence 
Sn = 5+ c7{1 4 c84 c+... + e(m-V8} 
l-c 6 
=10) 1% =(cb — ct . 1 
eal SSS Margaam ( 
Now 
lim 6=0 
Also, by 311, 
lim saul oe (2 


From 1),.2) we have 


Analytical Definition of an Integral 


489. 1. Let f(z) be a limited function, defined over the inter- 
val W= (a, 6), a<b. 


Let us divide % into n sub-intervals. “' “* “* ’ gat 
On = (Anaitm)> m=1,2,--m 
by interpolating at pleasure the points 
yy yy Oya fal 


For uniformity of notation, we set 


a=d, boa, 
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This set of points I) produces a division of %, which we 
denote by ‘ 
D = DG, Gy +++. Gy-1)- 

Since no confusion can arise, let 5,, denote also the length of 
the interval 6, The greatest of these lengths we call the norm 


of D and denote it by 6. 
In each 6,,, let us take a point &,, at pleasure, and build the sum 


J, =e Y FEn) (am a a) = DEKE On: (2 


In passing, let us note that the sums S,, s, of 487 are special 


cases of 2). 
Let now 6=0. If J; converges to a limit J, which is independ- 
ent of the choice of the points a,,, &,,, we write 


Talim DFEn n= J fa)de. 


We say f(x) ts integrable from a to 6, and call J the integral of 
F(x) from a to b. f(x) is called the integrand; a,b are respec- 
tively the lower and upper limits of integration. We also write 


J =| faz. 
{fe 
The symbol f is a long S, the first letter of the word swum. 


2. To fix the ideas, we have taken a< 6. 
Then in 2), the numbers 
He fe 8p = (Gn = Bm-1) 
are positive. 
If we had taken a>, the 6’s would be all negative. Evidently, 
whether a is greater or less than 8, if 


f(x)d 
exists, then SIO ¢ e 
{fade e 


exists and 3), 4) have the same numerical value, but are of op- 
posite sign. 
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Without loss of generality, we may therefore, in our discussion, 
take a<6 so that the 6’s are > 0. 
3. Obviously the symbol 
b 
{f@dz 
has no sense when a=. In this case we shall assign to it the 


value 0. 


4, Let f(x) be integrable in X= (a, b), and 


F(@)| <M. 
Then iGe 
b 
Lf fae| < me =75y 6 
For, 
SSUES KC peg Sait 
Hence 
Eis J, <>M6., 
or, 


— M(b —a) <J,< M(b—a). 
Passing to the limit, 6= 0, 
—M(b—a) < f fade < Mb -a), 
which is 5). 
Upper and Lower Integrals 


490. Before deducing criteria for the integrability of f(x), we 
define upper and lower integrals. 


el M.=Max f(z), m,=Minf(2), ind. 
Sp ==M.S,, Sn 2,0. 
We shall show immediately that the limits 
S=lim S,, See Sy 


6=0 


exist and are finite. They are called respectively the upper and 
lower integrals of f(x) for the interval 9{, and are denoted by 


Ie be JS ie. 
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491. If f(x) ts limited in A, the unDe and lower integrals exist 
and are finite. ‘\ 

Let us consider the upper integral; similar reasoning is appli- 
cable to the lower integral. 

Corresponding to each division D there is a Sp. Let us lay 
off these values on an axis. We get a limited point aggregate. 


Sp Sp 
So So 


For, since f(a) is limited, there exists a number M>0, such 
that 


—~M<fix) <M. 

Hence 
—=M5,<=M5,<=Mé,, 
or — M(b—a)<8)< Mb —a). 


Hence, the S,, are limited. 


Let S, = Min Sp. 
We show now that 


that is, for each e>0, there exists a 6), such that 
Sr— 8, <e @! 


for any division D of norm 6< 6). 
Since Sp is a minimum, there exists a division A of & of norm 


n, such that ete 
Sy <8, <So+ (2 


bo 


Let 71, ng) + n, be the intervals of A. Let 
Oommen se Orn ers 


uy? t3? ls 


be the intervals of D lying wholly in y, «=1, 2, --- v3 let 
fs) Obs) = 


be the other intervals of D. 
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We take now 46, so small that 


Be Oey! 


for all <6). This is evidently possible, since A has only v inter- 
vals, v being fixed. 


Tet 
ive Max f, aitco 
Wo Max fae liso). 
Then 
S) = =M_8, ote =M! a 
<2M6,.4+ M28 


<8, —8, +552 + uss 


S,+ M28, — (2Mn,— =M8,) 


IA 


S,+ M38! + M(Sn,—- %6,,) 


IA 


<8. + 5, by 3). (4 


Hence, from 2), 4), 


S< p< St 5< S465 
or, é ; 
Sp — Sy <6 C0. Q. B.D 
492. Ex. 1. %=(0, 1). 
f(x) = 1 for rational points in Y, 
= 0 for irrational points in J. 
Then ~ 
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Ex. 2, 
‘ 1 =(— B, R). 
\ 
Let f(a) lie on the circumference of the circle for rational 


az, while it lies on the edge of the inscribed square for ~# a) fh 
irrational «. 
Then evidently = 
i) fd =47R?, area of semicircle ; 
pe 


f. jfdx = R?, area of half the inscribed square. 
by 


Criteria for Integrability 


493. For the limited function f(x) to be integrable in the interval 
YM, it ts necessary and sufficient that 


Sifie=f fae 


It ts sufficient. For, let D be any division of norm 6. 
Then 


ie Ba Coe) ee 
Hence 
MS, SS Je. 2 M Oye 
Summing, we get = 
Sp >Js> Sp. 


By hypothesis, 
lim S,=lim S, = Z, say. 


5=0 5=0 


lama) ale 


Hence 


it is necessary. For, since the integral J exists, 
e>0, 3>0, |J—3f(E)3 |< $ a 


for any division D of norm 6< 6). 

Let », be any other point in the subinterval 8, belonging to the 
division D just mentioned. 

We have also, as im 1), 


|I7— Ef n)8e| <> e 


4 
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Subtracting 1), 2), we have 


EAE8, — I B1<§ C 


for any division of norm §< 6. 
On the other hand, in each 8, there are points &,, 7,, such that 


Ong ay 


Tia SSRG Ds ere ara 


Multiplying these inequalities by 6, and adding, we have 


Se = =M,6, 4 =f(é,.)5, oT - 


Sp = =m,8, > =f(n,)§, — a 
Hence 


Sp — Sp < BPE). — SI) 3. + 5 


This gives, using 35), 
iS eas eet 
Hence 
S—S<e; hence S=S. 


494. We can state the theorem of 493 a little differently by 
introducing the following definitions. The difference between 
the maximum and minimum of a function f(x) in an interval 2, 
is called the oscillation of f in A. It cannot ever be negative. 
Let D be any division of % into subintervals 6,, of length 6. Let 
w, be the oscillation of f in 6... The sum 


30,3, =0,f = Of 
is called the oscillatory sum of f for the division D. 
We have 
XQ) f= 2 (mM, + m,) é.. = =M.6, = =m,6, 


= Sy ca Sp. a 
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495. In order that the limited function f(x) be integrable in A, a 
ts necessary and sufficient that \ 
lim Oy = 0; Ci 
3=0 


For, by 494, 1), 7; 
Of = Sp — Sp. 


By 493, f(z) is integrable when and only when 
lim 8, = lim 5, 
5=0 


or when and only when 


which is 1). 


496. If f(x) is integrable in A, it is integrable in any partial 
enterval B of A. 


Let W=(a, 6), D=@, Bj). «= « B b 
Since 
lim 2o,6, = 0 qd 
8=0 D 


for any system of divisions whose norm 6 = 0, let us consider only 
such divisions involving the points «, @. Let D, be the division 
of %, produced by D. Then 


(ears eas ane. (2 


since the first sum contains only a part of the intervals 6,, and , is 
= 
Passing to the limit in 2), we have, by 1), 
lim Y@,6, = 0. 


s=0 D 
Hence, f(x) is integrable in %. 
497. In order that the limited function f(a) be integrable in X, it 
is necessary and sufficient that, for each ¢>0, there exists at least one 


division D for which 
I < Opf <e. 


That this condition is necessary follows at once from 495. 
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Jt is sufficient. For, by 494, for the division D 


Sp — Sp<e. Sp 5» 


But then, as the figure shows, 


Sifie—f farce. 


But then, by 87, 5, 
S, ibe is shes 


Therefore, by 493, f(x) is integrable. 


or, by 491, 


498. In order that the limited function f(x) be integrable in YU, it 
is necessary and sufficient that for any pair of positive numbers o, 
o, there exists a division D of A, such that the sum of the subinter- 
vals* of D in which the oscillation of f(a“) is >, is <o. 


It is necessary. For, by 497, there exists a division D for which 
Qf is as small as we please, and therefore 


ODF = 2,6, < @O. él 


Let the intervals of D for which the oscillation of f is Sa, be 
denoted by D,, those for which the oscillation is <@, by d,. 


INES Se ea) Sa See 


This, with 1), gives os > o> D,. 


gb =D,<o. 
It is sufficient. For, having taken e>.0 small at pleasure, take 


(2 


€ ers € 
°=3(—my ”~ 26—a)’ 


where ; 
M = Max f, m= Min f, in YW. 


* For brevity, instead of sum of the lengths of the subintervats. 
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Then, by hypothesis, there exists a division D for which 


\ 
2 Dia; 
This, with 2), gives 


OQ, f= 2o,D, or 2o,d, 
<(M—m)z=D, + oxd, 
<(M- m)o+o(b—aj=5+5=6 


There is, therefore, at least one division D for which 
On = €. 
Then, by 497, f is integrable in Y. 


Classes of Limited Integrable Functions 


499. If f(x) ts continuous in the interval X, it is integrable in A. 

For, since f is continuous in Y, it is uniformly continuous. 
Hence, by 353, we can divide & into subintervals of length 6>0, 
such that the oscillation of f in each interval is <, an arbitrarily 
small positive number. There is thus no subinterval in which 
the oscillation Soa. 

Therefore, by 498, f is integrable in Qf. 


500. Jf f(a) is limited in the interval X= (a, b) and has only a 
finite number of points of discontinuity a4, dy, --- a,, it is integrable 
en YW. 

Let , o be any pair of positive numbers. On either side of the 
points a, mark the points aj, a!’, «=1, 2, 
--- g,as in the figure; but such that the 
total length of these little intervals is <o. 

Since f is continuous in (a, aj), we can divide it into subinter- 
vals such that the oscillation of f in each of them is <o. 

The same is true of the intervals (aj’, a3), (as’, a4), -- 

But this set of subintervals in Q gives a division of 9% for which 
the sum of the intervals in which the oscillation is S@ is <o. 
Hence, by 498, f is integrable in Y. 


@a, aj ae ag’ 
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501. 1. In 263 we saw there were point aggregates having 
derivatives (not 0 of course) of every order. This leads us to 
divide point aggregates into two classes or species. The first 
embraces all point aggregates whose derivatives after some order 
vanish. ‘The second embraces aggregates having non-zero deriva- 
tives of every order. 


2. Let f(x) be limited in the interval YX. If its points of discon- 
tinuity form an aggregate A of the first species, f is integrable in YU. 

We note that the aggregate A in 500 is of order 0. 

We prove the above theorem by complete induction. Let us 
assume therefore that f is integrable when A is of order n—1, and 
show f is integrable when A is of order n. 

Since A is of order n, A” embraces only a finite number of 
points, by 265. Call these 


Wi, Gg, *°> Oy. 


As in 500, we can inclose them in little intervals (a{, aj!) + 
The points of discontinuity in the intervals 


= (a, a), w= (ay’, a), = 


form an aggregate of order n—1. Hence, by hypothesis, f(x) is 
integrable in Y,, Y,, - 

Then each interval 2, can be divided into subintervals by 498, 
so that the sum of the intervals in which the oscillation of f is >@ 
is as small as we please. As in 500, the totality of these little sub- 
intervals furnishes a division of 9{ for which the sum of the inter- 
vals in which the oscillation is >@ is <o, an arbitrarily small 


number. Then, by 498, f(a) is integrable in Y. 


502. Let f(x) be limited and monotone in 1; then f(x) ts inte- 
grable in X. 


If f(x) is constant, the theorem is obvious. We may therefore 
exclude this case. We show that for each e>0 there exists a 


division D for which COyegPeats 


Then, by 497, f is integrable. 
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To fix the ideas, suppose f(x) is increasing. Let us divide % 
into equal intervals of length 


S24 ee ad 
sates £6) -F@ 
Ont = 8[{ f(a) —F(@} + [Fa,) —Fladh + HIF) —FGn) 3] 


= d{fG)-f@3 


<e, by 1). 
503. Example. 
For al 
ont <a Qn? 
let 1 
Fa) == n= 0,1, 2, 8, 
Let 


fO) =0. wet, 4 - 


Here f is monotone increasing and limited in the interval 9{= (0,1). It is there- 
fore integrable in 2{. It has an infinite number of points of discontinuity, viz. the 
points 


Properties of Integrable Functions 
504. If f(x), --- f,(@) are limited and integrable in the interval X. 
Then Fw) =e fi tet oF e’s constants, 


ts integrable in A, and 


S Fae =e, filet of fade, ad 


ZFE.)4, = ef, (E,) 5 > rics ar ¢,2),(&,)9,¢ 
Passing to the limit, we get 1). 


For, 


505. Lf f(x), g(x) are limited and integrable in X, 
h(a)=f(@)g(@) 


ts integrable in Y. 
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1. Suppose first that f(x), g(a) are >O0 and <M ing. Let D 
be any division of 9. Let 6, be one of the subintervals. Let 


Di, OR AOS 
be the oscillations of h(x), f(x), g(x) in 6,. 
Let 
F, f, 
G, 


be the maximum and minimum of f(z) and g(x) respectively in 
Ou: 
Then 
On < FG —fg = FG —g) +g F-f) 


= FO, + g0,< MO,+ MO,. 
Hence 
OQ pA< MZO06,+ MZO,8, = MO, f + MOQ. 


Since for 6 = 0, 
lim QO, f=0, lim Ong = 0, 
we have 
lim Qh = 0. 


Hence, by 495, h(a) is integrable in Y. 


2. If f(x), g(@) are not positive, we can add the positive num- 
bers «, 8 to them so that 


A (mM=f@+a (4) =9(@)+8 


are positive, and by 504, integrable. 
Then : 
A, On@) =f@)9I@) + eg (@) + BK) + a8. 


Hence 


fag (@)=h@) gi) — «g() — Bf(@) — 4B. da 


Each term on the right side of 1) is integrable by what precedes. 
Hence f(x)g(@) is. 
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506. In the interval U let 
A<f(x)<B, 
where A, B are both positive or both negative numbers. If f(x) is 
integrable in YU, so 28 | ; 
I@)= #2) 
To fix the ideas, suppose A, Bare positive. Using the notation 
of 505, 


Lae LO Ea 
o) aa ae Fae Te eel aed 
Hence 
if 
0<Ong < mE Qf. re! 


As f(«) is integrable, 
lim 077 = 0. 
5=0 


Hence g(a) is also integrable, by 1) and 495. 


507. If f(x) is limited and integrable in A, so ts 


ge) =|F@)|- 
For, using the notation of 505, 
0,5 O, 
obviously. Therefore 
9<Opg< Of. 
pe lim Of =0, 


g() is integrable by 495. 


508. In 501, 503 we have met with integrable functions which 
have an infinite number of discontinuities in &. There is, how- 
ever, a limit to the discontinuity of a function beyond which it 
ceases to be integrable, viz. : 
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Tf the limited function f(x) is integrable in the interval Y, there 
are an infinity of points in any partial interval B of XU, at which f 
is continuous. 


Let o,>0,>---be positive and =0. By 498 there exists a 
division such that the sum of the intervals in which the oscilla- 
tion of f is >, is <o. Thus, if o be taken less than 9, there is 
at least one subinterval within %, call it %,, 1n which the oscillation 
is <@,. Similarly, there is an interval %, within %,,1n which the 
oscillation of f is <@,. Continuing this way, we can get a sequence 
of intervals 


B, Bp Bo, ork a1 


each contained within the preceding, whose lengths +0. Then, 
by 127, 2, the sequence 1) defines a point ¢ within %, such that for 
every point z in D(ce), 


| fe) — f(e)|<o. w arbitrarily small. 


Thus & contains at least one point e, at which f(~) is continuous. 
It therefore contains an infinity of such points. 


Functions with Limited Variation 


509. An important class of limited integrable functions is 
formed by functions with limited variation, which we now consider. 


Let f(x) be defined over the interval 9 =(a, 0). 

Let D be a division of % of norm 6; let 8,, 5), +++ be the sub- 
intervals of %& corresponding to this division. 

Let , denote the oscillation of f(7) in 6,. Let us form the sum 


@p = Lo,. 


zo @ = Max wo) 
is finite for all possible divisions D, we say f(a) is a function with 
limited variation, or that f(x) has a limited variation in Q. 

We call @ the variation of f(x) in A. If @ is infinite, we say 
f(z) has unlimited variation in %. If f(x) is unlimited in Qf, it 
cannot be a function with limited variation in Qf. 
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510. Let D=(a,a,---) be a division of %. Let us form a new 
division A by interpolating a point « between a,_1 4. 
Then 6, falls into two intervals 6/, 6!’ in A. 


Let di Mh A IES 
bevthe maximum Of fin 900, 0), WO! 
and let phe che 


be the minimum of f in these intervals. 
Then the term 
o, = M,—m, 
in , is replaced by 
ol + ol! = (ML = ml) + CMY =m) 


in @,. Now at least one of the M', M'' equals M_; and at least 


l 


one of the m!’, m! equals m,. To fix the ideas, let 


He a 
Then 
@,— ep =(0! +0!)—0,= Mm! 50. a 


511. 1. Let f(x) be a limited monotone function in A. Jt has 
limited variation in U. 
To fix the ideas, let it be monotone increasing. Then 
Op = (f(4) —F(@5S + {Fa_) —Fadi +--+ FO) —f@nrD} 
= f(b) f(a). 
Thus, whatever division D is employed, w, has the same value. 


Hence 
@= f(b) —f(a). 


2. Let A= A +A,--- +,» 


Let f(x) be monotone and limited in each interval X,. Then f has 
limited variation in I. 

For, we get the maximum yalue of #) when D embraces all the 
end points of the intervals %{,. In fact, let D be a division which 
does not include one of these end points, say «, which lies in the 
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interval 6. Let A be a division formed by adding ato D. Then, 
by 510, 1), 


@O,>@®p- 


It, on the other hand, D is a division including all the end 
points of ,, W,, --- we cannot increase w, by adding other points 
to D, as we saw in 1. Thus the variation of f(x) in Ais the sum 
of the variations in each Y,- As these latter are finite by 1, f is 
of limited variation in 9. 


512. 1. It is easy to construct functions having an infinite 
number of oscillations in 9, which are of limited or unlimited 
variation. 

Let 6>1, and in Y= (0, d) take the 
aggregate 


els 


il, 4, 4, 4 ay S(2)=0 
Let the line OZ make the angle 45° 
with the z-axis. Between each pair of 6 ta} a 1 6 
points ii 1 
m m+1 
take a point @,,. 
Let f(z) have the graph formed of the heavy lines in the figure. 


Let 
1 1 
ee sa SSA : ab 
D (=. An-1 os 1 ay ) 


Then 


a 1 
Op = a1+5+5+ 42), 


As we shall see later, the limit of the expression on the right is 
infinite. 
Hence f(@) is of unlimited variation. 


2. To form a function having limited 
variation, take the parabola, 


y =o, 


instead of the right line OZ in the 
last example. 
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Then 
Levees 1 
Op) = 21 + N+ ie +5). 


But as we shall see, the limit of the right side is here finite. 
Hence f(z) is of limited variation. 


3. Similar considerations show that 
y=rsins, r#0; y= O fora =0 
has unlimited variation in (0, 6); while 
y= asin ©, EHS y=0 forz=0 
has limited variation in (0, 6). 


513. If f(x) has limited variation in A, it is integrable in A. 

We apply the criterion of 498. Let then, #, o be an arbitrary 
pair of positive numbers. Let D be a division of norm 6. Let 
vy be the number of subintervals in which the oscillation of f(x) 
is >. Then, for any division whatever, 


Vo <0, 


where @ is the total variation of f in Qf. 


Let S 
p= ae 

then ee 

v<p. 


Let us take b<s. Then the sum of the intervals in which the 


oscillation of f is S@ is 
<vd0<pd<o. 


Content of Point Aggregates 


514. 1. Let A be a point aggregate lying in the interval Y. 
For example, A may be the interval & itself. Or it may consist 
of a certain number of partial intervals of 9. Or it may embrace 
an infinity of subintervals with or without their end points after 
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the manner of Ex. 7, 8 in 271. Or it may consist of a mixed 
system of intervals and points not forming intervals. 
Let us effect a division D of {{ into subintervals 


ied oaacerhs 


n 
as heretofore. 


Let 6), Ob, @! 
be those intervals of D in which points of A fall. Let 
1, 8, gt (2 


be those intervals of D, all of whose points lie in A. 


Then ‘S 
A= lims> 6, A= lim 26! 
, * 6=0 5=0 
exist and are finite. 


In fact, let us introduce an auxiliary function f(z) whose value 
is 0 in YI, except at the points of A, where its value is 1. 
Then evidently, using the notation and results of 490, 491, 


25, = =U,8, = Sb, 
since M.=1 if 6, is in 1), but is otherwise 0. 
Oy! a =m,6, = Sos 


since m, = 1 if 8, is in 2), but is otherwise 0. 


Hence Poe 
A= 5; Nz: 


2. The numbers A, A are called the upper and lower content of A. 


When A=A, 
their common value is called the content of A. We denote it by 
Cont A, 


or when no confusion can arise, by A. 
The upper and lower contents may be denoted by 


A= Cont A, A= Cont A. 


A limited point aggregate having content is said to be measurable. 
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515. Let B be a partial aggregate of XU. Let C=A—B be the 
complementary aggregate. If XU and B are measurable, so is ©, and 


Cont € = Cont & — Cont B. qd 


For, let D be a division of norm 6. Let § be the frontier of B. 
Let Xp, Bp, ©, %p be the sum of the intervals of D containing 
points of , %, 6, %, respectively. Let Xp, Bp, Cp be the sum of 
the intervals which lie wholly in %, B, ©, respectively. 

Then 


Wn <Bp+Cy<Ay+ Fp, (2 


since some of the intervals of D may contain both points of B 
and G, and are therefore counted twice on the middle member of 2). 
Similarly, 

Uy S Bp + GS Ly —- Fr GC 


Passing to the limit, = 0, in 2), 3), we get 


But A = 2 = Cont A, B= B=Cont B. 
Hence 


€ = € = Cont A — Cont B, 
which gives 1). 


516. 1. By the aid of the auxiliary function f(z) introduced in 
514, 1, the criteria for integrability which we deduced in 495, 497 
give at once criteria that A have a content. Thus 495 gives: 


In order that A have content, it is necessary and sufficient that the 
sum of those intervals containing both points of A and points not in 
A, converge to zero, as the norm 6 of D converges to zero. 


2. From 497 we have: 


In order that S have content, it is necessary and sufficient that for 
each positive number ¢ there exists a division D of X, such that the 
sum of the intervals in which both points of A and not of A occur, 
ws <e. 
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EXAMPLES 


517. 1. A =rationai numbers in % = (a, 0). 


sf 
a N= os NSD) 
2 A= 0, 1, oe) et) j, : Pa) 
Smeal Lat Lad fet 
Let «>0 be arbitrarily small. OR ie set 1 


Let us define the division D as follows. Inclose each of the points 


within intervals of length 


where 


The remaining points of A fall in the interval 


if € 
(0, +0), b=: 


Then the sum of the intervals containing both points in A and not in A is <e, 
Hence, by 516, 2, A has a content. 


As obviously 0) 
eas} 


we have Cont A = 0. 


If # is the complement of A in Y, 


Cont # = Cont A= (b — a), 
by 515. 


518. 1. A point aggregate of content zero is called discrete. 
Such an aggregate is given in 517, Ex. 2. 


Every limited point aggregate of the first species is discrete. 
The reasoning is perfectly analogous to that of 501. 


2. Let f(x) be limited in the interval U. If the points of discon 


tinuity of f(x) form a discrete aggregate, f(x) ts integrable in . 
This follows at once from 497. 


3. Let y=f(a) be univariant in YX. Let 


Ay 


LEN ee ; <d. 
a <M, uf Azad 


306 INTEGRATION 


Let A be a discrete aggregate in X. The image EF of A is also 
discrete. \ 

Let us effect a division of 2% of norm 6 < d. 

Let 6,, 6,» be the subintervals containing points of A. Let 
M1 Ny: be the corresponding intervals on the y-axis. Then, by 
hypothesis, 


n, < M6... 
Thug =, < M38, a 
- But A being discrete, we can take 6 so small that the right side 
of 1) is <e. 


Hence # is discrete. 


Generalized Definition of an Integral 


519. Up to the present we have supposed that the integrand f(2) 
is defined for all the points of the interval %=(a, 6). By employ- 
ing the results of the last articles, we can generalize as follows : 

Let B be a measurable aggregate in A, and let f(x) be a limited 
function defined over 8. Let us effect a division 


D(a, Ag, +**) 
of 2 of norm 6. 
Those intervals 
(4, Av) (4, Ai) @ 
all of whose points lie in B, form a system which we denote by D,. 
The lengths of the intervals 1) we denote by &, 6, ---; while 
&, &, +» are points taken at pleasure, one in each interval of 1). 
Let us build the sum 


Je= SHEDS 


If as 6 = 0, J; converges to one and the same value, however the 
divisions D and the &’s be chosen, we call this common limit the 
integral of f(a) over B, and denote it by 


So f(a) dz. 


We say in this case that f(z) is integrable with respect to %. 
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520. Let f(x) be a limited function defined over a limited point 
aggregate B of content zero. Then f(x) is integrable over B, and 


{he eo 
c Te= BAEDS 


have the same meaning as in 519. 
Since f is limited, let 
\F@)|< i 


|J3|< M=0. 


Then 


Since ¥ is of content zero, 
line 0. == 0; 
6=0 
Hence 
lim J, = 0, 
5=0 
which proves the theorem. 


521. 1. Let f(x) be a limited integrable function defined over the 
measurable aggregate B. Let the interval X=(a, b) contain B. 


oi g@)=f@), in B; 
=0, (for points of X not in B. 


Then g(x) ts integrable in (a, 6), and 
b 
ff (@)dae= {,f@ae. al 


Let us effect the division D of as in 519. 

As before, let D, be the system of intervals lying in 8. Let D, 
be the system of intervals containing no point of B. Let A be the 
system of intervals containing both points of Band points not in B. 

We build now the sum 


J, = 39.9, 


with reference to the interval 9. 
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Since 
D = Dd, ala RQ, sir A, 
we have 
Since g(v) = 0 in D,, the second sum in 2) is 0. Since 
f@)= 9) 
in D,, we have now 
J; = ESE). AF =I (E.) oe: (3 


Now, by hypothesis, f is integrable in %, and 
lim Bf(E8, = J fae: 


On the other hand, 
lim =gE,.) 6, = 0, 
s=0 4A 
by 516 and 520. 
Hence, passing to the limit, 6= 0, in 3), we have 1). 


2. The reasoning in 1 gives as corollary : 
If f(a) is limited in B, and g(x) is integrable in A, then f(x) ts 
integrable in B, and 


f "9(2) dz = if f(a) de. 


This is at once evident, on passing to the limit in 3). 


3. Let f(x) be limited in X=(a, 6). Let A be a discrete aggre- 
gate in A. Let B=A—-A. Let f(x) be integrable in B. Then 
F(a) ts integrable in A, and 


f, fax = fide. 


The demonstration is similar to 1, omitting the system D,. 


522. 1. Let f(x) be a limited integrable function with respect to 
the measurable aggregate 8, lying in the interval A=(a,b). Let 
D = (ay, Mg++ My) be a division of A of norm &. Let 


(481), (a8), * 
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be resulting intervals formed of one or several contiguous intervals of 
D, lying in B. Then 


Sfx = lim LS fae. d 


Let us introduce the auxiliary function g(x) of 521. Then, by 


521, 
fk Fdx =f gdz. 


Now the division D breaks {%{ up into the intervals 
C4, My )> (Ayy %y)5 (gy Mg) *** (Any 5). 


Letting D,, D,, A have the same meaning as in 521, we have 


if} "gdx ~ Dal edz = > [ages + > fade + MS fy “oda, 
a pvuw ne % Dye % In COLES, 
But 


ot = Do = Lf fae 
2S, gd = 0, 


since g = 0 in the intervals of D,. 


Thus, 
i ‘gdx =>, f ; "fda + > f “gd. (2 


lg|<% 


while 


Now, if 
we have, by 489, 4, 


Pie 


But since B is measurable, 


<M > (a.:—4,) = MA. 
A 


lin A = 0. 


3=0 
Hence the second term on the right of 2) has the limit 0. 
Hence, passing to the limit in 2), we get 1). 
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2. The preceding reasoning gives the corollary : 


If f(a) is limited in B and integrable in each of the intervals 
(eb. and yf fae is converyent as 6=0, then 


JS fe = ae J. fae. 


This is evident on passing to the limit in 2). 


3. Let f(x) be limited in X= (a,b). Let A be a discrete aggre- 
gatemA. Let 8=A—A. Then 


j) ‘Fda = h ig LS, fie 


provided the limtt on the right ts finite. 
For, by 2, 
Bk 
lm fdz= da. 
Ds 7 if 


5S 

But, by 521, 8, ; 
*D 

fl; fdr = i) fax. 


CHAPTER XIII 


PROPER INTEGRALS 
First Properties 


523. In the last chapter the integrand f(x), as well as the 
interval of integration %, were limited. Integrals for which this 
is the case are called proper integrals, in contradistinction to those 
in which either f(z) or {% is unlimited. These latter are called 
improper integrals. 

In this chapter we consider only proper integrals. We wish to 
establish their more elementary properties. 

In &=(a, 6}, we shall take a<6, unless the contrary is stated. 
All the functions employed as integrands are supposed to be limited 
and integrable in Qf. 


524. For the sake of completeness, we begin by stating the three 


following properties already established respectively in 489, 2; 
489, 4; 504, viz.: 


jl fayde=—"f(w)dr, ab. a 
[F@)dz]<Mjb—al, aS, (2 
|f(@)| being < Min the interval (a, 6). 


0) 6 b 
fiehittefildese { fdet- +e fda, azb. (8 


525. Let a, b, c, be three points in any order. Then 


I fdx= { fdr+ f nae a 
361 
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Suppose first that a<e<6. Since 
\ 
5-0 


is the same, whatever system of division D we choose, let us con. 
sider only such divisions in which e enters. The points of D which 
fall in (a, ¢), let us call D,; those falling in (¢, 6), call D,. 


Then ae 
=o, “= 2, a Rfo. (2 


Now f(a) being integrable in Y, is integrable in (a, ¢) and 
(ec, 6), by 496. 

Hence, passing to the limit in 2), we get 1). 

The theorem is now readily established for any other order of 
a, 6, e. 


526. 1. In W=(a, 5), let 


m< fe) <M. 
tiga m(b—a)< {fie < Mba). ‘al 
mae m<flE) <M. 
Poe 3m3,<Ef(E)3, <2 MB, 
or m(b—a)<J;< M(b—a). 


Passing to the limit, 6= 0, we get 1). 


2. In let f(x)Sg(2).. Then 


It Jat Af gdx. (2 


A@)=f@)—g@50, in QW. 


Side = [fae — f gtr, 


For, 


Hence, by 1), 


which gives 2). 
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527. 1. We saw in 508 that, if f(z) is integrable in Y%, it must 
have points of continuity ¢, in any subinterval of %. This fact 
leads us to state the following theorem: 


Let fix)S0inA. If f is continuous at c, and f(e)>0, then 


Si fte>0- 


To fix the ideas, suppose ¢ is an inner point. Then by 351, 2, 
there exists an interval (c’, e!’) about ¢, in which Je) p> 0: 
Hence by 526, 


J, fae eM f fae Sp(el'— ce!) =o, ffaes 0. 


But (2 af ease 


2. As corollary we have: 
Let f(a) S9(a) nm Xt. If at a point e of continuity of f and g, 


F(e)>9(e), then 
S Fie if gaz. 


3. By means of the preceding inequalities, we can often estimate 
approximately the value of an integral with little labor, as the 
following examples show. 


Ex. 1. 5 sere 


<.5236, n>2. qa 
V1 — a 


For, if0<«*<1, 1 1 
< << 2 
Vi-aw V1i—2 


3 3 dx 2 da wT 
= arcsinf == 
f, dir < f pee AG a $= 6° 


Hence * 


which gives 1). 


Ex. 2. wen < f, *o—wdu <arctg 4, 2 > 0; (2 


For by 413, 2, eal+e+ Sem, (<a alls 


* In order to illustrate these and a few immediately following theorems we assume the 
elementary properties of indefinite integrals, which are treated in 536 seq. 
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Hence e>14+4, z>0. 


ue ew ce 2: : VOC 


1+ a2’ 


Hence, x being a constant, 


* ga * o-u2 7 du 
{, du< {ie du< Lea 
which gives 2), 


528. 1. Let f(x) be limited and integrable in X; then | f(x)| 28 
integrable in A, and 
fon 


In the first place, | f| is integrable by 507. 
On the other hand, 


—|F@)|<f@) <|F@|- 
The relation 1) follows now by 526. 


< fi iflae. qd 


2. The reader should guard against the error of assuming that 
F() is necessarily integrable in 1 if | f(~)| is integrable in Q. 
For example, let 
J(e) =1 for rational z in Y, 
= — 1 for irrational z in Y. 
Then : 
Coyle for every 2 in A, 


and is therefore integrable in 9. But f(x) is obviously not inte- 
grable in Y. 


529. 1. In X= (a, 5), let 
m<g(x)<M. a 
When not zero, let f(x) be positive. Then 


* if fan < {i fode<M fh fie. (2 


For, multiplying 1) by f(x), we have 


mf <9 < Mf. 
We have now 2) by 526. 


FIRST PROPERTIES 368 


2. In U tet f(w~)S0. Let m<g(a)<M. At a point ¢ of con. 
tinuaty of f(x), g(x), let 


S(@)>9, m<g(e)<M. 


mf fae < fifgde <M f fae. 


We have only to apply ‘527, 1 to the functions 
(M—g)f and (g—m)f. 


Ex. 1. x dx arc sin x 


Then 


are sin x < ’ (3 
ON) Me ae 1 et WN 
where De Ny Wee, 
For 
’ ee 1 < de 
V1 —rd22 V1I—X 
Hence 
ahs z dx 1 She 
te _<( < {, “S 
oVinw@ 2° Vi-gvi-w@ vi-d* vi-w 
which gives 3). 
1 
Ex. 2. 388. < f, xetdx < .907. (4 


Hore an 1), 
l<er<e. 


i Teeal 1 
f, edn < ij eter dt < ef xd, 


Hence 
which gives 4). 


530 1. Let f(x)=g(x) in YX, except for the points of a discrete 
a,greyate A; then f, g being limited and integrable, 


J fax = IO qd 


eae ha) = f(a) — (2). 


Then A= 0, except for the points of A. 
Let D be a division of %. Let D, embrace those intervals con- 
taining no points of A. Let D, embrace the other intervals of D. 


Then ' 
—- Ss = Se 
Sh 6, xt 5 > 
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Let now =0. The limit of the left side is 


if Mie 


Since A is discrete, the limit of the right side is 0 by 520. Hence 
if hdz = 0, 


2. Asa corollary we have: 


ip f fie 


we may change at pleasure the value of f(x) at the points of an 
arbitrary discrete aggregate, without changing the value of J, pro- 
vided the new integrand is also limited in A. 


which proves 1). 


_ In the integral 


First Theorem of the Mean 


531. Let f(x), g(x) be limited and integrable in A= (a, 5). 
When not 0, let f(a) be positive. 
Then 


6 6 
S.fudx=@S fae, ab, a 
where G = Mean g(a), in A. 
For, by definition, 268, 4, 
m<G@<M, 


where m and WM are respectively the minimum and maximum of 
gz) in Y. Also, by 529, 


m | fax< { fode<M faa, Ga, 


which gives 1) in this case. The case of a>6 follows now at 
once. 

The above is called the first theorem of the mean. We give now 
some special cases of it. 
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532. Let f(a) be integrable in X= (a,b). Let 
Mt = Mean f(z), in A. 
Then d 
J f@)de = —a). aSb. 


Proved, by taking one of the functions in 531, equal to 1. 


533. In the interval U= (a, 6), let f(x) be limited, integrable, 
and non negative. Let g(x) be continuous. Then 


Me fda =y(E) i. fdr, a<&<b. a 


For, by 531, setting G = Mean g(a), 


JSfade= Gf Fae. 


But g(x) being continuous, takes on every value between its 
extremes including end values, while x runs over %, by 357. Hence 
for some & in A, 

g&) = G, 


which proves 1). 
534. In the interval &% = (a, b) let f(x) be limited, integrable and 
non negative. Let g(x) be continuous. At some point of continuity 


of f(x) let eer 
M<g(xr) < iM, 


where m= Min g(2), M= Max g(x), in YU. 
Then 


Sifadr=o(b) f fae: Pere, 


For, by 527, 2, 
mf fan<f fdr<M | fide. 


Spore Gf faa, m<G<M. 


Hence, 


368 PROPER INTEGRALS 


Now g(a) being continuous takes on its minimum m at some 
point «, and its maximum at some point 8 in Y, by 3857. More- 
over, at some point & in the interval (a, 8), g(x) must take on the 
value G. As g(a) has the values m and M at the end points of 
this interval, & must lie within this interval. Hence 


a<&<b. 
535. Let f(x) be continuous in X= (a,b). Fhen 
S.fiv= (af), a<€<b. 


This is a corollary of 534, one of the functions being 1, provided 
Ff(«) is not a constant, when the theorem 
is obviously true. 

This theorem admits a simple geo- 
metric interpretation. It states that 
there is a point & a<&<d, such that 
the area of the rectangle ABC’ D’ is the 
same as that of the figure A BCD, determined by the graph of f(z). 


The Integral considered as a Function of its Upper Limit 


536. Let f(x) be limited and integrable in X=(a,b). Then 


F(x) =f 'f@)dx, a xin, 


is a one-valued continuous function of x in U. 


Since f(x) is integrable in 9, # has one, and only one, value for 
every 2. 

Let [f@)|<M. 

We have 


AP=F(r+h)—F@)= [ fl)de — [fade = ["'¢@ae. 


H 
Hence |AF|< M|h| by 524, 2). 
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Thus if we take we <, 
we have |AF| <e, 
for every h, such that 2+ h falls in Y, and 

|A| <6. 


Hence F(2) is continuous in QM. 
537. 1. Let f(x) be limited and integrable in X= (a,b). Let 


Jz) = [ fla)da, a, xin A. 


Gin | 
de CL). (1 


If f is continuous at x, 


To fix the ideas, let 
ax<a<xex<at+h<b. 


ae AT =Sath)—Kay=f- [=f 


=AM, by 532, 


where Yt = Mean f(x) in (a, +A). 
But since f(a) is continuous at 2, 


M=f(%)+n, I\|nl<« 
for any h<some 64. 


Hence ae. Th 
Ax 
Passing to the limit, we get 1). 


2. Asacorollary we have: 


Let f(x) be limited and integrable in X= (a,b). Then 
lima [- f(a)de ah (2) x in A, (2 
n0 Ave 


if f is continuous at the point x. 


370 PROPER INTEGRALS 


538. 1. Inthe interval A, let f(x) be a limited integrable function. 
Let F(x) be a one-valued function whose derivative 1s F(@). ~ Then 


[fae =F(B)-F@). — & Bind. a 


For, let D = (ay, dy *** 4n-1) be a division of the interval (@, 8). 
Then by the Law of the Mean, 


F(a.) — F(@) = f(E) 8, 
Fag) — Fa) = f(Eq) Oy 2 


E(B) — PCAn-) = FEn) one 
Adding the equations 2), we get, since terms on the left cancel 
Aas F(B)— FC) = SPE). @ 
Since f(x) is integrable, 
lim S(E)3.= J fae. 
Passing therefore to the limit in 3), we get 1). 


2. Example. By differentiation we verify 


ja ee dAarctg (A tan x) _ 1 
n° SS SSS 
1—» 1+ 2 tan?” 


for |\|~landa“~@m-+41)r/2. Hence by 588, 1, 
2 da _« — Aarctg (A tan 2), 0 T 
f — , 5! lA See 


14+ 2tanta 1— 2 


The integrand is not defined for « = 7/2; let us therefore assign it the value 0. 
The integral on the left is continuous, by 586. Hence 


ie Liim (= Llim © dare tg (A tan 2) 
0 z=7/2/0 Le 2 ? 
or 


(i dx tus (1+ d) mat, 1 f (4 
o I= )2tante) 2 1=27 9 4 jy] 


As we have derived this formula we have been obliged to assume |A| 41 It 
is, however, valid even when |A|=1. For, 


m/2 dz m/2 | 1 1) 20 leg T 
— 2 } 
i) 1+ tan? 2 i poe are 2” pe 0 mre 


which agrees with 4) when |\} = 1. 
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539. Criticism. A common form of demonstration of the pre- 
ceding theorem is the following. Since 


lim F(x+ ") — F(z) es 
we have ; 


o0, S>0, FEPD— FO) _ tay tel le’ | <e, 


for |h|<6. The equations 2) of 588 are now written 
PQ) — F@)=f@hy + eyhy 


EB) — FOr) =F Gn hin t Enline 
Adding, we get 
FB) — BO) = EF (aha + Delage a 
If ¢ is numerically the greatest of the e,, 
| deh, |< edh, = e(B—@), B>«. 


It is now assumed that e=0 with é. Hence passing to the limit, 
d= 0, 1) gives 538, 1). 

The objection to this demonstration lies in the tacit assumption 
that the difference quotient converges uniformly to the derivative. 
Cf. 404. In other words, that it is possible to divide the interval 
(a, 8) into subintervals hy, hy, +++ h, such that e,, e, ++ €, are all 
<o, a positive number, small at pleasure. As elementary text- 
books say nothing of uniform convergence, the above reasoning is 
incomplete. 


Change of Variable 
540. 1. Let f(x) be limited and integrable in X=(a, b),aZb. 
oe u=9(2) ( 


be a univariant function in U having a continuous derivative g! (x) #0. 


Let 8 =(«a, B) be the image of U afforded by 1). Let 
w= (ut) 
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be the inverse function of d. Then, if f[(u)]W' (x) t8 integrable 
in B, , sy 
[fade = [FEW] y Cdu. (2 
By 358, the correspondence between the two intervals 2, B is 
uniform. 
Let E(u, ug +++) be a division of B, of norm 6. 


Let Az, in % correspond to Au, in B. 
By the Law of the Mean, 


Nae =e! (7) Ate mn. lying in Au,. 
Let &, in 2% correspond to y, in 8. Then 
EF (En )Are = STII Ate C 


Bec fa),  fLObadv'(w) 


are limited, and integrable by hypothesis, we have 2) by passing 
to the limit in 3). 


2. If the conditions of 1 are not satisfied in the intervals 9, %, it 
may be possible to divide them up into subintervals, in each of 
which these conditions hold. 


541. 1. Let us evaluate 


llog 
Jeaal: log 1 + x) dat a 
0 1? 
We set 
%=tanu=y(u), or w=arc tang = (x). 
Then 


ISO: 23S; aD) 
The conditions of 540 are obviously satisfied. Hence 
Ue ("108.01 + tan u)du. 
Let us make a new transformation 
u=nr/4—%. 


The conditions of 540 being again satisfied, 


(Ce T 
T= log {1+ tan (F—2) | a 
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But 
tan (T—) = 1—tanv. 

4 1l+tane 
Hence 
fee Te ee Zs log 2 (™" caer, 

9 1+tany — 
n/4 Tv 
or 27 =log2 { Oe 

Thus i 

J =7/8 log 2. (2 


2. That we should not affect a change of variable in a definite 
integral, without due precaution, is illustrated by the following 
exainple. 


b 1 dx =p! 
Let 2 = OL o oe hE 
e if ST (2) dx ( eae: [ are te|, 3 (3 


Let us change the variable, setting 


sise 
aN ACRE 
Then 
O=2—=i O=sile GseosL jail 
ea (YO W'Gddu=— ("=F (4 
-1 es IE 2 


The two integrals 3), 4) are not equal. The reason for this is that the function 
1 
u=o(a)=+ 
Ce 


of 540 does not have a continuous derivative in 2% =(—1,1). Indeed, it is not 
even defined throughout 2. 


542. Let rx=>W(w) have a continuous derivative in 8®=(a, 8), 
a=. Let % be the image of B. Let f(x) be limited and inte- 
grable in MX, and let f[w(u)]' (wv) be integrable in B. Then 


[fade = fFYOW@du a=), b= 8). 


1. Let us note first the difference between this theorem and that 
of 540. In 540 W(w) is univariant, and %, 8 are in uniform 


correspondence. 
In the present theorem, y may have any number of oscillations 


in %. Furthermore, the intervals 2 and (a, 6) may not be the 
same. 
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Example. Let c=y(u)=sinu, 8=(0, ir). Then the image of B is the 
interval 9’=(—1, 1). On the other hand, a =sin0=0, b=sintirn=}4. Thus 
(a, b)=(0, 4) is different from YI. 

Let f@)= a. Then 


b > B ae 
f ae f, Lae =ts f spuyyudu= ( sin u cos udu = }. 
a a 
Thus the two integrals are equal, as the theorem requires. 


2. To prove the formula 1), consider 
F=f F@)de— {'gdu, — gu) = fu] (u).- 


We shall show that (wv) is a constant in 3. As it is 0 at a, 
F=0 throughout 8%. 


To this end we show F(u)=0, in 8. 


Then, by 400, 2, F(z) is a constant in %, and therefore 0. 
At any point wu of B, we have 
7 (u)+Ay 


ies flade — f"g(u) au. @ 


p(w) 


There are two cases: 
1°. y’(u) #9. Then, by 403, y(u) is univariant in V(w). 
We can thus apply 540. Hence 
AF = 0, in Vw), 


d theref 
an erefore F'=0, te 3 


2°. W'(w)=0. Let us apply the theorem of the mean 532 to 
each integral in 2). Then 


AF = OA — VAu, 
h 
Petra ® = Mean f(z), V = Mean g(u) 
in Ayr, Aw respectively. Thus 


AF _ 
Aue OR 
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Now 


. Aw 
] = = J =v. 
Se y'(u) = 0 


Also : 
lim ¥=0, 


since f[W(w)] is limited in YM, and 
lim yy’) = W'(u) = 0, 
vy’ being continuous. Hence #’(~) = 0, also in this case. 


543. Let f(x) be limited in X= (a,b), aZb. Let u=h(x) have 
a continuous derivative ¢'(7) #0 in. Let B = (a, B) be the image 
of XU; «= (a4), B=G(b). Let v=Wu) be the inverse function 
of d. Then 


Ss eee fi FORCE (ads a 
S,File = SAPD (uh é 


Let us prove 1); the demonstration of 2) is similar. Since ¢ 
is univariant, the intervals % and % stand in uniform correspond- 
ence by 858. ‘To fix the ideas let ¢ be an increasing function. 

Then by 381, W/(u) >0, and continuous. Let H= (WH, u,, --) 
be a division of 8 of norm 6 into subintervals Aw,, to which cor- 
responds a division D= (2, , ++) of {9 of norm d into intervals 
Az. Let 


L, = Max f(«), in Ag,. 

= Max fb(u)), in Au,. 

M, = Max fop(u)) 00), in Au, 

A,=Minw(u),  #.=Maxy'(u), in Au,. 
F= Max |f\, in Yl. 


We have to show that 
Sp ==LAz,, S;==M Au, 


have the same limits. 
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Since ¢/(x) and w’(w) are continuous, they are uniformly con- 
tinuous. Hence d and 6 converge to 0 simultaneously. For this 
reason for any 6<some 6), 


€ : 
L— << ==, uniformly in %. 
P\B—a| 


By the Law of the Mean, 
Az, =P’ (0, At, v, in Au,. 
Hence i a 
@=S8,—S8, = >i M, — Leay'(v, jAu,- 
But, obviously, 
Max f Min w! < Max fw’ < Max f Max W’; 


if Max f>0, while the signs are reversed if it is <0. 

Thus in either case M, lies between DA, and L,u,. Also, 
L y'(v,) lies between these same bounds. Hence 
ESE NO RS gre: 

(SARACEN) ee 
aa 

544. Let x=>W(u) have a continuous derivative in B=(«, B), 
a2 Bp. Let w' vanish over a discrete aggregate A, but otherwise let 
wt have one sign. Let L=(a,b) be the image of B, a=wW«), 
b=W(B). Lf one of the integrals 


X= {fae =jL. 
U= [FCW du = [5 


exists, the other does, and both are then equal. 


Hence 


To fix the ideas let U exist. By 403 the correspondence between 
Y, Bis uniform. 

Let us effect a division, of norm § of 8. Let the norm of the 
corresponding division of & be n. Let %, be those intervals con- 
taining no points of A, while 6, = 8—, is the complement of $)- 

Let ,, %, correspond to B,, B, respectively. 
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ratbeth 5 
So.= Ja, 
Ra eu 
Vom Vaaie Je 


= {L.. by 522, 3. 


A similar reasoning holds, if we assume that X exists. 


Now 


But, by 548, 


while, since A is discrete, 


Hence 1) gives 


Second Theorem of the Mean 


545. Let f(x) be limited and integrable in UX =(a, 6). 
Let g(a) be limited and monotone in A. Then 


% é b 
J fode = gat 0) f fde + yb— 0) f, fae, pecte2is Te 
Since g is limited and monotone, it is integrable in % by 502. 
Hence fg is integrable, by 505. 
pial S, g(a+0), g(b—0) exist. 
If g(a+0)=g9(b—0), the relation 1) is obviously true. We 
therefore assume that these limits are different. 
To fix the ideas, let g(a) be monotone increasing. 
We begin by effecting a division of Qf, 
D(Gy, dg =: Gn-1)) 
of norm 6. We also set 
C= Fon UU Poe 
bet Mi=Maxf, m,=Minf, 


in the interval 8. =(4,_14,)- 


378 PROPER INTEGRALS 


Let &, be any point in 6,. 
From 


M, > FES > mp 
ee M3, >f(E)8, > Mbp 2 
and also oa 
M3, > J, (Ear > mBq (3 


From 2), 3) we have 
IF EDS.— J, |S OL — mb 


ao FEB =S file + ¢ 
lo,| <M, — m,)8,. 


Multiply 4) by g(&,); and letting « = 1, 2, --- n, let us sum the 
n resulting equations. We get 


EF (Eg Ed, = Sy Eo) ff fle + Songt&,): © 
N * : 
ee bicinss 
or more briefly, 
=J oJ. 


Hence letting « = 1, 2, --- n, we get 


HES =I EDS —9 EDS, 
aE) J, =9(&, y te (és) J, 


EDL =I 9b Of, 


HES = IES. 


Adding, we have, 


LIES fie = ES fae + d {Eg ba} f far. 6 
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Since g is monotone increasing, 
Gr, = gE) meg eet) S50. 


6 
Let Qt be the maximum of the integral { Jdx, and m its minimum 
as x ranges over %. Then 7 


Gm<{9E)-9E)} f_< am, 
and adding, 


mYG,<> {9E-9E)} {_ <MD 4. (1 


cue SG) 9b.) —9(ép: 


Thus 7) gives 


Yi sEo-sE-o}f_fae=0f{ 9-9}, 


where m<@<M. 9 


Thus 5), 6), 8) give 
VA EER IES, fet @{ 96.) — 96) } + Yo.gEd- (10 


In this equation let 6=0. The limit of the left side is 


Sf fode. 


then |2o,.9(E,)|<TZe,. 
But 


Zo,Z Qf, by 494. 


As f is integrable, lim Qf =0; 
hence the last term of 10) has the limit 0. 

Thus all the terms of 10), besides that in ©, have finite limits. 
Hence the limit of @ exists. Call it @. 


Hence m< 0<M. 
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But F being a continuous function of 2, it takes on the value 0 
for some point & in & by 357. . 


Hence 
b 
6= dz. 


Passing now to the limit in 10), we have 


Sf fyax = gat of, fax + [9 —0)—g(a+0) | ff fae. qi1 


But since 6 é é 
S=So+J,> 
a a é 


we get 1) at once from 11). 


546. If g(x) is not monotone, the formula 1) of 545 may not 
be true, as the following example shows. 


Let 
ANG) See, g(x) = cos x. 
Then 
1/2 
f wo cosadx>0, by 527, 1, 
aa 
since the integrand is never negative and is in general positive. On the other hand, 


g(a+0) =cos—7/2=0; g(6 —0) =cos 7/2=0. 


Hence the right side of 1), 545, is zero. The formula 1) is thus untrue in this 
case. 


INDEFINITE INTEGRALS 
Primitive Functions 


547. 1. The theorem of 538 is of great importance in evaluating 
integrals. For, to find the value of 


I= f fax, a 


F(x) being limited and integrable in = (a, 2), we have only to 
seek a function F(x) which is one-valued in % and has f(z) as 
derivative. Then, as we saw, 


J= F(x) — F(a). @ 


- - 
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Let G(a) be any other function which is one-valued in % and 
has f(x) as derivative. Then 


J= G(a) — Ga). (3 
Comparing 2), 3), we have 
G(@) =P) + ¢, 
where Cis a constant. 


The functions F(x), G(a) are called primitive functions of f(x). 
They are denoted by 
SF@dz2, 


no limits of integration appearing in the symbol. Primitive 
functions are also called indefinite integrals. In contradistinction, 
integrals of the type 1) are called definite integrals. 


2. Every formula of differentiation, as, 
D,F(@) =f@), 


f(x) being umited and integrable in an interval YU, gives rise to a 
formula of integration, 


Sf@ di= F(x). 


For reference, we add a short table of indefinite integrals.* 

We observe, once for all, that in all formule involving indefinite 
integrals, we shall suppose that the integrands are one-valued, 
limited, and integrable in a certain interval 9{, while the functions 
outside the integral sign are one-valued in Qf. 


548. fade = ax. 
gtth 
= ; —1. 
iff oda at be 
# = log |a| 
x 


f edn = 0%: 


* An excellent table of integrals is “A Short Table of Integrals” by B. O. Peirce. 
Ginn & Co. Boston. 
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fade = Le ‘ >0 
log a 

S< g = 7 are tg =) a+0. 

mee = are sin a a#0. 

Vari — x a 


fain ade =— cosa. 

frees x dx= sin 2. 

fian a dx = — log |cos 2|. 

foot a dx = log |sin z|. 
ean xv sec x dx = sec & 

fsce? xcdx= tan 2. 


549. Not every limited integrable function in &%=(a, 5) has a 
primitive, as we now show. 


Let f(~) be continuous in 9; let 


F(a) = { fade, a<v<b. 
Then, by 537, 
“ =f(x), in QW. 


Let us define a limited function g(x) in & as follows: it shall 
= f(x) except at points of a discrete aggregate in A, at which 
points f(~)#g(#). Then, by 530, 

J, gde = F(@). a 

Suppose now g(x) had a primitive G(x) in. Then, by 588, 


Jf, gde = G(a)— Ea). (2 
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Comparing 1), 2), we get 


G(x) = F(x) +0, Ca constant. 


Hence d@_aF ee 
aa az ; 
or f(2)= 9); in W, 


which is a contradiction. 


Methods of Integration 


550. In order to find the primitive of a function f(v~) we may 
proceed as follows: We first consult a table of indefinite integrals. 
If the integral we are seeking is not there, we try to transform it 
into one or more integrals which are in the table. 

The principal transformations employed are: 


1°. Decomposition of the integrand into a sum. 
2°. Integration by parts. 
3°. Change of variable. 


We treat these now separately. 


551. Decomposition of the integrand into a sum. This method, 
as its name implies, consists in breaking f(x) up inte a sum of 
simpler functions. Thus, if 


S@=F(O) + +h), 
then rf fale = {fle +--+ Shido. 


I, He 
Ji § cos? or dat. 
AS 
cos? 4 = wees 


I= 1 fax + f cos 2 x da 


=}4xe+4sin 22. 
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He. 2. 
J= @ + OF gy, 
i + BL 
Since 
a+be_b ap — ab by 91, 2), 
a + Bx =) B(a + Ba)’ 
I) Coad bag 
= 1 
am oe a + Ba 
Now ne ak 
Ca a+ Ba alae + Ba). 
a+pe B atpe Bp gC ) 
Hence : : 
dx 
—— =- log (a+ Br). 
ac B ( ee) 
Thus 


j= ata eal ab log (a + Ba). 


Integration by Parts 


552. In the interval , let w(v), v(x) be one- 


having limited integrable derivatives. Then 


Ree: } 

Duv =u! + ow. 
Hence 
furl de = uv — | vu'da. 


The application of 1) to evalue 


ee if fax, 
ee | 


J=uv— | vw de. 


is as follows. We write 


Then 1) shows that 


valued functions 


qd 


The determination of J is thus made to depend upon 


fou dz. 


553, /Ex. 1. 
i= fa log x dx. 


Set 
= log x, See 
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Then phen hin aie 4a, 
x 
Hence 
J=1% logx — 4 feda 
42 
=-—=(losg/— 4). 
°) (log 2) 
554, Ex. 2. 
Jah ee sin bx da, a Deas 
Set u = sin ba. vy! = ea, 
Then 1 
u! = bcos ba, == e%%, 
a 
Hence 1 } 
J = —e% sin bx — 2 {= cos ba dm. (¢| 
a a 
To find 
ie few cos ba dx, 
set u = COs bx, vl = ew, 
Then F 1 
u! =— bsin ba, V=— Ee, 
a 
Hence 1 


K == e* cos bx + b ip sin bx du 
a a 
b 


=! pax cos bax + OV. 
a a 


This placed in 1) gives 


Ta ria sin bx — b cos bx} | Q 


: a+ 
The same method gives 


je bos bade = fase ba. +b sin bey, (3 


a2 + ob? 


Change of Variable 


555. Let f(x) be continuous in the interval AU. Let w= h(x) have 
a continuous derivative $'(x)#0 in YU. Let B be the image of A, 
and x= (uw) be the inverse function of d. Then if 


SALOON du = G(%), valid in B ; 
we have ff@)dv=G[p@)], valid in 9, 


For, dG[p(w)] _d@(u) , du a 
dx du da 
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But by hypothesis, 


aG@ : ae da 
16 < FLP@OIW' @) =FIYOO1E 


os: du dx _4 
dx du 
1) gives 
= A161 _ FEy(uy]=S@)- 
z 
fo} 
Ret wu = loee: 
mer J= j2 = log u= log log x. 
u 
O50. EX, 2. J={——_. 
eV2 ax — at 
set u=V2 ax — a’. 
Then 
du 2 Uu 
= =— tg — 
ee a+ uu Ga Sve 
= are tg v2 ax —a* 
a a 
558, Ex. 3. J= f Dink 
Va? + a 
Set he al: 
Then 
J= je = log u 
= log (a + Va? + a?). 
559, Ex. 4, 7 f dz . 
V(« — a)(@ — 6) 
Set ae ets 
%=Vz— a. 
Then 


wt du 
J=2(—__% _, 
Vuei+a—b 


an integral evaluated in Ex. 8. 
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INTEGRALS DEPENDING ON A PARAMETER 


560. Let the rectangle bounded by the lines 2=a, a=b, y=a, 
y = B be denoted by 
Te == (A), 0,80 Fe 


Let N= "Ca, 6), DB ='Ca, 8). 

Let f(a, y) be defined over R. If we give to y an arbitrary but 
fixed value in %, f(a, y) is a function 
of w defined over %. But since its 
value also depends on the particular 
value assigned to y, we say f is a func- 
tion of # which depends upon the param- 
eter y. If for each value of y in &, 
F(@, y) is a limited integrable function 
of x in %, we shall say it is regular in 


f. When f(a, y) is regular in R, 


I(y= Sflayae a 


defines a one-valued function of y, over the interval %. 

In performing the integration indicated in 1), we consider y as 
constant and integrate with respect to a. 

In the present section we propose to study the function J(y) 
with respect to continuity, differentiation, and integration. 


ID, Ale J) = i Ua, 


= (0, r), B any interval. 


Ex. 2. Jy) = {Jos —2y cosa + y?)dz. 


9 =(0, 7), B any interval not including y =+ 1. 
For, log u is continuous when u>0. Here 


u=1—2ycosx+y?=(y — cos x)? + sin?a SO, 
and hence u = 0 only for the points whose codrdinates are 


a= mr, y= (— 1)". (2 
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Continuity 


561. Let » be an arbitrary but fixed value of y in @=(@, 8). 
Let us denote the line y= 7 by H. 

Let #(x) be defined over = (a, 6). 

If for each e>0, there exists a 6>0, such that 


lf@ath—-d@i<64 Cd 


for each O<|h|<6, and every x 
in WM, we say: f(x, y) converges 
uniformly to p(x) along the line H, 
or with respect to the line H. 

We denote this by 


lima y) == par), uniformly ; 
= 
oe J@GY)=o@), uniformly along H. 


If in the relation 1), only positive values of h are considered, we 
say f(a, y) converges on the right uniformly, ete. 

If only negative values of h are considered, f(zy) converges on 
the left uniformly, ete. 

If f(zy) converges uniformly to f(x, 7) with respect to the line 
H, we shall say f(vy) is a uniformly continuous function of y with 
respect to the line H, or along the line H. 

If f(zy) is a uniformly continuous function of y with respect to 
each line y= 7 in 8 = (a@8), we shall say f(ay) is a uniformly con- 
tinuous function of y in B. 


562, 1. Let f(x, y) be regular in any R= (abyB), «<y<P. 
Let Blim f@, y= o@) 


uniformly along the line y= «. 
Let p(x) be limited and integrable in X. 
Then 


b b 
vit lim { fey)de ={R lin f(zy) dx = { d(a)dz. (Gl 
For, let 


A = {fo “a+h)dx — { $(@)da = Sine ath)—dg(x)idz. (2 
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We have to show that 
Geno), (Alen —h< 8. (3 
But by hypothesis, for each e>0, there exists a 8>0, such that 
fa, a+ h)— $(@)| <5 5 C 


for each 0<A<6, and any z in A. 
Hence 8) follows from 2), 4), and 524, 2). 


2. That the relation 1) may not hold when f(z, y) does not 
converge uniformly to ¢(2), is shown by the following example : 


Let 
Po gp tt eae Os 
= for*=0. 
Here Riim f(a, y) = ¢(«) =0. 
y=—0 
Hence 


f, @)dn=0: (5 
On the other hand, 


grit eee 1 
I= ffae= {gt gde= ares f, y>0o0. 


Hence Bim 7 == 


im J =F. (6 


As 5), 6) have different values, the relation 1) does not hold here. Obviously 
F(a, y) does not converge uniformly to 0 in any interval containing the origin. 


563. 1. As corollaries of 562 we have: 


Let f(a, y) be regular in R=(abeB). Let it be uniformly con- 
tinuous in y, along the line y=. Then 


6 
Ty)= J f(a, yao 
ts a continuous function of y at 7. a<n<fB. 


2. Let f(a, y) be regular in R=(abeB). Let it be a uniformly 
continuous function of y in B. Then J(y) ts continuous in B. 
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3. If fla, y) be continuous in R(abaB), J(y) ts continuous in 
B=(a, B). : 


This follows at once from 352. 


Example. In 538 we proved the relation 


m/2 da . 1 
y= —— ee 1 
oO) 5, 1+dtan?2% 2 1+ {Af ( 


for all values of . It required, however, a separate integration to establish it for 
X=+41. By the aid of 3, we may prove the correctness of 1) for these values 
without any calculation. Consider, to fix the ideas, \=1. Since the integrand of 
1) is obviously a continuous function of «, \ in the band R =(0, 7/2, 1—6,1+ 94), 
the integral is a continuous function of \ at 1. Hence 1) holds for A= 1. 


564. The results of 562, 563 may be generalized as follows: 


Let A be a discrete point aggregate in %. We can divide Y into 
two systems of intervals, € and D, such that © contains no point 
of A, and the total length d of the intervals D is as small as we 
please. 

We shall say f(a, y) converges uniformly to ¢() along the line 
y =n, except at the points A, when, for each e>0 and any G, there 
exists a 6>0, such that 


Ifa 1 +h)—$@)|<e 


for each 0<|A|<6 and every wz in G. 

The terms, f(a, y) converges on the right, or on the left uniformly, 
except for the points A, need no special explanation. 

Also the meaning of the term f(a, y) is uniformly continuous 
along the line y= , except for the points A, is obvious. 


565. Let f(x, y) be regular in the rectangle R(a, 6b, «, 8). Let 
JF converge uniformly to d(x) along the line y=, except for the 
points of a discrete aggregate A. Let $(x) be limited and integrable 
inA=(a,b). Then 


lim fF y dx =f) tim Sa, y)da = { $(@)de, a<n<Bp. 


Vat 


D =f fa, n+ h)dx — fs(@)de. 
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We must show that 
Sk Se (LD <4e, yu 0 < |hl< 8. a 
Since f is limited in R, and ¢ in Y, 
l@)>, \f@p|\<m% ink. 


Choosing «>0 small at pleasure, and then fixing it, we choose 
the system D such that its length 


€ 


(Re werra 


Then 
D= {if nth) $@yide+ fife a+ h)— $a) }de. 


Hence 
is|fel+ Lah @ 


Sol<$ 


On the other hand, by hypothesis, 


|F(% TROON KACO yaaa, 


But 


for each 0<|h| <6, and every xin @. Hence 


Hence 2) gives 


which proves 1). 


566. As corollary we have: 


Let f(a, y) be regular in the rectangle R= (a,b, a, B). Let it 
be uniformly continuous in y along the line y=n, except for the 
points of a discrete aggregate A. Then 


Hy) =f fla, yae 


is continuous at n, a<n<f. 
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Differentiation 


567. 1. 1°. Let f(x, y), fi (a, y) be regular in R= (abap). 
2°. Let fl be uniformly continuous in y along the line y=n, ex 
cept for the points of a discrete aggregate. 


Let e 

J(y) = fh S(@, y)dx. 
Then J'(m) = {Ko nda, a<n<p. ¢! 
For 


ATG hy Gn (Ga) iG) 
ree w) i =f ; dz. (2 


But by the Law of the Mean, 


FQ, 7 + 2 — f(@, 0) = fi (a, By. 


where ¢ lies between 7 and 7+ and depends on gz and h. But 


by.23. 
Si @ Y=f@ 1) +93 
mare lin as= 0; uniformly except for A. 
h—0 
Thus 


AT 6 b 
te = {A n)dx + [ode, (3 
which gives 1), on passing to the limit, h = 0. 


2. As corollary we have: 


Let f(x, y), fi (a, y) be continuous in the rectangle (abaB). Then 
d (* dee 
7SF@ Ne=JAie dr a<y<B. B 


3. Criticism. Many text-books give the following incorrect 
demonstration of 1. From 2) we have, changing slightly the 


notation, 
b 
a rh lim f ae (4 
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It is now assumed, without further restriction, that 


: A 70 ha oN 
lim f, iy =f lm a (6 
pe WAT Lar 
hm = ——, 
Ay ay 
4) and 5) give 
aS _ *of dz. 
dy va oy 


But we have already seen in 562, 2, that an interchange of the 


symbols 
lim, f 


is not always permissible. 


4. Example. 
T= {"log(1 —~2ycosz+y2)dz. (6 


Here, f(x, y) and 
fylay) = HW 8) — 


1—2ycosx+y? 


are continuous in the rectangle (0, 7, a, 8) if (a, 8) does not contain the points 
y=+1. Cf. 660, Ex.2. Hence 


= =2(" (y — cos x) dx ef a Gi 


dy 1—2ycosx+y?’ 


5. The following is an example where the conditions of theorem 
1 are not satisfied, and where differentiation under the integral 
sign leads to a wrong result. 


Let 
x oe: 
JHGH (p= Tay except at origin ; 
=0, at origin. 
Then . eg 
D,F (x, 7) except at origin ; 
@+y)t 
=0, at origin. 
Hence : j : 
DF (ay) dx = y arbitrary. 
i (xy) Via 
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“,Y)= ; except at origin ; 
S(&, ¥) (x? By ¥ ’ 
=l, at origin. 
Then ; : A 
Sy) = (fate = (De Fae = - ; 
(Y) = J, fax = J, cee 
Hence 
JL Oats (8 
On the other hand, 
Sy(a, 9) =0, x arbitrary. 
Hence 7 
(15 0)de =0. (9 


The equations 8), 9) show that in this case differentiation under the integral 
sign is not permissible. In fact, we observe here that 


2 
{> B) S— SS except at origin ; 


=—()s at origin, 


and is therefore not limited about the origin. Thus, condition 1° of theorem 1 is 
not fulfilled. 


Integration 


568. 1. Let f(vy) be continuous in the rectangle R= (a, b, «, 8). 
Since 


JS fax Garb, (@ 


is a continuous function of y by 5638, 2, it is integrable in (a, ). 


Therefore 
Sdy fax ~ 


is convergent for each a<y<f. 

The integral 2) is obtained from 1) by integrating with respect 
to the parameter y. It is called a double iterated integral; or more 
shortly, when no ambiguity can arise, a double integral. 


2. Let f(a, y) be continuous in R=(abaB). Let 


Ha, y) = { dy { fae, oy nm Kh. 


Then 
Fi=Fi= fy), in B. (3 
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For, by 587 : 
ae Py = fax, 


By. = Fry). (4 
On the other hand, by 567, 2, 


Y 0 z 
ieee | cig 
if) y o {fae 
= {ifdy, by 587. 
Ey = f(xy). G 


The relation 3) follows now from 4), 5). 


Hence, by 537, 


Inversion of the Order of Integration 
569. The integral of 568, viz. 


Ef ‘ay rl) “fil, a 


is obtained py integrating first with respect to xz, and then with 
respect to ¥. 
But we might have integrated in the inverse order, getting 


[eel @ 


It frequently happens that the integrals 1), 2) are equal, and 
this fact is of greatest importance in transforming such integrals. 
When these two integrals are the same, we say that we can invert 
the order of integration, or the integral 2) admits inversion. We 
give now a simple case when this inversion is possible. Later we 
shall give a broader criterion. 


570. 1. Let f(ay) be limited in the rectangle R=(abeB8). Let 
it be continuous in R, except possibly along a finite number of lines 
parallel to the x or y axes, along which, however, f is integrable. 


Th ; ; 
en fidy { fayae = ii dx { flay)dy. d 
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Case 1. Let f be continuous in & without exception. 
We saw in 568 that . 
dy ote 
bn ay = (ay): 
Hence, by 588, 
p 0F(b, y)  dF(a, y) 
On — 5 
: dy dy 


For the same reason, 


fidy f far = f° y) ay (i = y) dy 


= f(b, 8)— F(b, «)— F(a, B)+ F(a, a). (2 


Similarly, e.  aF(aB) _ aF (xe) 
if Ue aa 
and fide (Fay a F(bB) a F(a) — F(b«) + F(ac). (3 


From 2), 3) we get 1). 


Case 2. Let f be continuous in R, except for points on the line 
By 1 we have, a<b’<8, 


ff dx {fay = ody { fae. (4 


Moreover, by 563, 3, 


Mics yay 


being a continuous function of « in (a, 6) except possibly at 4, and 


limited in (a, 6), 
6 
J, de S fay 


lim f, dex {fay = {de { fay. (5 


exists. 


Now, by 536, 
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On the other hand, 


JS fac =f fax — {faz 


But since f is limited, let 
f\<M, in. 
Then 5 
J fae <M), 


Hence the right side of 4) gives 


[Poe [aia 


ee fide {Fay — fay f fae| < mcs —«)(b—0d'). 


Letting 6’ = 6 and using 5), we get 1). 
Evidently the same reasoning applies when f is continuous in 
t, except on one of the sides of R parallel to z-axis. 


Case 8. Let f be continuous in #& except on the two lines, 
Let «<£’<f. Then, by Case 2, 


Sidy f 7h; = {de { "fay. 


We can reason with this equation in the 
same manner as we did with 4). This 
proves the theorem also for this case. 


Case 4. If f(zy) is discontinuous within 
R, we have only to divide R# into four 
rectangles §t, as in the figure. 
Then each of the rectangles ® falls 
under Case 8. By breaking up the given 
integrals into these rectangles 9, we prove 1) readily. 
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Case 5. General Case. By breaking F into smaller rectangles 
§, bounded by the lines on which the points of discontinuity lie, 
we reduce this case to Case 4. 


2. We have shown in 1 that inversion is permissible when f(xy) 
is continuous, except at points lying on a finite number of lines 
parallel to the # and y axes. It will be shown in Chapter XVI 
that inversion is permissible under much wider circumstances. 

The points of discontinuity may lie on an infinite number of 
iines; moreover, these lines do not need to be parallel to the axes: 
they do not even need to be right lines. 


Example. We saw by 538, 2, that 


(ae dx LG Lee 
0 1+y%tant?e 2 1+ }y| 
Hence 1 1/2 1 

0 0 I+y?tan?z 2/09 1+y 2 


As the integrand is limited in the rectangle (0 = 01), and is discontinuous only 


when x = 7/2, we can invert the order of integration. Hence 


0 0 0 [ 4h 


1+y?tan?x tan x 
— (C2 wale 
¥; {t tan x @ 
Thus 1), 2) give adie Opal ae 
§, = — log 2. 
0 tanx 2 


CHAPTER XIV 


IMPROPER INTEGRALS. INTEGRAND INFINITE 
Preliminary Definitions 


571. 1. Up to the present, we have considered only integrals 


S foe 


in which the integrand is limited, as well as the interval of inte- 
gration = (a, 6). 

It is desirable to extend the definition of an integral to embrace 
integrands and intervals of integration which are not limited. 
Such integrals, we said, are called improper integrals. 

In this chapter we consider improper integrals for which Y is 
limited, and f(z) is unlimited in YJ. 


are examples of such integrals. 


2. The reader will observe that the integrand of J is not defined 
at a= 0, and the integrand of AK atz=1. When convenient, we 
may assign to the integrand at such points any value at pleasure. 


Cf. 598. 


572. Let f(z) have a finite number of points of infinite discon- 
tinuity in %, 347, 
ay oy Ore 
We shall call these singular points, and say f(x) is in general 
limited in X; or that it is limited except at these points. Let us 
inclose each point ¢, within a little interval €, containing no other 
399 
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singular points. Let 8 be what is left after removing the inter- 
vals ©, from 9%. On varying the intervals €,, @ will vary. If for 
each choice of %, f(a) is integrable in %, we say f(«) is regular 
in U except at the points cy +++ Ca; or we say f(x) is in general 
regular in Y. 


573. 1. Let f(x) be regular in %=(a, 6) except at d. If 
lim { f()dz,  a<B<b, qd 
p=b 4 


is finite; we say f(x) is integrable in %, and define the symbol 


) 
T={ f@)de 
to be this limit. 
Similarly, if f(x) is regular in 2 except at a, and 


6 
lim f f(a)dz,  a<a<b, (2 


is finite; we say f(x) ts integrable in %, and define J to be this 
limit. 


Finally, if f(x) is regular in %, except at a, 6, and 
lim f ‘f(@)da, a= 046 = 6, (8 
ae 


is finite; we say f(x) 7s integrable in YX, and define J to be this 
limit. 

When these limits 1), 2), 3) are finite, we say J is finite or con- 
vergent. When these limits are infinite, we say J is infinite. If 
these limits do not exist, finite or infinite, we say J does not exist. 


2. In Ia {pte 


we have takena<b. Precisely similar definitions would apply if 


a>b. 
Obviously, F ; 
JS fica —S far. (4 
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For, to fix the ideas, suppose f(#) regular except at a, and let 
the integral on the right be convergent. Then, if a<a<6, 


J fiw=—S fax, by 524, 1). 


Passing to the limit, we get 4). 


574. 1. Let f(~) be regular in %=(a, 5), except at 6. 
For f(x) to be integrable in %, according to the definition just 
given, it is necessary and sufficient that 


e>0, d>0, |S Fax — { fde|<e 


for any pair of numbers 8, §’ within (6 — 6, 6), by 284. 


J. f jf 


it is necessary and sufficient that 


| ff ‘Fa)de| <e. a 


The integral B 
SP@ae, b—3<BP,p'<b, (2 


is called the left-hand singular integral of norm 6 for the point b. 
Similarly, ” 
JS fae, a<a,a<at+6, 


is called the right-hand singular integral of norm 6 for the point a. 
We have thus this result: 


Let f(x) be regular in U=(a, 6) except at an end point, say b. 
For f(x) to be integrable in A, it is necessary and sufficient that the 
singular integral at b have the limit 0; t.e. 


lim {'f(a)de=0,  a<b—-8<B, <b. 
5x0 7B 


2. When a singular integral such as 2) converges to zero as its 
norm §=: 0, we shall say the singular integral is evanescent. 
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3. Let f(x) be regular in U=(a, b) except at the end points a, b. 
For 58 
T= J flode 


to be convergent, it is necessary and sufficient that the singular 
integrals 


a’ or 
J, fax, J, fae DH MG Oh 8 


be evanescent. 


It is necessary. For, when J is convergent, 


ga, et l7- 


Also l7—f" 


Adding, 
iy 


Thus the singular integral at a is evanescent. The same is true 
for 6. 
It is sufficient. For the singular integrals being evanescent, 


we have 
qa’ tye 
e>0,  8>0, | f i 


Wie ie a Po 
b be bs J, <eé 


B 
lim J fae, axa<B<b 


a=a, B=> 


Bee a<a<a+6, 6—8<B<b. 


<5 a<a<a+t+é. 


6, axa e <alo. 


<5 


€ 
<- 
2 


Hence 


= + 


Hence 


is finite, and hence by definition J is convergent. 


575. Ex. 1. 


(eae 
0V/1 — 2 


Now, for 0<6<1, potter 
F(x =f = are sin fs, 
or 0 V1 — 27 8 
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As 
lim are sin B = 7 /2 
Sef. p=1 . ie 
The singular integral at 1 is 
By da 
= arc sin B! — arcsin 
if as F B. a 


lim are sin « = 1/2, 


a=) 


the difference on the right of 1) is numerically <e in V(1), for a sufficiently small 6. 


Ex, 2. 


ie da 
0 
Here; for J aw< 1; ide 
i) —— log a. 
But ee 
Flim log «=— ow. 
a=) 
Hence J is infinite, viz. J=+o. 
The singular integral at 0 is 
Vi # — log &, 0<a’ <a! <5, 
But , 
lim log wl 
§=0 a! 


floes not exist, by 321. 


xo. 1 
Ts i wd-lde,  d>0. 
Now, if0<a<1 
’ <a“<l, (ods = 
But 
line ee by 209, 2 
oD Xr r 
Hence “| 
J=-- 


576. Let f(x) be integrable in X= (a, b), and regular except at 
a,b. Let ec be any point within I. Then 


T= far = { fae + f fae. ‘al 


For, since J is convergent, 


cis a- ato be Oc A. (2 


e>0, 8>0, l7-f <, 
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By 574, 8, the integrals 


fax, f ‘dx 


are convergent. We can therefore take 6 such that also 
Pie pas 
Adding these last inequalities gives 
c b\ B € 
Ua else 
Adding 2), 3) gives 
c b 
Pais) 


From this follows 1). 


€ € 
—») <-> 
=v 4 


<é 


577. 1. Definition. We can now generalize as follows. 


F(x) be regular in Y& except at the singular points 
li ENR SS Eh EASY 
If f(z) is integrable in 
C4, C1), Cyr Ca)s ++ Cm 5), 
we say f(x) is integrable in A, and set 


Sifae=S fae f fact +f fade. 


2. We can therefore say: 


Let f(x) be regular in U= (a, 6), except at certain points cy, ey, +++ ¢ 


(3 


Let 


m* 


For f(x) to be integrable in A, it is necessary and sufficient that the 


singular integrals at ¢1, ¢,, +++ be evanescent. 


3. From this follows at once 


If f(x) is in general regular and is integrable in A, it is integrable 


in any partial interval of I. 
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4. To avoid confusion and errors of reasoning, the reader should 
remember that, when f(x) is not limited in % but yet integrable 
in {, there are only a finite number of singular points in %; and 
J is limited and integrable in any partial interval of 9{, not em- 
bracing one of the singular points. 


Criteria for Convergence 


578. 1. The integral ‘ 
K= { f(a) |ae 


is called the adjoint integral of 


J = {7@) dx. 


We write Keay: 


Let f(x) be in general regular in. If the adjoint of 


T= { fae 


ws convergent, J is convergent. 


Let ¢ be a singular point of f(v~). We wish to show that the 
singular integrals at this point are evanescent. To fix the ideas 
let us consider the left-hand singular integral. By 528, 


(fal ftiles «tery <e 


By hypothesis, the integral on the right vanishes in the limit 
5=0. Hence the integral on the left, which is the left-hand 
singular integral at c, is evanescent. 

When AdjJ is convergent in , J is said to be absolutely conver- 
gent in A and f(x) is absolutely integrable in MI. 


2. Let f(x) be absolutely integrable in XU, and in general, limited. 
Then f is absolutely integrable in any partial interval of . 
The demonstration is obvious. 


3. The reader should note that f(x) may be integrable in % 
and yet not absolutely integrable, as the following example shows. 
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Let us divide the interval 2% = (0, 1) into partial intervals, by inserting the points, 


ee a i ; 
In the interval %, = Gecat n) n=1, 2; +++ let us erect a rectangle R, of area 
n+ n 
1. Let these rectangles lie alternately above and below the a-axis, In the interval 
n . oye 
%,, excluding the left-hand end point, let f(~) =height of R, taken positively or 
negatively accordingly as R, is above or below the axis. Then f(x) has a singular 
point at «=0. 
We have now, 


fi fae = lim ("fae = lim (Yite =lim (1 — : + A eet ce cal 
a=0 Ja ma=0/t 


Also, : 
1 : ib al 1 
etimleh cet ae 


As the reader probably knows, or as will be shown later, the first limit is finite, 
the second infinite. Thus fis integrable but not absolutely integrable in 2. 


4, The reader should note this difference between proper and 
improper integrals, b 
J =f Cy das 


If J is an improper integral, we have just seen that J is conver- 
gent if b 
K= {| f(a)|dz 
1s convergent. 


But if J is a proper integral, we saw in 528, 2, that we could 
not conclude the existence of J from that of K. 

On the other hand, if J is a proper integral, the existence of AK 
follows from that of J, by 507; while if J is an improper integral, 
we cannot conclude the convergence of K from that of J, by 8. 


579. 1. The w test. Let f(x) be regular in U=(a, 6) except at a. 
Lor some 0<pw<l1, and M>0, let there exist a V*(a) such that 


(a—a) si Te) iM, in V *, 
Then f(a) is absolutely integrable in Y. 


Consider the singular integral at a. We have 


0 <f" iri da afc =e oy | (a!!—q)-»— (a! — ayer} } 


which vanishes in the limit, by 299, 2. 
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2. As a corollary we have: 


Let f(a) be regular in A= (a, b) except at a. 
For some 0<w< i, let 


Riim (@-a)"|f(@)| 


be finite. Then f(x) is absolutely integrable in Y. 


Ex. 1. 


1 
A f log « da 
1s convergent. 0 


For, by 454, Ex. 2 
Se ee Riima"|logz|=0, p>. 
a=0 


Ex. 2. pee ee 
: i) x 3 sin- dx 
is convergent, 9 x 
For, eet 
Blimax* -|% ssin=|}=0, p>}. 
a=0 x 


580. Let f(x) be regular in X= (a, 6) except at a. 
In V¥(a) let f(x) have one sign o, while 


(a—a)of(x)>M>09. 


Then b 
J= {fae =o. 

For, let Ok aod 0: 
Then ¢ c M c—a 

S fae =| eg ft = UM log amg 

= +00, when a=a. 
Hence ' 
Jf far =o - 0. 

Example. J= i. hen tet tod 
For, 1 


G-2¥@= 7577 


for x near 1. 
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581. Let f(x) be regular in U=(a, 6), except at a. 
Leet r= lim (@~ a) f(@) 


exist. If f(x) is integrable, % must be 0. 
Let us prove the theorem by showing that the contrary leads to 


a contradiction. 
To fix the ideas suppose A>0. Then, for each w such that 


O<p<r 
there exists a V;*(a) such that 
(x—a)f(x)>p, in V;*. 
Then the singular integral, 


J fide = +00, by 580. 
Hence f is not integrable in 2. 


582. The criteria of 579, 580 admit a simple geometric inter- 
pretation. 
Consider the family of curves 


iil 3 (2@—a)*y = M, MO eu > 0, 


ye 
in the vicinity RV*(a). 
The curve H, is a hyperbola. 
If w<1, H, lies below H,, while 
if w>1, H, lies above H,. Further- 
more, if 1 >> p!, H, lies above H,,. 
The curves H, all cut each other at 
the point z=a+1. As we are only 
interested in these curves in the 
immediate vicinity of the point 2=a, 
the point a+ 1 lies beyond the range @ 
of the figure. 
The w tests may now be stated as follows: 
If in some V*(a), | f(x)| remains below some H,, which lies 
below H,, f(x) is integrable. If, on the other hand, f(x) has one 
sign in V*(a), and | f(x)| remains above H,, the corresponding 
integral is infinite. 
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es 
vi-a 


The only singular point isa =1. Let us apply the pu test at this point. Since 


583. Ex. 1. 


1 1 
Soe = : 
Vi-w Vi-« Vier 


we see that ; ‘i 1 
Lim (1 — @)? f(x) =—. 
= v2 


We may therefore take « =}, and J is convergent. 


584. Ex. 2. 1 F 
= We ee Om KR I, 
LT Vy2— 1.1 — 22 


The singular points are 1, Ly 
Consider the point « = 1. 


Ve? — 1-1 — Pe2§ =Ve —1 Ve + 1-1 — ee, 
Hence 


; 1 
Flim @= haa 
ry V2(1 — *) 
In the » test we can therefore take « = 3. 
Consider the point # = = 
K 
AS a 
L lim (: — n) TG ) = 
a= V2(1 — «?) 


we can take » = } at this point. 
Thus J is convergent. 


585. Ex. 3. T= (“log sin x da, 0<“<r. 


The singular point is x = 0. 
We saw li sin © _ 


im ——=1 
c0 
isK00 thoy = LAG). 
WHAT lim g(w) =1. 
x0 
te log sin z = log x + log g(«), 
eng x" log sin « = x log « + «# log g(a), w>O. 
But lim z loga = 0, lim 2 log g(@) = 
I) z=0 
Hence 


lim « log sin « = 0. 


Thus in the » test, we can take for u any positive number <1. Hence J is 
convergent. 
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586. Ex, 4. ge cos © ag, a>Oo. 
0 at 


The singular point of the integrand f(w) is e=0. In its vicinity V*(0), f(x) 
has one signo =+ 1. 
Then, by 579, J is convergent for 1<1; and, by 580, it is divergent for »>1. 


587 Ex. 5. y= (se X ay, as. 
0 ol 


The only singular point isa =0. In V*(0), the integrand has one sign o =+1. 
AS ; 

lim 22% — ip 

cil ay, 


we see, by 579, that J is convergent if «<2; and, by 580, that it is divergent, if u 52. 


588. Logarithmic tests. Let f(x) be regular in XN =(a, 6), except 
ata. For some M>0,r>1, 8, let there exist a V¥(a), such that 
in it 

(@—a)-l, : -, : a 1; i 


Ai OL A —— (BS Cie ew—a 


‘F@|<m a 


* Then f is absolutely integrable in %. 
By 889, 5), for >a sufficiently near a, and s=1, 2, -- 


De ee Nicaed 
SEE a cs 7s jhaelig cae pea 
C—a “2=a u—a 
Integrating, we have, fora<a! <a’ <a+6, 
ibe dz ~ 1 [a 1 + yi-a tt 
He 71 x 1 Vesa us HP S ja 
as 1 --- U a a a a 
Re) a Z—a 


<€, for 6 sufficiently small. 


Thus the singular integral of | f(w)| at a is evanescent; for 


So \f@)|de< Me. 
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589. Let f(x) be regular in U=(a, b) except at a. 
Let f(x) have one sign o in V*(a), where 


iL 1 
—ayl iy ty foes ; 
@— a), + 1, +. of(2) > M>0 
Then b 
J= { fde= o +0, 
From 3889, 4), for s=1, 2, ---, and x>a sufficiently near a, 
Digeee =a = il 
ne ee 
z—a xL—a 
Integrating, 
¢ d en 
J "+ = Pane: ge a<a<e<cat+6s. 
* (@—a)l, od, Sa 
Z—a C—O 
H c a 
ence | f F dr} > Mi,..° a 
a a—a 
= +0, when a=a. 
Hence 


J=0a-0, 


590. The logarithmic tests 588, 589 admit a simple geometric 
interpretation. 
Consider the family of curves 


Ces = o ’ Aes 
gal pee 
Capes: a5 aera 
and 
D ; 
Dd; Mia eas LG arte cated eal 
Beg aia 
in RV*(a). 


It is shown readily that any C curve finally lies constantly below 
any D curve. 
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For a given 2, the O curves rise as s increases; while the D 
curves sink as in the figure. 

The logarithmic tests may now be 
stated as follows: 

If |f(z)| finally remains below some 
CO curve, f(z) is integrable. On the 
other hand, if f(2) preserves one sign 
near a, and |f(a)| remains above some 
D curve, the corresponding integral is 
infinite. 


Properties of Improper Integrals 


591. In the following, as heretofore in this chapter, we shall 
suppose that the integrands have but a finite number of singular 
points in the intervals considered. 

When f(x) has more than one singular point in %=(a, 6), we 
can break Y into partial intervals, such that f(v) has a singular 
point only at one end of each such interval. 

For example, if the points a, ¢,, ¢, are the singular points of 
Jf() in Y, we have, by 576, 577, f being integrable, 


Serealh lal lial: 
a~ az 


& 


where a,, a, are points lying between 7 ae 


the singular points. 

On account of this property, we may simplify the form of our 
demonstration often, by supposing % to have but one singular 
point, which for convenience we shall take at the lower end of the 
interval. 


592. Let f,(x), --- fy(x) be integrable in (a,b). Then 


b b 
Sift te fidde ae, [fide t+ onf fade. a 


Suppose f,--- f, limited except at a. 
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Then, if a<a<6, 


b b b 
IL (ef, t--+e,f,)dr= of fide + act tn J fait 


Passing to the limit, we have 1). 
593. Let f(x) be integrable in (a,b). Then 


SF@de= [Fars [fd a<e<b. 


If ¢ is a singular point of f, the above relation is a matter of 
definition by 577. 
If ¢ is not a singular point, the demonstration follows at once 


from 576, 577. 


594. In U=(a, 5) let f(x) be integrable, and 
S(a)S M. 


rte fforde S M(b—a), a<ob. ad 


For, suppose a is the only singular point in %. 
hen. if a0 <0, 


f fac= M(b—«), by 526, 1. 


Passing to the limit «= a, we have 1). 


595. Let f(x), g(x) be integrable in (a, Db). 
Except possibly at the singular points, let f(x)>g(“). Then 


i fax> f le a 


Suppose f, g are limited except at a. 
pal <a a0 
b b 
Jf fax > f gae, by 526, 2. 


Passing to the limit «=a, we have 1). 
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596 Let f(x), g(x) be integrable in (a, 6). 
Except possibly at the singular points, let f(@)Sg(«). 
At a point of continuity c of these functions, let f(¢c) >g(e). Then 


JS fae > f gde. @ 


Suppose f, g are limited except at a. 
Vena aeac<b. Then, by 52/,.2, 


S fae = Sf gae ; 
JS fax = J, gate. 


by 595, 


Adding, we have 1). 


597. Let f(x) be absolutely integrable in (a, b). Then f(x) is 
entegrable in (a, 6), and 


5 b 
JS. Fte| < fF) | ae. a 
In 578 we saw that f(x) is integrable in (a, 6). 


Suppose f(a) is limited, except at a. 
Let a<a<b. Then, by 528, 


| [Fae] < [| flde. 2 


Passing to the limit, we have 1). 
Suppose ¢;, ¢y, --- ¢, are the singular points. Then, if e¢,<a,<c,41, 
Pot ie rece real 


SFr= J+ fp tL" 
vee] =f] +1 
Sf.\f\dz+f"\flae+-, by 2), 


z [| flac. 


Hence 


+: 
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598. Let f(x) be integrable in A= (a, 6). 


Let Fa free 


We may change the values of f(x) over any discrete point aggre- 
gate in X without altering the value of J, provided the new values 
of f are limited. 


Suppose f limited except at a. Let a<a<6. Then, by 580, 2, 


S fae = { gda, 


where g is the new function. 


Let now «=a. The integral on the left converges to J. Hence 


6 b 
lim f gdx =f Gat = J. 


a=a 


599. 1. Let f(x), g(x) be absolutely integrable in U=(a, db), 
having none of their singular points in common. Then h= fg is 
absolutely integrable in YX. 


To fix the ideas, let ec be a singular point of f, but not of g; 
a<e<b6. Then g is limited and integrable in V;(c). 

Consider one of the singular integrals of |h(a~)| at ¢; say the 
right-hand one, 


R={" | 79 |da, e<nli <n! <e+ 6, 
yf 
Let © be a mean value of |g(2)| in V(e). Then, by 581, 
R= Of) |f|de. 
But | 7(z)| being integrable, 
a 
li da = 0. 
im J, |f| ax 
Hence TR 0, 


as © is less than some positive number M. 
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2. In U=(a, b), let f(x) be integrable and g(x) limited and 
monotone. Then fy is integrable in %. 

For simplicity, suppose f is limited except at 6. We must 
show that 


d 
sScillly opel | foae| <e, pooner he 
Now, by the Second Theorem of the Mean, 545, 


f Foax =g(et+ 0) f fae +g9(d— 0) Fie, e<&<d. 


But f being integrable in Q, the integrals on the right are 
numerically as small as we choose if 6 is chosen sufficiently small. 


600. If f(7), g(x) havea singular point in common, fy may not 
be integrable, as the following example shows : 


il 


I§@ = G@) = ’ Nhe= Os 1D) 
Ve 
Here, by 583, f and g are absolutely integrable in 2. On the other hand, 
1 
io = = 5 
Ne 


Hence, by 580, 2, 


and h is not integrable in (0, 1). 


601. Let f(x) be absolutely integrable in U=(a,b). Let g(x) be 
integrable in XA and |\g(x)|<G. Then fg is integrable in A, and 


LS f92| Ss Gf \f|dz. d 


For, g(x) being limited and integrable, | g(z)| is also integrable, 
by 507. Hence | fg| is integrable in Q, by 599. For simplicity, 
suppose that 6 is the only singular point of f(@v). Let a<B<b. 


Then, by 528, Saal < falar 


8 
<@f'\f\dz, by 529. 
Passing to the limit 8 =, we get 1). 
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602. 1. Let f(x) be non-negative and integrable in %=(a, b). 
Let g(a) be integrable, and 


m<g@)<M. 
mY file < { fyde< MY far a 


J fare = GY fae, G = Meang(x). (2 


Then 


or 


For, as in 601, fg is integrable. If, to fix the ideas, we suppose 
6 is the only singular point of f, we have, by 529, 


mf “fade < f “fyde < MS fae, Ga <b, 


which gives 1) on passing to the limit B=6. 
Equation 2) is obviously only another form of 1). 
2. Asa corollary we have: 


Let f(x) be non-negative and integrable in (a,b); while g(x) is 
continuous. 


Then . ; 
JS fade = gOS far,  a<€<b. 


3. By repeating the reasoning of 534 and using 596, we have: 


Let f(x) be integrable and non-negative ; while g(x) is continuous 
mA. Let c be a point of continuity of f(x), and 


Min g(x) <g(e)<Maxg(z), in OX. 
Then . j 
S fade = gE) fax, Gord: 


603. 1. Let f(x) be integrable in X=(a,b). Then 


J(x) = { fae, a, x in U, 
is a continuous function of x in IU. 
To fix the ideas, let a<a<a<b. 


Then 2 
AT = if ie 
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If f(z) is limited in V(@), 
lim AJ=0 } C1 
n=O 


by 536. If x is a singular point, 1) still holds by 574, since f is 
integrable in Y. 


2. As corollary we have: 
Let f(x) be integrable in (a,b). Then 


1 a) 
dx = dz, <r<b. 
lim fF@) x SIO 2, a<xr 
604. 1. Let f(x) be integrable in Ns (ab). If f(x) ts continu- 
ous at x, 
{fae = f(a), «vin. 
To fix the ideas, leta<a<ax<b. Since f is continuous at g, this 


is not a singular point of f. Let ¢ be chosen so that «e<ce<a, 
while (¢, x) contains no singular point. Then setting 


= afi O=f., K=f", 
we have J=C+ K. But, by 537, 
ak 
ABS =f(«). 
L 


Hence, since (is a constant, 


dJ_ad 


ea + K)= Bate x). 


2. Let f(x) be integrable in X=(a, b). If f is continuous at x, 
7 (| zt+h 
\| — — 1 
im> f. Tejas =f); win: 

This is a corollary of 1. 


605. In X=(a, b) let f(x) be integrable. Let it be continuous 
except at certain points c, +. c,, where f(x) may be unlimited. 
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If F(x) is a one-valued continuous funetion in U, having f(x) as 


derivative, except at the points c, 


Sf)de = FQ) — Fa). 


Suppose f(x) is continuous except at a. 
Leta<a<b. Then, by 588, 


b 
J fax = F()— F(a). 
Since F is continuous, 


lim F(a) = F(a). 


Passing to the limit in 2), we get 1). 


Suppose now a and ¢ are points at which f is discontinuous. 


fix the ideas, let a<a<cecb. 


Then ip offs [Peale 
Now as just shown, 


=F — Fa), 
f =FO-FO, 


f =F?® - FO). 


Adding, we have 1) from 3). 


Ex. 1. fi dx 
1V1— 2 
Here if 
S(%) = 
V1 — a? 


is integrable in 9 =(— 1, 1). Its points of discontinuity in Y are = + 1. 


1 
= [arc sin x] aa 


F(«) = arc sin © 


is one-valued and continuous in 1, and has f(a) as derivative. 


Ex. 2. (eee 
1g2 ie 


re! 


(2 


To 


(3 


This result is obviously false, since the integrand is positive. The integrand is 


not an integrable function in (— 1, 1), by 580. 
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Change of Variable 
606. 1. Let f(x) be in general regular in UW = (a, b) ass. Let 


u=>$(@) 
have a continuous derivative ¢'(x) #0, in A. Let B= (a, B) be the 
image of X, and let 

r= y(u) 


be the inverse function of d. If either 


J,= { fla)de, or J,= J FTW" (udu 


as convergent, the other is, and J, =J,,. 
By hypothesis the points of {&, 8 stand in 1 to 1 correspondence. 


To fix the ideas, let f be regular except at a. Let ec, y be corre- 
sponding points in A, B. Then, by 543, 


S Pode = SFC)! ad da 


since f(x) is limited and integrable in (¢, 6). If now c~=a, y =a, 
and conversely. Thus if either integral J, or J, is convergent, 
the relation 1) shows that the other is, and both are equal. 


elie) = 0.93), OS B, let x=r(u) have a continuous derivative 
which may vanish over a discrete aggregate, but otherwise has one 
sign. Let X= (a, b) be the image of B. Let F(x) be in general 
regular in. Lf either 


ihe ip f(x)dz, or J,= I FLWCw) ]}W! (u) du 


is convergent, the other is, and J, =Jd,,. 
We employ the reasoning of 1, with the aid of 544. 
607. Ex. 1. heat bo 
J,= | ———. 
§, vV1l-# 
ee %=sinu=y(u). 


Here y’ is positive in 8 =(0, r/2) except at 7/3. 
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Also opp 
Ju = te Sas} a 
0 2 


Obviously Ju is convergent. Hence, by 606, 2, 


J, = 1/2, 
a result already obtained. 
Ex. 2 1 
Jn=f a . ee 
° VC — #2)(1 — 22) 
Let f 
f8 = Si) Yi. 
Then 


rene 2 du 
oS NiO 


V1 — sin? u 


But the integrand of J, is continuous in (0, 7/2)=%. Hence J, is finite, 
Therefore J; is. 


Both these examples illustrate how, by a change of variable, an 
improper integral may be transformed into a proper integral. 


Second Theorem of the Mean 


608. Let f(x) be integrable in U=(a, b). Let g(x) be limited 
and monotone in Xt. Then 


D re b 
T= Jf fgdr=g(a +0) ffx + 9(b—0) ffi. ad 
where a<é<0d. 


We assume that g(a + 0), y(6— 0) are different, as otherwise 1) 
is obviously true. 
Let us suppose first, that f is regular in WU except at a. Then, by 


545, cll a<u<b 


0) 6 
Ge 0) f fide + v(a)-Sg.6—-0)-gut0)t, (2 
where o(@) is a mean value of 


Sf fade, OSLO. (3 
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In 2) let a=a. We have 
lim g(a@+ 0)=g(a+ 0), 


b 
lim | fda = J fale. 


As all the terms in 2), except o(«), have a finite limit, it follows 
that ¢(«) must have a finite lunit ». Hence 


[fyte = gat) fdet 9'9—0)-g(at 0}. 


Reasoning now as we did at the close of 545, we arrive at 
equation 1). 


Suppose next, that f is regular in 9%, except at a, b. Then if 
Cfo fef<iy 
B B 
J, fade = gat 0) f "fdr + (8) 1y(8 — 0) —g(a+ 09}, 


as we have just seen in 3). 
Passing to the limit, we have, as before, 


b b 
Syd = g(a+0) [fade + %){9(b —0)—gla+ 09}. 
This may be transformed as before, giving 1) also for this case. 
Let us suppose finally, that the singular points of f are 


CP atSnyy ke 


TafP4 f+ — +f. 


If a or 6 are singular points, the first or last integral may be 
discarded. 
By the preceding, 


Then 


J “= g(at 0) f yte +9(e,—0) il “eden 


= (a +0) ea +9(e—0) Wea} 
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Similarly, 


JP=s+0) (ft -S + 9(¢—0) Wes} 


(J °b b b b 
cree (Lf) S) 
1 oie aly 1 ON Me 
b Ph b b 
=g(e,+0 — | +9(b—A ; 
J =9@+0{ [- J} +9 Hf 
Adding all these equations, we get, setting c= a, ¢,,,=0): 


Ta=gat So +> {9 +0—-9e—O} J 


: 
+3 {an 9-916, +0) ff 
=a +0) f+ S+ 7. (5 
Now m, 3 denoting the extremes of the integral 3), 
m3 {y(e, + 0)— gle, — 0)}<SS<MEly(e, +0) — ye, — 0)} 
ME §9(ec41— 0) — gee + FS TS ME LCs — O— GCG, + 0}. 
Which added give 
m(g(b — 0)— g(a + 0))<S+ T<M(Gg(b—0)—g(a+0)). 
Thus 5) gives 
Tagat 0 + 9g 0)-g(a+0). 


This is an equation of the same form as 4). Thus reasoning as 
we did on 4), we get 1). 
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INTEGRALS DEPENDING ON A PARAMETER 
Uniform Convergence 


609. Let f(z, y) be defined over a rectangle R=(a, 6, a, B), B 
finite or infinite, and be unlimited in R. Let X=(a, 6), B=(a, B). 


For each y in §, let A 
Tey= Jf, fa yae 


be convergent. Then J is a one-valued function of y in B. 

As in Chapter XIII, we wish now to study J with respect to 
continuity, differentiation, and integration, restricting ourselves 
to certain simple but important cases. 


610. 1. For brevity we introduce the following terms. We 
shall say f(zy) is regular in R =(abeB), 8 finite or infinite, when 

1°. f(ay) has no points of infinite discontinuity in R. 

2°. f(zy) is integrable in % =(a, 5) for each y in S =(@, 8). 

When £ is finite, we shall sometimes need to integrate f(xy) 
with respect to y. In this case we shall also suppose 

3°. f(xy) is integrable in 8 =(a, 8) for each z in QA. 

For example, f(x, y) = y sin « is regular in R. 


If @ is finite, f islimitedin R. If B=, f is not limited in R although it has 
no points of infinite discontinuity. 


2. If f(vy) is regular in R, except that it may have points of 
infinite discontinuity on certain lines x=a,, --- x=a,, we shall 
say f(xy) is regular in R except on the lines x= ay, ++; or that it is 
in general regular with respect to x. 


3. Let f(wy) be continuous in R& except on certain lines 
t= a, os DVS A4,5 Y= %, see Y= &s. 


On the lines x = a, -+- it may have points of infinite discontinuity ; 
on the lines y = «, --- it may have finite discontinuities. If f(2y) 
is otherwise regular, we shall say it is stmply regular except on the 
lines © =a, + T= 4,3 y= ay, y= a4; or that tt ts simply irregu- 
lar with respect to x. 

Thus the simply irregular functions are a special case of the 
functions which are in general regular. 
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4. The lines t= a, --- x=a,, on which f(vy) may have points 
of infinite discontinuity are called singular lines. 
The integrals 


a a,.+é6 
ai) faz, f fdx 6>0, arbitrarily small 
a.—s a 


are called the left and right hand singular integrals relative to the 
Mines fed, bol eae 1. 


5. In 609 we made the formal requirement that f(xy) should 
be defined at every point of R. It usually happens in practice 
that f is not defined at its points of infinite discontinuity. Such 


is the case in such integrals as 
ee 
ie, We dx, fa log” aw dz. 
Vay (+ y*)? 


It is, however, easy to satisfy the above requirement in all the 
cases we shall consider; for, by 598. the value of 


JS fe y jae 


is not affected by a change of the value of f at points lying on 
the lines x= a, --- subject to the restrictions of that theorem. 


6. This fact may also be used to advantage sometimes to sim- 
plify f@, y) by changing its value at points lying on these lines. 


611. 1. Let f(vy) be regular in Rk = (aba), 8 finite or infinite, 
except on v= ay, - . 

If tho singular integrals relative to these lines be uniformly 
evanescent in 3, we say 


b 
J =f Fa, y)jdz 
is uniformly convergent in B. 


2. If J is uniformly convergent in the intervals QB, --- %,,, it is 
obviously uniformly convergent in their sum. 


3. If J is the sum of several uniformly convergent integrals in 
%, it is itself uniformly convergent in %. 
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4. Let f(xy) be in general regular with respect toxin R=(abap), 
B finite. If J is uniformly convergent in ¥, it is limited in B. 


For simplicity suppose a= 6 is the only singular line. Then 
b 
[fac <a, uniformly in ¥. 
Fi 
But in the rectangle (ad/a@), 
fay) <M. 


Now Ja ii ut! ie 


Hence |J|<M(b—a)+o. 


612. Let f(xy) be regular in R=(abeB), B finite or infinite, 
except on x=b. 
The singular integral 


b 
J faayae, <b <b, a 
i 
is uniformly evanescent in B® =(a, B) if 


Fey|<o@), — in X= (By b), 
and is integrable in X'. 


For, f(xy) being limited and integrable in (0, 6), where 
b' <b" <6, we have for any y in 


| JS 'fae|< { Uf lax, by 528 


a 
=A\ dda, by 526, 2. 


But > being integrable in ’, we can take 6, so near 6 that the 
last integral is <e. But as this is independent of Ys 


Sf feyae| EACH Cashes) 


Hence 1) is uniiormly evanescent. 
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613. Example. Let us consider the integral 


i= f,"o8 a —2ycosx+ y?)dx @! 


for values of y in 8 =(a@, 8), 6 finite. The integrand JS(ay) is continuous except at 
the points 
L=mr, y=(—-1)"™ m=0, +1,-. 


by 560, Ex. 2. Let us first consider the singular integral 
S= ("sae, 0<al<i 


relative to the line r=0. Since y =1 is the only point of infinite discontinuity on 
this line, we may restrict ourselves to an interval 8! =(1—o,1+.¢). We set 


y=1+h, |h| <o. 


Then 


8= f."t0g | 20+ 1) (1— cosa) | a 


= log 2(1 + h) {ia a f, 108 € — cos % Pearcy 


= 8, + So. 


Obviously S; is uniformly evanescent in B/. 
To show that S2 is uniformly evanescent, we observe that 


2 


log (11 — eos x + i 


eae, |< log — cos #)|, 


since log x increases with , and is negative for small values of the argument. We 
apply now 612. ‘To this end we show that 


$(x%)= log (1 — cos a) 


is absolutely integrable in (0, a’), using the u-test. 
Now in 454, Ex. 1, we saw that 


R lim x log (1 — cos x)= 0, 0<u<l. 
r=) 


Hence | ¢| is integrable, and Sz is uniformly evanescent. Hence Sis uniformly 
evanescent not only in 8/, but in B. 

The same reasoning may be applied to the singular integral relative to the line 
x= 7. Here the only point of infinite discontinuity is y =— 1. 

Hence, by 611, 2, the integral J is uniformly convergent in B. 
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614. Example. Let us consider the integral 
if {7 \loga|"dz, 50. a 


We show first that it is convergent only for y>9. 
For, let y>0. Applying the p-test, we have 
lim x - a/-1| log #|” = lim «A | log a|”, rA>0 
=0, by 464, Ex. 2, 
for properly chosen 0<u<l. 


Hence, by 579, J is convergent. 
Loe ys Ome len lim x - #/—1/log z|" = lim xA|log x|”, Az0 


=+ 0. 

Hence, by 580, J is divergent. 

LetO0<a<£. Weshow that J is uniformly convergent in 8 =(a, B). In the 
first place we note that the integrand is continuous in & =(0, 1, @, 6), except on 
the line « =0, where it has points of infinite discontinuity. We have, therefore, 
only to show that the singular integral § relative to this line is uniformly evanes- 
cent. To this end we use 612. Now 


x |log |" < xa—1/ log x|”, y> a. 


But we have just seen that 
o(@) = x2" log x|". (2 


is integrable. Hence S is uniformly evanescent in %. 


615. Let f(xy) be regular in R= (aba), B finite or infinite, 
except onx=b. The singular integral 
S fayyan, (ea 
1s uniformly evanescent in B = (a, B), if 
Sry) = $(a)gay), in Ry=(b—8, 6, @, 8); 


where a p(x) is integrable in W = (b— 6, b); 
2° g(ay) is limited in R,, and integrable im any (b—6, B!’), 
b'' <b, for each y in B. 


For, by De |g(zy) | <e M. 
Then by 1°, there exist for each e>0, a 8>0 such that 


J, soa] a Tf qd 
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Then for any y in &, 


Se =|" 


<u fae 


<e, by 1). 


Continuity 
616. 1. Let f(xy) be regular in R= (aba), B finite or infinite, 
except on the lines x= a), +++ = 4,. 


1°. Let the singular integrals relative to these lines be uniformly 
evanescent in B= (a, B). 
2°. Let n, finite or infinite, ie in B, and 


lim f(vy) = $(#) uniformly 
= 


in A= (a, b), except possibly at c= a,, --- r= 4,. 
3°. Let d(x) be integrable in UX. Then 


lim ffeyae= Jf ‘im flay)de = [ b(a)dr. a 


For simplicity, we shall suppose there is only one singular line, 
viz. x= 6; we shall also take n= 0. 


Let 
D= fifay) — 6@) de. 


We wish to show that 
e>0, G, |\Di<e for any y>G@. 


Now 


> h/ b 6 
D=f'sflay)—d@yide + f fae — J $av, BI <b, 


=D, + D, + D;. 
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Now by 12, 3°, the last two integrals are numerically </3, if 0 
is sufficiently near 0, for any y. On the other hand, if G is suff- 
ciently large, we have for any y>G, 


| fay) — e@l<s5 = oe 


for every z in (a, 6'), by virtue of 2°. 


Hence |D,|<¢/3. Hence 


|D\<e, y>G, 
which establishes 1). 


2. Let f(ay) be regular in R= (abeaB), B finite or infinite, except 
on the lines x= a,, --- = a,. 


1°. Let the singular integrals relative to these lines be uniformly 
evanescent in B= (a, B). 


2°. Let n, finite or infinite, lie in B, and 
linn ff Cn7 ):— Oz) uniformly 
y=n 


im 1 = (ab), except possibly at x=a,,--- x =a 
Then 


re 


lim f fCay)de exist 
ei lyh ca xy dx exists. 
J wed), i) 
3°. Let d(x) be integrable in A. Then 
b b b 
lim 2y)dx= |} lim f(ay)dz= da. 
im {, fey)de = flim fay de = J $(@)dx 
We need only show that 7 exists, since the rest follows by 1. 
Let us suppose, to fix the ideas, that 2=6 is the only singular 
line, and that 7 = 
Then 
5 
D= fifa yf y"Yidz 
b b b 
=f fey fae y"ida+ [Fw yda— [FC y! dn 
= D, + D, + D3. 
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But by 1°, there exists a 6! such that 


| Dy), |Dyl<e/4 
for any y in B. 
By 2°, we can take y such that for any 2 in (a, 6/) 


on b@l<zqia, y>a 


Hence : 
/ 
FOV -F@ I <a 
for any y’, y" >¥, and z in (a, 0’). 
Thus 
a |D,|<e/2. 
Hence 


|D| <e, for any y>¥3 
and the limit 7 exists. 


617. 1. In 561 we have defined the term f(a, y) as a uniformly 
continuous function of y in 8. It may happen that f(a, y+ h) 
converges to f(zy) for each y in B and any z in Y, but that the 
uniform convergence breaks down at points lying on the lines 
L=,,---c=a,. In this case, we shall say f is a regularly con- 
tinuous function of yin B. If f(x, y+h) converges uniformly to 
F(ay) except on x=a,, «--, where it may not even converge to 
F(a, y), we shall say that f(xy) is a semi-uniformly continuous 
function of y. 

In both cases, we can inclose the lines x= a,, --- in little bands 
of width small at pleasure but fixed, such that the convergence is 
uniform in %, when x ranges over %, excluding values which fall 
in the above bands. 


2. It may happen that f(a, y) is a regularly or a semi-uniformly 
continuous function of y in B except on the lines y= @, ++» y= @,. 
We shall say in this case that fis in general regularly or semi. 
uniformly continuous in y. 


3. We wish to make a remark here which will sometimes per- 
mit us to simplify the form of a demonstration without loss of 
generality. In questions of uniform convergence or uniform con- 
tinuity, the uniformity may break down at points lying on certain 
lines x=a,, °° ©=ad,. In this case we may count such lines as 
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singular lines. When £ is finite, and no points of infinite discon- 
tiauity lie on these lines, their simgular integrals are obviously 
uniformly evanescent in ¥. 


618. 1. As corollaries of 616 we have, using 611, 4: 


Let f(xy) be in general regular with respect to xin R=(abaQ), 
B finite. 


Let f(ay) be a semi-uniformly continuous function of y, except at 
Y = Oy > Y= Mm. 


aes Hy)=f fay)ae dl 


be uniformly convergent in B =(a8). 
Then J is limited in B and continuous, except possibly at ay, ++ &m- 


2. Let f(xy) be continuous in Kh, except on r= a, -- = 4, 
Let 1) be uniformly convergent in B. Then J is continuous in B. 
619. Ex. 1. The integral 
T= {log (1 —2ycosx + y?)dx 
0 
is a continuous function of y in any interval 8 =(@B). For the integrand is contin- 
uous in (0, 7, @, 8), except on the lines =0,2%=7. In 613 we saw J is uniformly 


convergent in 8. Hence, by 618, 2, J is continuous. 


Ex. 2. The integral 1 
Ti x1 | log y |\"dx 
0 


is continuous in («, 8). 0<a<B. 
This follows from 618, 2, and 614. 
Integration 


620. 1. Up to the present we have been considering the case 
when the singular integrals 


S,= [fay)de 


relative to a line x= are uniformly evanescent. 
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For the purpose of integrating 


Tyy=J flay)de 


with respect to the parameter y over a finite interval 8 =(«, 8), 
we can take a slightly more general case. 

As before, let f(ay) be in general regular in R=(abe8). To 
fix the ideas, let us consider the left-hand singular integral at e. 

Suppose now that for each e>0 there exists a 6>0 such that 
for any y in 8* =(a, *), 

|S] <ea(y) 

for every ¢ in (e—6,¢). Here is regular in B except at @, and 
is integrable in B; it is also independent of e. In this case we 


shall say this singular integral is normal. Similar remarks hold 
for the right-hand singular integral at e. 


2. Obviously, if the singular integrals at ¢ are normal, they are 
uniformly evanescent in any partial interval (a@') of B. 

Also, if the singular integrals at ¢ are uniformly evanescent in 
%, they are a fortiort normal. 


3. When the singular integrals of 


6 
T= f flay)de 
are normal, we shall say J is normally convergent in ¥. 


4. If the singular integrals at c are normal, there exists for each 
e>0, a 6>0, such that P ’ 
| [dy {fae 
» c 


for any ¢' in (e— 8, c) or (¢, e+ 8), and any dr, win B. 
To fix the ideas consider only the left-hand singular integral. 


<6 


Then 
c eo(Y) 
i far] <2, 
where 8 _ fe 
s=f ody sf ody. 
Hence 


SMES EN 


ZA Fe 
cu, <eé 
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621. Let flay) be in general regular with respect to x, m 
R=(abaB), B finite. 

1°. Let f be in general a semi-uniformly continuous function of 
Yon == (6) 9) 

BP bee y 

Ty=f flayae 
be normally convergent in B. 

Then J is integrable in B. 

To fix the ideas let a= 6 be the only singular line. Since the 
singular integral is normal in %, it is uniformly evanescent in any 
(ay), ¥< 8, by 620, 2. Hence, by 
618, 1, J is integrable in («, y). Br gw 

To show that J is integrable in | [,’ 
%, we have only to show that cul ai 


# 
T=| Jay, 
Say 
B—7<f'<B"<B, 


converges to ) as n= 0. 


OT pe (ay fren [Saf L=n+n a 


But, by 620, 4, there exists a 6’ such that 
| T,|</2, <6, 


however ’, B’' are chosen. 
On the other hand, f(2y) being by hypothesis limited in any 


Caton, (BN): b'<b. 
2 
S fax 
We can therefore choose 7 so small that 


| Z,|<e/2. 


<i 


Hence 1) shows that for each e>0, there exists an »>0, such 
that 
|T]<e 


for any pair of values B’8" in (8 — yn, B*). 
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Inversion 


622. 1. Let f(ay) be in general regular with respect to x, in 
R=(abaB). 


1°. Let the singular integrals be normal. 

2°. Let f(xy) be in general a semi-uniformly continuous function 
of yin B. 

3°. Let inversion of the order of integration be permissible for 
any rectangle in R not embracing the singular lines. 


oc K=f"dyf fax, L=f ‘dxf fay 


exist, and are equal. 


For simplicity, let us suppose x = 6 is the only singular line. 
By 1°, 2°, and 621, the integral K exists. 


PP fla fen Linfiie s-seb c 

But (ESTES since K exists, 
uae |G |e 2 

SSH = LS 


<e by 620, 4 
if 6 is taken sufficiently small. 


a eit 
nS f= 


9. Let f(xy) be simply irregular in R= (abaB) with respect to x 
Let the singular integrals be normal. Then 


idy f fat Saw f "a y 


arist and are equal. 


Hence 1), 2) give 
(3 


Hence, by 3), 
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This is a special case of 1. For, by 617, 3, f is in general a 
regularly continuous function of y.. Thus condition 2° is satisfied. 
That condition 3° is fulfilled follows from 570, 1. 


623. Example. We saw, 575, Ex. 3, that 


a1 1 
1 
J, SO 7? Te 0s 


8 1 Bdy B 
a1 = EE eae 
SiS, ge ip a log 3 - 


We can, by 622, 2, invert the order of integration, since 


Hence for0<a< 8, 


(ode, 0<a 


is uniformly evanescent in (@, 8) by 614. 
Thus 1) gives, inverting, 


1 B 1¢B-1 — ya-1 
] Bai d f y—1] =|) ———_—_—_—_———_. . 
og = Ea , ee dx (2 


For @ = 1, this gives 
1g¢p—-1_— 1 
——_— dx = log B. 3 
{ie ae sp 


If we set here B = 2, it gives 


ly —] - 
Chie = 2. 
f, log % rts 5 e 


624. We give now an example where it is not permitted to 
invert the order of integration. 


We have for all points different from the origin, 


x an y? — 72 
Peep tye 


Deel eee 
Tat +p (a? + y2) 8 
Thus 
Aafia f fetote= (lta eg 
emer 0 ae + y? 01472 4’ 
B= (ae aN eee dy =— fax] y =~ f (Ie 
0 @+ yx)? 0 x? + y2 Jo ree yy 


Hence A, B are both convergent ; but they are not equal. 
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625. 1. Up to the present we have supposed that the points of 
infinite discontinuity of the integrand f(zy) lie on certain lines 
parallel to the y-axis. 

We consider now a more general case. 

Let us suppose that these points of infinite discontinuity do not 
lie only on a finite number of lines parallel to the y-axis, but that 
it is necessary to employ in addition a finite number of lines par- 
allel to the z-axis. 

To fix the ideas, let these lines be 


B= Ay, THA,3 Yea, ~~ Y=a,. el 


If f(xy) is otherwise regular, ¢.e. if properties 2°, 3° of 610, 1 
hold, we shall say f(xy) is regular in R except on the lines 1), or 
that it is in general regular with respect to x, y. 


2. Similarly we extend the term simply regular, viz.: If f(zy) 
is continuous in & except on a finite number of lines parallel to 
each axis, say the lines 1), where it may have points of finite or 
infinite discontinuity; if, moreover, it enjoys properties 2°, 3° of 
610, 1, we shall say f(vy) is simply regular in #& except on the 
lines 1), or that it is simply irregular with respect to g, y. 


3. The lines y=«,, -- are also called singular lines, and the 
integrals 
f “fdy 


are singular integrals relative to the lines y=a,,, m=1, 2-8. 


4. In accordance with the present assumptions, we should 
modify the definition of normal singular integrals given in 620, 1, 
so as to allow o(y) to have singular points at a, + a. 


As an example, consider 


flay) = d 


V@_by—B) 


Here every point on the lines « = b, y = 8 are points of infinite discontinuity. 

If R =(a, b, a, B), a<b, &<B, we see at once that fis continuous in # except 
on the above lines. Obviously, f is integrable with respect tox oryin R. Thus f 
is simply regular in R except on the lines x = b, y= B. 
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626. 1. Let f(xy) be regular in R=(abaB), except on the lines 
© yy 0 LEO SY Hy YH ye 


1°. Let it be in general a semi-uniformly continuous function of y 


in B = (a). 

2°. Let the singular integrals relative to the lines x= ay, «+ be 
normal in B. 

3°. Let the singular integrals relative to the lines y= cy, «+ be 


uniformly evanescent in any interval of U=(ab), not embracing the 
POUMNts Ay, °°? Ape 


4°, Let any integral f Fe) f a fe 


admit inversion if the rectangle (a'b'«' B') does not embrace one of the 
singular lines. 

Th p 

a Ty= J fo, wae 

is inteyrable in B. 

For simplicity, let us assume that there is only one singular line 
#=06, and one line y= £. 

We observe, first, that J is integrable in any (a@'), B’<B by 
1°, 2°, and 620, 2,621. Therefore, to show that J is integrable 
in %, it suffices to prove that, for each e>0 there exists an 7 >0, 


such that “f 
B 
T= Jt 


is numerically <e for any pair of numbers £’8"' in © =(B—7, B). 


sa T= Say in file = SG f fe SS T+ T,. qd 


But by 2° and 620, 4, 
| T,|< e/2 


if 6’ is taken sufficiently near 6. Suppose 8! so chosen and then 
fixed. 


On account of 4°, 1 =e 
lie ab 
a B 


By virtue of 3° we can take 7 >0 sufficiently small, so that 


a € ° 
J f4y|<sq in (a, 8). 
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Hence | <e/2. 


Th 
ernlore | Z'|<e, for any §’8" in ©. 


2. Let f(xy) be simply regular in R=(abaB), except on 
LH=A,° Y= yy oo 
1°. Let the singular integrals relative to x= ay, --- be normal in ¥. 
2°. Let the singular integrals relative to y=a,, --- be uniformiy 
evanescent in any interval of X not embracing the points Ay, 


Then ‘ 
Tyy=J fla, y)dex 
is integrable in B. 
For, conditions 1°, 2°, 3° of 1 are obviously fulfilled. 
That 4° is satisfied, follows from 570. 


627. 1. Let f(xy) be regular in R=(abef) except on the lines 
Ly b= OY oy, = YO, 

1°. Let the singular integrals relative to the lines x=ay,, «+ be 
normal. 


2°. Let the integral fae [TF ay, 


admit inversion, of (¢c, d) does not embrace the points ay, Ay - 
a. Let a; 
K={dyf fae 
a a 
be convergent. 


) 
Then L=f{ ae ny 
is convergent, and K= L. 
For simplicity, let «=b, y= be the only singular lines. 
Then, by 2°, 


JS def fay = {dy f fae, b—d8<d'<b. al 
={"f-S*f, since £ is convergent. 
Sie ii F JS ) (2 
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But, however small e>0 is taken, we may take 6>0 so small that 


SS = tip GH. @ 


From 1), 2), 3) we have 


(ils K\<e pa Bead ech 


ba Si {atin f! f= 


2. Let f(xy) be simply regular in R =(abaB), except on x=a, --, 
Y= 0, . 

1°. Let the singular integrals relative to the lines x= a, --- be 
normal in B. 

2°. Let the singular integrals relative to the lines y = a, --- be unt- 
Formly evanescent in any interval of U not embracing the points a, --- 

Then the integrals 


fay f fae, fae fdy 


are convergent and equal. 


But then 


For condition 2° of 1 is satisfied by 622, 2 if we replace 2 by y 
in that theorem. Condition 3° is fulfilled by 626, 2. 


628. Example. As an application of 627, 2 let us consider 
Bo (2 dx 
{oa ee b, B>0. 


The singular lines are x = 0, y= 0. 
The singular integral relative to « = 0, 


gai (a 
© Vay 
is normal in 8=(0, B). For, 
i (eae 
s= (°F = doyy) 
Vy Ve 
settin 
: oe (PCH 1 
b= (oS, «w=. 
Va vy 


DIFFERENTIATION 


Here, for any e >0, there exists a 6 > 0 such that e! < e, for any 0<a<6. 


the other hand, c is integrable in %. 
The singular integral 
fis (Vee 
o Vay 


relative to y = 0 is uniformly evanescent in any (a, b), a>0. For, 


peo the ady 
aun yh 


But for any e > 0 there exists an @ > 0, such that 


{4< eV a, 0< & <M. 
0 Vy 


Hence Tae for any &@< &. 
Thus the conditions of 627, 2 being fulfilled, both integrals 
(Pa ae da , (ra x (PL dy 
0 Viry 
are convergent and equal. 
This result is easily verified by actually evaluating these integrals. For, 


fe ee je _2Vvb_ 
Vi War We Wi 


Ine 2 vies =4VbB; ete. 


Hence 
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Differentiation 
629. Let fry), fi, (vy) be regular in R=(abaB), except on the 
lines = 0,, 2 =, 
1°. Let fi, be a semi-uniformly continuous function of yin B= (a8). 
2 in he elementary rectangles (a,—7, 4,+7, a, B), 
vet 


N@p|Sb@), +=, 2, 


the $s being integrable in (a,— 6, a,+ 8). 
Then 
a g wal Fayde =f fi(ay)dx, in B. 


d 
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For simplicity, let «= be the only singular line, and let f) be 
uniformly continuous in %= (a, 6), except at 6. Then 


AS ("fn IYTM) OD de, bhlcd 
(MQ) OF h 
=f fila nda, by Law of Mean 


= ri filayde +f "| Sian) — flay) tae 


= { f(ay)de +D. (2 


Buti , ' 
D= fs fi(en)—filay)ida= f+ f= D,+D,. 


Also, by 2°, F,(an) —fi (ay) | <2 (2). 


Hence b - 
|Dy|<2f ode <S, 


provided 6 is taken sufficiently near 0. 
On the other hand, f) being uniformly continuous in Y’ = (a, 6’), 
we can take 6 so small that 
(= . 
IAG, n)—fita, y)|< 56 rae in OW. 
nen |Dy| <e/2. 


Hence |_D| <e, for any |h| <8; and 1) follows at once from 2). 


630. Example. As an application of 629, let us consider the integral 
{eo -llog” x dx, ns 0, integral, 
which was taken up in 614. The integrand 
Say) = v1 log" x 
is not defined forx=0. Let us give it the value 0, whenx—=0. Then 
Sy, y) = 29-1 logntl x forx>0 


=0 for 2 = 0; 
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Then f and f, are simply regular in R = (0, 1, @, B), @>0 except on the line 
*%=0. Moreover, 7, is a uniformly continuous function of y in 8 = (a, 8), except 
possibly on the line x= 0, It is therefore a regularly continuous function of y in B. 
Thus condition 1° of 629 is fulfilled. Condition 2° is also satisfied, as 614, 2) shows. 
Hence if we set 


1 
of = i} x/-1 dx, 
f) 


we get, by 629, 


at u 
age ) wY log « dx; 
r differentiating n times 
or differen gn : os Oy, 
= | x-! log a da. 
dy” 0 
But, by 575, Ex. 3, 1 
J=-.- 
y 
Hence aT _ (<1) n! ; ES 
dy” yrth 
Comparing 1), 2), we get 
1 n! 
f, wMogrede=(—1)" i, y>0. (3 


631. 1. By using double integrals, we can obtain more general 
conditions than those given in 629, for differentiating under the 
integral sign in 


T= f flay)de. 


For example, the following. 

Let f(x, y), f(a, y) be in general regular with respect to x in 
R= (abaB). 

1°. Let ficay) be a semi-uniformly continuous funciion of y in 


B — (a, B). 
Ve AUB 


b 
Iy=J, Fuceyae 
be uniformly convergent in B. 


QiaeLet 
yth J h 5 
fay fA@ ae, |al< 


admit inversion. 
Then b 

at f 

7 =f ficry) dx, in B. qa 
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Hor, aL 


Ay hl 


+h 
=; Udy ‘def 'Fi(@, y)dy, by 605, 610, 6 


= 1, ay S fide, by 38° 


| ale 
=7S, sy ay. @ 


SiG ype yy Jae} 


But by 1°, 2°, and 618, 1, g(y) is continuous in 8. Thus on 
passing to the limit h=0, in 2), we get 1), using 5387, 2. 


2. Asacorollary of 1 we have: 
J 


Let f(xy), fy(ry) be regular in R= abuB), except on the lines 
LOR EN SOO 
Let f(xy) be continuous in R except on these lines. 


Let F 
Hf} Sy @ yjde 
be uniformly convergent in B= 3 I). 
Then 


Gb Sovie=SFayde, in. 


CHAPTER XV 
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Definitions 


632. 1. If f(~) has no points of infinite discontinuity in 
= (a, ©), and is integrable in any partial interval (a, 6), of A, 
we shall say that f(x) ts regular in U. If on the contrary, f(r) 
has a finite number of points of infinite discontinuity ¢,, ¢,, -+- in 
a, but is integrable in any partial interval (a, 6), we shall say 
S(@) ws in general regular in Y%. The points ¢,, ¢, ++ are singular 
pownts. 


Let f(z) be in general regular in 9. Let us consider 


lim f f(2) da, (i 


which we denote more shortly by 


SP@)ae, (2 


and which is called the integral of f(x) from a to +o, or the 
integral of f(x) in U. 

If the limit 1) is finite, we say the integral 2) is convergent or 
that f(x) ts integrable in XU. If the limit 1) is infinite, the inte- 
gral 2) is divergent. If the limit 1) does not exist, z.e. if it is 
neither finite nor definitely infinite, the integral 2) does not eaist. 

If |f(x)| is integrable in %, f(w) is absolutely integrable in YA, 
and the integral 2) is absolutely convergent. 


2. We make a remark here which will often enable us to sim- 


plify our demonstrations, without loss of generality. 
445 
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If f(x) is in general regular in X= (a, 0), we can take 6 so 
large that f(x) is regular in (6, ©). But the integral 


b 
Sf@ae 
has been treated in Chapter XIV. We have thus only to consider 
Foden, 
6 


in which the integrand is regular. W? may therefore often as- 
sume in our demonstration, without loss of generality, that f(x) 
is regular in Qf. 


1D Ale © da firs if 
aa eulig it is convergent, 


lim §° = lim (1 =5) ake 
z=odl 72 ae 


Ex. 2 
if dx = cor it is divergent. 
x 

For, 

lim f°“ = lim log # =+ o. 

xrao/Jl & 
Hx. 3 

f, cos «da does not exist. 

For, 


. x . . 
lim | cos 2dz = lim sin x 
a= /0 


does not exist. 


633. 1. General criterion for convergence. 
Let f(x) be regular in U= (a, 0). For 


J Fae 


to be convergent, it is necessary and sufficient that, for each ¢>0, 
there exists a G>O0, such that 


Sa] <e (2 


for any pair of numbers, «, BS G4 


This is a direct consequence of 284. 
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2. The integral 2) is perfectly analogous to the singular inte- 
grals considered in Chapter XIV. It is convenient to call it the 
singular integral relative to the point x=; and also to call this 
point a singular point. 

Instead of 2) it is convenient at times to call 


JS HER | ees fe 


the singular integral. The integrals 2) and 3) are obviously 
equivalent. 


3. Let f(x) be regular in X= (a, 0). If f(x) is absolutely inte- 
grable in A, rt ts also integrable in A. 


For by hypothesis p 
[if@|do<e, G20 GB. 


But in any given («, 8), f(x) is integrable by hypothesis and 


i file <J'f \de, by 628, 1. 


4. The reader should note that an integral may be convergent 
and yet not absolutely convergent. ‘Thus 


“gin x 
f da 
Ounraie 


converges for 0<w<1, while 


a 
(8 a 
0 x 


is divergent for these values of wp. Cf. 646, Ex. 2. 


634. 1. The symbol 
S Fo de a 
is defined as 


lim SI@ dz, 


a=—0 


and is called the integral of f(w) from —o to a. 
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The symbol . 
Sf f@)aex 
is defined as y 
lim f foe. 
B=+o0 


The terms introduced in 632 have a similar meaning here. 


The integral 1) is not essentially different from 
J faar, 
and requires therefore no comment. 


2. In regard to 2), we have the theorem: 


Let f(x) be in general regular in (—c, ©). In order that 


J= SJ fite 


be convergent, tt 1s necessary and sufficient that 


I= J fae, Jy= {fae 


be convergent for anya. When J is convergent, 
J=J,+d,. 


If J is convergent, we have 


e>0, E>0, T-J"l<§ a<—G, B>G@. 


B 
Teal ka oe <= — G 


UP ip lee 


* Fae << €. 


Subtracting, we get 


(2 


DEFINITIONS 


Hence, by 638, 


is convergent. Similarly, 


449 


is convergent. Therefore when J is convergent, J,, J, are con- 


vergent. 
Conversely, if J,, J, are convergent, J is convergent. 
For, let a be fixed anda<a<f. Then 


[HfL+ L%, dy 598. 


For a sufficiently large G, and e>0 arbitrarily small, 
e € 
{iad 42, a<—G, |d|<$ 


B 
SoHAtes  B>G |e<& 


Hence 


B 
J ie ee 
for alla<—G,and B>G. Therefore 
lim f'= J, +d, 


Hence, when /J,, J, are convergent, J is, and 


J = J, + Ife 
3. Asa result of the foregoing, we see that the integrals 
Sfde, J fax 


do not differ essentially from 


JS fax. 


(3 


For convenience, we shall therefore study only this last; the 


results we obtain are then readily extended to the integrais 3). 
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Tests for Convergence 


635. 1. The pw tests for convergence. Let f(x) be regular in 
W=(a, 0). If there exists a w>1, such that 


ote) |< Mam > 0, inV(o); 


F(@) ts absolutely integrable in A. 
For let G@<a< @liein V. Then, by 526, 2, 


J 7ae| < f"Ufldes [Ode = Sapa 


<e, if G is taken sufficiently large. 


2. Let f(x) be regular inX=(a, 0). If for some w>1 
lima Ce) 
is finite, f(x) ts absolutely integrable in A. 


3. As corollary of 2 we have: 
In X=(a, ©), a>0, let 


F(a) = 22 or wigh a) Ne 0) 
x eu 


where g is limited in X and integrable in any (a, 6). Then f(x) is 
absolutely integrable in A. 


636. Test for divergence. Let f(x) be regular in U=(a, 0). 
In Vc) let f have one sign o, and 


oaf(c) > M, M>O0. 


Jaf fie= T + 


For, let a<a<z; while «, x lie in V. 

Then - ‘ oe 
So=So+ SE 

Now, by 526, 2, : ; 


JS ofav= Mf" = Mog ee 


when z=-+ 00. 


Then 
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637. Logarithmic test for convergence. Let f(x) be regular wm 
W=(a,0). If there ex'sts a w>1, and an s, such that 
rl xloa --- 1, al val f(r)| <M, in V(2), 
F(x) ts absolutely integrable in X. 
We have, by 389, 2), for «> 0 sufficiently large, 


Die ai= ead 


alle» 1,_yal,ta 


Hence, if 0<@<a<B, 


B ax 1 


a wl, ->- Iba 


1 Teel. 
VEN ae ei =0, 


{ 
w—ll 


when G++ o. 


(fia ef OE Al rare 


<e, for @ sufficiently large. 


638. The logarithmic test for divergence. Let f(x) be regular in 
A=(a,0). InV(o), let f(x) have one sign o, and 


bins La os(7)> UY >. 


cd fae = 0 + 00. 
Lor: in a x 

JS =f aif ; 
But 


J afte os M ‘ ae = Mla, 


a we --- lx 


since by 389, 1), for sufficiently large x> 0, 


‘Dy = ‘ l,= 1. 
esl ale mn lav 0 
As A 
lim 2... = +, 
z+ a 


our theorem is established. 
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639. Ex. 1. A quarter period of Jacobi’s function sn (wu, x) is 


io) 


a ae Ae, eee: 
We V/A — #2) (1 — 2) 


The point x =1/k is the only finite singular point. 
at this point, we see that we can take p= 


1 
therefore evanescent. 


Applying the » test of 579 
}, The singular integral at this point is 
Consider now the point x = 0. 


We have 
1 a 1 : 
V0 = a) — 2%) ay(1 -) (« eo 3) 
a qe 


This shows that the u test of 635 is satisfied for any «22 


Hence the singular 
integral relative to this point is evanescent. Hence A is convergent. 


640. Ex. 2. A half period of Weierstrass’s function @(u, g2, gs) is 


a dz 
CO ————— 
a V4 03 — gox — gs 
where é; is the largest real root of 


4 x3 — gox — g3. 


The point e; is the only finite singular point. 
point, we see that we can take n=} 


Applying the » test of 579 at this 
point is evanescent. 


Hence the singular integral relative to this 
Consider the point « = a 


We have 
il 1 


Hence w is convergent. 
641. Ex. 3. The Beta function, 


B(u, v) = one 
Se] wo (1 + x@)“te 


The point «= 0 is a singular point if w<1. 
point, we see that 


qd 
Applying the tests of 579, 580 at this 
Pago SGe 

ih (14+ auto’ roe 
is convergent when u>0; and divergent, when u=0. Consider the point x =a 
We haye , 


_, ee 1 
FO) = yp aye = al (i 
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Applying now the tests of 635, 636, we see that 


ii J(a)dz, u>0. 


converges for vy >0, and diverges for v Zak 
Thus the integral 1) has a finite value for every u, v>0. The function so de- 
fined is called the Eulerian integral of the jirst kind or the Beta function. 


642. Ex.4. The Gamma function, 


T(u) = , “e-tau—lde, Ql 


The point «=0 is a singular point if w<1. 
Applying the tests 579, 580 at this point, we see that 


in a>0. 


is convergent when w>0, and divergent when u>0. 
On the other hand, applying the u test of 635, 3, we see that 


is convergent for any %. The integral 1) therefore defines a function of w for all 


u>0. It is called the Hulerian Integral of the second kind or the Gamma function. 


643. 1. Let f(x) be regular and integrable in any partial interval 
(a, 0), of 1 = (4, co). 

Let JS Fade 
be limited in YU. 

In V(x), let g(x) be monotone, and g(o) =9. 

Then f(x)g(x) ts integrable in %. 

We apply the criterion of 633. Let G<a<£ lie in Vw). 
Then by the Second Theorem of the Mean, 545, 


B g é ee 
dz = 0 dx + —0 dx, a<&<B. 
Sty w= gar fF e+ 9(B SF E 
We can take G@ so large that 


g@+0), g(B—%) 
are numerically as small as we please. As the integrals on the 
right are numerically less than some fixed number, we have 


i "fy dx 


for any pair of numbers «, B>G. Hence fg is integrable in Y. 


<e€ 
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2 Let f(x) be regular and integrable in U=(a,«0). Let g(x) be 
limited and monotone in YX. 

Then fy ts integrable in A. 

For, by 545, 


S fode =g9(@+9) uf fdx + 9(p — 0) f faa. ad 
Let ’ 
|9@)| < ML. 


Since f is integrable in %, we can take y so large that 


S fae, Soa 


Then the right side of 1) is numerically <e. Hence fg is 
integrable. 


ly Bry. 


€ ° 
Son’ 


3. Let f(x) be regular and absolutely integrable in X= (a, w). 
Let g(x) be limited and integrable inX. Then f(x)g(«x) ts absolutely 
integrable in Y. 


We have only to show by 633 that 
B 
e>0, G>0, fi lfyldr<e, a 


for any pair of numbers «, B> G. 
Now g(«) being limited, we have 


l\g@)\< i, in YA. 
Hence 


S vy (ae = Mf" Ff \dz. (2 


But f(v) being absolutely integrable in %, we can take G@ so 
large that 


8 
J \flae<S, a, B> G. 
This in 2) gives 1). 


644. Let f(x) be in general regular in X=(a, wo), but not inte- 
grable in X. Let 


1 Fa)de a 
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be limited in MX. Let g(a) be monotone in X and Io )=G+0. 
Then 


SP @)gaae (2 


ts not convergent. 


For, if 2) were convergent, we would have 


ele bs Stade <e. As OSSD 


But this is impossible. For 


JFyde = g(a 0) f file + 9B = 0) f Fi E 


Let the integral 1) be numerically <M. 
We can take 6 so great that 


lg(z) — G\<o, D0, 


where a is small at pleasure. 
We can therefore write 3) 


Siyde=(G + oS "fae +4 + 0!) f Fae, lo", |ol|<o. 


Hence 
S Fae] = a e’, é small at pleasure, 


which states that f(z) is integrable in YM. 


645. Ex. 1. For what values of « does 


T= (2 © aye 
0 be 


x 


converge ? 
Set a ner Soos x 
fe ={ COSH ay Ty =At SOS gel a = 0; 
(0) a a iad 


The integral J2 is convergent by 643, 1, provided »>0. For u 20, it obviously 
does not converge. The integral J; is convergent, as we saw, 586, only when w«<1. 
Thus J is convergent when and only when 


() fe 
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646. Ex. 2. 


J= “sin © dan. 
0 ah 
Set : Did 
A= ("= 2 ae, i= f ee) aS C 
0 gt a gh 


In 587, we saw .J; is convergent only when «<2. 

By 643, 1, Jz is convergent when » >0,. When pod it obviously does not con 
verge. 

Hence J is convergent when, and only when, 


O<Kn<2. 


That J does not converge absolutely for 0 << 4<1, isshown as follows, We have 


Ky = (Pisin elae _ ("4 (4 op fe 
0 ah 0 te ( 


n—l)r 


H=Sitd2t-- +n 


Let 
%=y + (m —1)r. 
Then 7 =(" sin y dy = 1 f,'sin Me = : 
m I y af (m as 1)m}# (mr) 4 0 U (mr )* 
Hence A paca 1 | 
Ky hte eae ae OD, 
‘ ee xe WA des n™ J 


when n = o, as the reader probably knows, or as will be shown later. 


Properties of Integrals 


647. In Chapter XIV we established the properties of the 
improper integrals, A 
J fae 


by a passage to the limit. We propose now to develop the 
properties of improper integrals, the interval of integration being 
infinite, by a similar method. In many cases the reasoning is so 
similar to that employed to prove the corresponding theorems in 
Chapter XIV, that we shall not repeat it, referring the reader to 
the demonstrations given in that chapter. 


648. 1. Let f(x) be integrable in (a, 0). Then 


f fae =— | fide. 
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| 


2. Let f(x) be integrable in (a, 0). Then 
ae rh ta} 
J fac = | file ae ; Saks a<b, 
3. Let f(x) +++ fin(w) be integrable in (a, 0). Then 


fe Fit et en fimnjde = ef Fide ee: en J, file 


649. 1. Let f(x), g(x) be integrable in (a, ©). Except possibly 
at the singular points let f(x)S g(x). Then 


JS fav>f gde. 


2. Let f(x), g(x) be integrable in (a, 0). Except possibly at the 
singular points, let f(x) Sg(x). Ata point c of continuity of these 
Junctions, let f(e)>g(c). Then 


J fae <4) ae 


3. Let f(x) $0 be integrable in (a, ©). Ata point ec of continuity 
of f, let f(e)>0. Then fi 
[f@ dx>9. 


4. Let f(x) be absolutely integrable in (a, ©). Then 


J, fee <f |fldz. 
T= fi fade 


be convergent. We may change the value of f(x) over a limited dis- 
crete aggregate, without altering the value of J, provided the new 
values of f are limited. 


sy Jb85 


650. Let f(x) be integrable in U=(a,«w). Then 
J (2) =f fax Gea: 


ts a continuous limited function of x in %. 
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Ney ieee 
J ‘fae 
is a continuous function of x in (a, ¢), by 608. As 


i. tdx 


is a constant, J(x) is continuous in YM. 
J is limited in 9. In fact, for each e>0, there exists a ¢ such 


that (foe 


JS fax, 


being continuous in the limited interval (a, ¢), is limited. Hence 
J is limited in YI. 


For, by 648, 2, 


But 


<eé. 


But 


651. Let f(x) be integrable in X=(a, 0). Then 
ad io 2) 


for any point x of X, at which f(x) is continuous. 


Ja=f=['+f=K@+6, 


(‘being a constant. By 604, 1, 


Horii =a, 


dk 
Paes — f(a). 


pec dja dCi ay aed Kae 


652. In L=(a, w), let f(x) be continuous excepting possibly at 
certain points ¢, +++ ¢,, where it may be unlimited. Let it be inte- 


grable in any (a, 6). 
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Let F(x) be one-valued and continuous in %; having T(a) *as 
derivative except at the points c. 


Then 2 
J. fle = F(+ 2) — F(a), a 


where F(+ 0) is finite or infinite. 
For, by 605, . 
J fax = F(b) — F(a), 


however large 6 is. Passing to the limit, we get 1). 


Theorems of the Mean 


653. Hirst Theorem of the Mean. In UX=(a, 0) let g(x) be inte- 
grable and limited. 
Let f(x) be integrable, and non-negative in A. Then 


JS fyde =f far, a 
where Mis a mean value of g in XU. 


For, by 602, 4 4 ; 
mf TOL <f fgdn Z Mf fd2, Gabe (2 


per m< g(a) <M. 


Let 6+ 03; since all the integrals in 2) are convergent, by 
643, 3, we get in the limit, 


mf far<{ fydn<MI fax, 
which gives 1). 


654. Second Theorem of the Mean. In X= (a, o), let f(x) be 
integrable and g(x) limited and monotone. Then 


Taf fog @ie= gat Of P@dr+ gf S@dn A 


a<n<co. 
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If g(a+ 0)=g(+) the theorem is obviously true. We may 
therefore assume that these limits are different. Next we observe 
that the integral Jis convergent, by 599, 2 and 643, 2. 

To fix the ideas, let g(x) be monotone increasing. 

Let d be arbitrarily large. Then, by 608, 


b t b 
a4 0} lz+g(b—0 dx. 2 
J Pade = y(a+ Of fale + (b= 0) f fae ( 


J.et us add = 
Bay(+x)J fae 


to both sides of 2); observing that 


lim B= 0. (6 
bao 


We get 
b é b % 
gdze+ B=g9(a+0) ‘da +- g(b— 0 fda I: 
J fa ga+ Nf fda gb— Vf fae tact xf fax 
a (at im (9 () ie = i 
gat of Sdx— gat vf, fdx + g(b—0 Jf tdx 
mo era eat) 3a 
gb fae +g +20) f fade 
00 ( eal 
=y(a+0)f file + [y= 0) g(a +0) | j, fax 
(f 50) 
+ ig +2)—g(b—0) IS fd 
=y(at0) [fae +U+V. C4 
Let A, w be the minimum and maximum of 


fl Oe 


rf fda <p 


in A. Then obviously, 


ni fdr <p 
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Hence 
{gb —0)—ylat )}A<U< {y—0)—g(at- 0)} pm, 
{gC + 2)— 9% —0)}A<V< fo(+~)—g(b—0)} p. 
Adding, we get 
ig(t o)— gat jA<U+Vcig(+o)—ga+ Op. 


Hence T+ VM f9(+)—g(at 0}, G 


where 
r~< DM <p. 


From 4) and 5) we have 
b \ oe 
S fyde + Ba g(at Of fade + W {g(+ 0)—g(a+ 0}. 


Passing to the limit 6= 0, and using 3), we have 


Tagat Of fader Mi y(+2)-gat+]s GC 
where lim We’ = Nt, 
b=20 
no rA<Mt<p. 


The integral 


ihe Sdx 


being a continuous function of x in (a, 0), must take on the value 
M for some point x= 7, finite or infinite, in this interval. Then 


m= fade. 
” 


From 6) we have now, 


T= gar f fart {y(+0)—g(a+0)} J fae 


n oo 
= 0 lat+g(+2)) fda, 
gat fr a+ gf if 
which is 1). 
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Change of Variable 


655. Let B=(@, 8), aS isin either « or 8 may be infinite. 
Let x=W(u) have a continuous derivative in B, which may vanish 
over a discrete aggregate, but has otherwise one sign. 


Let X= (a, 6) be the image of B, where 
a=limy(u), 6=lim p(w); 
u=a u=B 
and b may be infinite. 


Let f(x) be integrable in any (a, 6’), Orb: 
If now, either 


J.=f fla)dx, or T= f FIP ly (udu 


is convergent, the other is, and both are equal. 


There are various cases. Let us take the following as illustra- 
tion. Let L=(a, 0), B=(@, 0). By virtue of 408, the points 
of Y and S are in 1 to 1 correspondence. 

Let 6’, 8’ be corresponding points in A, B. Then as p’=o, 
b' =o also, and conversely. 

By 606, 2, 7 a 
 fa)de =f FPO] wd. dl 


Suppose J, is convergent. Then 1) shows, passing to the limit, 
that J, is convergent and J,=J,. The supposition that J, is con- 
vergent leads to a similar conclusion for J,. 


656. Ex. 1. Consider the convergence of 
i ih sin x? da. 
Since the integrand is continuous, J conyerges if 


v2) 
Jz =f sin 2? dx 


converges. Let 


e=y(u)=Vu; 
and hes (Cl, ea), Ns (ily. CON )s 


Then © gs 
7a =f Sunes det, 
ray, EN i 
which is convergent by 646. 


Hence, by 655, Jz, and therefore ./, is convergent. 


CHANGE OF VARIABLE 463 


Ex. 2. We found, by 630, 3), that 


ihe: —1)"n! 

2 og « dis = TER, y>0. qd 

Let us set 
iil (0) sae 
Here 
a=—05 b= 15) a=, 8 = 0, 
In %, 
¥'(u)=—e- 
is continuous and always negative. 

Then, by 655, 0 

Tens Df e-wun du @ 


is convergent, sinc3 1) is. Hence 1), 2) give 


f, e-“vy” du = n! y> 0. (3 


ynth , 


657. 1. Stoke’s Integrals. Let us consider the convergence of the integral 
T= {i x sin (“8 — xy)dx, a 


which comes up in the theory of the Rainbow. 

Let us set 

U= 0 ~ xy = x(a? — y) = O(a). (2 

The graph of this is a curve which crosses the axes at the points x=0, x=+ Vy, 
if y>0; and at the point x=0,ify=0. To fix the ideas, let us suppose y>0; 
the case when y = 0 may be treated in a similar manner. 

Supposing, therefore, y>0, the graph of 2)shows that as x ranges over Y=(Vy, 2), 
u ranges over 3 = (0, ©), the correspondence between the points of 2{ and 8 being 
uniform. Thus the relation defines a one-valued inverse function « = y(w) in B. 


Let us write 1) GG a 
Tea\ se f ’ 
q vy 


and denote the latter integral by Te 


The corresponding integral in w is 5 
Ju 24 g(u) sin u du, 


setting 


— x 5 
g(¥) ae 


We can now apply 643, 1. For,7++oasuw++o. Hence g(w) is a monotone 
decreasing function, for any positive y, and g(o#)=90. Thus Jy is convergent. 
Hence J, is; and therefore the integral J is convergent. 


2. The same considerations show @ fortiori, that 


K= {0s (a3 — xy) dx (3 
/0 


is convergent for any y. 
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3. In connection with these integrals, occurs another integral 
Ih (he cos (a8 — xy) dx, (4 
which, it is important to show, is not convergent. In fact, effecting the change of 
variable defined by 2), in 


DL, =\ x? cos (a8 — vy) da, 
Vy 


supposing to fix the ideas that y > 0, we get 


ibys, =A a cos u du =f) h(u) cos udu. 
0 3a2-—y 0 


Here h(w) is a monotone function, and 
h@) =2: 


Thus L, is divergent, by 644. Hence Z, is. Therefore Z is divergent. 


INTEGRALS DEPENDING ON A PARAMETER 
Uniform Convergence 


658. 1. Let f(z, y) be defined at each point of the rectangle 
h=(aceg), 2 finite or infinite. Let == ( 0), 2) = (050): 

We shall say f(vy) is regular in R when: 

1°. f(xy) has no point of infinite discontinuity in R. 

2°. f(ay) is integrable in 9 for each y in B. 


At times we shall need to integrate f(vy) with respect to y. 
In this case we shall also suppose : 


3°. f(ay) is integrable in % for each z in A. 


2. If f(vy) is regular in R, except that it may have points of 
infinite discontinuity on certain lines x =a, --- ¢=a,, we shall say 
F(ay) is regular in R except on the lines x= a,, +++ or that it is in 
general regular with respect to x. 


3. Let us suppose that the points of infinite discontinuity of 
f(y) do not he all on a finite number of lines parallel to the 
y-axis, but that it is necessary to employ in addition a finite num- 
ber of lines parallel to the z-axis. To fix the ideas, let these lines 
be v=a,,---t=a,3 y=, y=a, If f(xy) is otherwise regu- 
lar in R, i.e. if it enjoys properties 2°, 3° of 658, we shall say 
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f(xy) is in general regular with respect to x, y, or f(ay) is regular 
except on the lines x= ay, + Y= Gy, + 


4. Let f(y) be continuous at each point of R except on certain 
hives v= ears y= @,- y=a, On the lines = y, +++ it 
may have points of infinite discontinuity; on the lines y= a, -- 
it may have finite discontinuities. If f(vy) is otherwise regular 
in &, we shall say it is simply regular with respect to x except on the 
lines = ay, -- or that it is simply irregular with respect to x. 


5. Let f(ay) be continuous at each point of R except on the 
lines m= 4@,, ---t@=a,; y=«,,-- y=, As in 3, let us suppose 
that all the points of infinite discontinuity cannot be brought on 
the lines e=a,,--- Let f(vy) be otherwise regular. We shall say 
F(vy) is simply irregular with respect to x, y, or that it is simply 
regular except on the lines x= ay, +++ Y= G4, + 


6. The lines =a,, --- y=«,, --- or which are grouped the 
points of infinite discontinuities of f(vy), are called singular lines. 
To each of these belong right and left hand singular integrals as 
in Chapter XIV. Cf. 666. 


7. The integral 2 
; [fayix, 234, a 


where @ is large at pleasure, is called the singular integral relative 
to the line x=o0. 

If for each e>0 there exists a G, such that 1) is numerically 
<e for any y in S and every x5 G, we say 1) is uniformly evanes- 
cent in B. 


8. If the singular integrals relative to the lines a=a,, + x=4,, 
as well as the singular integral relative to the line =o are uni- 
formly evanescent in 3, we say the integral 


T= f fla yao (2 


is uniformly convergent in ¥. 

If the uniform convergence of J breaks down at certain points 
Yp 7° Y% in B, we shall say J is in general uniformly convergent 
in B. Cf. 666. 
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9, As in Chapters XIII, XIV, we wish now to study the inte- 
gral 2) with respect to continuity, differentiation, and integra- 
tion. We may often simplify our demonstrations without loss of 
generality by observing that we may write 


S file = { fax +f fide =J, +d). 


Here we may take 6 so large that none of the lines x=a,, -- 
fall in (6008). 
The integral J, has been treated in Chapter XIV. 


10. In this article we have considered f(y) chiefly with respect 
to «. Evidently we may interchange x and y, which will give us 
similar definitions with respect to y. 

We wish also to note that all the following theorems apply to 
the integral s 
ic y dy, 


on interchanging z and y. 


659. Let f(xy) be regular in R=(aneB), B finite or infinite. 
Let $(x) be integrable in X, and 


\fay)|<o(2), inR. 


Then ¥ 
J fe yae a 
ts uniformly convergent in B. 
For 


ral < fae, — dy 038. 


a 
<A 526, 2. 
af gdx, by 526, 2 

Since ¢ is integrable in 2, we can take 6 so large that 


J pax <e 


for any pair of numbers 0’, 6!’ >. 
Hence 1) is uniformly convergent in %. 
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660. 1. Let f(xy) be regular in R= (aap), B finite or infinite. 


Let 
J(% Y=o(@)I@ y), 


where, 1°, d is absolutely integrable in %. 2°, g(ay) is limited in R 
and integrable in any (a, b), for each y in B. 


Then 2 
J. eye a 


ts uniformly convergent in B. 


For, g being limited in R, let 
lg(zy) |< M. 
By 1°, there exists for each e>0, a 6 such that 
A . fepi 
i p(aide< 5, bv <M, Q 


Then for any y in %, 


Ll fai 


eZ Uf \piae, by 529. 


<6, by 2). 


Hence 1) is uniformly convergent in %. 


2. As corollary of 1, we have, by 635: 


Dele (0008). a = \), & finite or infinite, let 


Fay) =12D, or aren He hee Wal 


where g is limited in R, and wntegrable in any (a,b) for each y in B. 
Then 2 
J feryyde 


is uniformly convergent in B. 
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661. 1. Let f(ay) be regular in R= (axeB), B finite or infinite. 
Let . 
: fay) = $C) ey)» 


where 1°, f(x) is integrable in A. 2°, g(ay) is limited in K and a 
monotone function of x for any y in B. 


Then 26 
J fede 


is uniformly convergent in B. 


For, by the Second Theorem of the Mean, 545, 
é B” 
i dgdx= y(b' +0, DS pdx + g(b" —0, DS gdz, b<b'<E<b". 
o o € 


But g being limited in RA, and @ integrable, the right side is 
numerically <e for any y in %, and any pair of numbers 0’, 6”, 
provided 6 is taken large enough. 


2. Let f(ay) be regular in R=(axePB), 8 finite or infinite. Let 
Say) = gry) h(zy)s 


where 1°, h(ay) is limited in R and monotone for each y in B, 


and 2°, = 
J g(ay)dx 


is uniformly convergent in B. 


Then es 
J feey)ae 


ws uniformly convergent in B. 
For, by 545, 
bay é o" 
dc = h(b'+ 0, hs Maes : 
if fdx = h(b' + nS gdx + hcb" — 0, DS gdz. a 
But h being limited in R, 
|A(ay)|< MM. 


On the other hand, by 2°, there exists a 6, such that each integral 
on the right of 1) is numerically < e/2 M for any pair of numbers 
OS hy. 
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Spee 


662. Integration by Parts. Let f(xy) be regular in R= (axaB), 
B finite or infinite. The integral 


si i CODE 


is uniformly convergent in %, if 


Hence for any y in %, 


<@Es 


i. J GY 0th ay) 43) I(ayvy dz ; C! 


where both expressions on the right are uniformly evanescent for 
£00. 


For then, for each e>0 there exists a 6 such that 


Fay) <§ J gate <S, (2 
for any x>6, and any y in Q. 
Hence 1) and 2) give 
f Sdz|<e. 
663. Examples. 
1. The integral ry) = (ow Phy a 


defining the Gamma function, considered in 642, is uniformly convergent in 


96) = (@% (9), (i 0), 
For, consider the singular integral relative to x = 0. 


We have, sincee0O<a<l , 
<@<l, eee in 8. 


Hence e-ayv-1 << yal, 
Thus, by 612, the singular integral relative to ¢ = 0 is uniformly evanescent in 8. 
Consider next the singular integral relative to =. We have, since «>1, 


ay) clea ° 
e-tyy-1S MORES in %. 
er 


’ 


Hence this singular integral is uniformly evanescent in 8. Thus 1) is vaiformly 
convergent in B. 


470 INFINITE INTERVAL OF INTEGRATION 
2. —( sinsy 
Jaf = dx. 


This is uniformly convergent in any 8 =(«, ©), which does not contain the 
point y = 0, as may be seen by 662. For, integrating by parts, 


v sin xy ees lees uy ~( cos — oe 
z x 
— COs ey _ i: COS 4Y ay (2 
ay 


To fix the ideas, suppose # >0; then 


cos xy 
xy 


el 
ON 


This shows that the first term on the right of 2) is uniformly evanescent in %. 
The second term is uniformly evanescent by 660, 1, as is seen, setting 


$(@) =, g(ay) = 28H. 
x 


For later use, let us note that 


lim 2° 2¥ — 0, lim i( “COS ZY ay — 0, 


y= XY y=n Y ae 
Hence lim J =0 
ya 
3 20 Res 
f oes 3 sin \x dx (3 
0 Hi, 


is uniformly convergent in 8 = (0, «), by 661. For, in the first place, the inte- 
grand f(xy) is continuous in R=(0, o, 0, ©). For, the only possible points of 
discontinuity lie on the line « = 0. 

But, the Law of the Mean gives, 


ey = 1 — ay a — Lebo, 


H f 0 
Se eee y! F(ay) = y sin Xx — ay2e—ry sin da, Ooze 


This shows that f is continuous at each point on the y axis, if we give to f the 
value 0 at these points. 
This fact established, we can apply 661 by setting 


sin sin Ax 


> (¢) =——— 9 (ay) = 1 Seo. 

Then ¢ is integrable in (0, 0) by 646; while g is obviously iimited in R, anda 
monotone increasing function of # for each yin 8. Hence 8) is uniformly conver- 
gent in B, 
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4, sin xy COS hx 
{ = i 
is uniformly convergent in B = (0, ©) except at y=|)|. 

For, in the first place the integrand f(a, y) is continuous in R= (0x00) if wa 
give to f the value y at the point (0, y). 

For, the Law of the Mean gives 
ay? 

2 


sin cy = ay — sin xy, 0<é<l. 
Hence for «+0, 
S(xy) =y cos Ax — ae sin Oxy COs Aw. 
Thus : 
_lim fy +h) =u. 


This established, we have only to show that the singular integral 
ae 
= f,feanae, b=<b' <b", 


is uniformly evanescent in %. 
Now by the Second Theorem of the Mean, 545, 


= yg ae thea gene 
B=~ (sin zy cos ke dr+— f) sin xy cos \x dx. (6 
But for y#|A\, 
: cos (y—) cos (y+) 
sin zy cos \x dx= = i 6 
fanzy 2y—a) 24d) ( 
Let 
Velie Ne 1h Ae oe (7 


Then 6) shows that each of the integrals in 5) is numerically <2/c. 
Let therefore, b>4/ec; then 
| B\<e, 
for any y satisfying 7). That is, B is uniformly evanescent except at y= AI. 
Hence the integral 4) is uniformly convergent except at this point. 
We may arrive at this result more shortly, making use of 2. 


For, 
2sin zy cos vw = sina(y +A) +sina(y—d)- 


eee ne A ntecieiex 
f, Se Oe 8 anf sin 2 (y +X) an-+ f sin x (y ae 
0 x 0 x 0 x 


Hence 


Here the first integral is uniformly convergent, if y4—; the second integral 
is uniformly convergent, if y #2. 


Ii (PS an 
0 1+? 


is uniformly convergent in (a, ©), @>0. 


ay esinxy sin ry 1 
<= 
1+ 2% ae eae 

as 


We have now only to apply 661, 2, using the result obtained in Ex, 2. 
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c: f "8344 sin (a8 — xy) da. (8 
0 3% 
We assign the value 0 to the integrand, for % = 0. 
To show that this integral is uniformly convergent in any 8 = (@), let us use 
the method of 662. If we set 
was, dv = (3 “2 — y) sin (a — xy); 
ay 


(uae EE [ - cos - = Sen C= (a3 — xy) ip 


3 x2 


__ 008 (x3 — xy) a cos (“8 — xy) tae: 
32 fa 3 2? 


Here both terms are uniformly evanescent in 8 by 660, 2. Hence 8) is uniformly 
convergent in 8. 


7. {cos (x8 — xy) dx. (9 


We can write 


Ce) oe on 
{cos (a8 — ay) dx = aa cos (a8 — ay dae +3 ( a 2) dt. 


3 


The second integral on the right is uniformly evanescent by 660, 2. The first 
integral is also uniformly evanescent. For integrating by parts, 


i eka cos(a8—axy)dx = — 


: sin (2 — xy) 4 2 iy sin (3 23 — xy) ae 
x x2 38 Jz 


3 x2 8 


Here both terms on the right are obviously uniformly evanescent, 


664. Let f(vy) be regular in R= (awa), B finite or infinite. 


Let = 
T= flay)de 


converge uniformly in B, except possibly at @,, --- @,. To establish 
the uniform convergence of J throughout %, we have only to show 
that J is uniformly convergent in each of the little intervals 


Ba (a, — 6, a. +6). 


That is, we have only to show that for each e>0, and for some 
5>0, there exists a 6, such that 


fren) de|< € 


for any y in %, and every b/>6,, « =1, 2--- m. 
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665. Examples. 


I coe é 
J=f sin y sin zy a, 
9 % 


is uniformly convergent in B = (0, 0). 
For, in the first place, the integrand f(zy) is continuous in R = (0, ©, 0, 0) if 
we set 
SO, y) = ysin y. 


We have therefore only to consider the singular integral relative to x =o, in the 
intervals 8B, =(0, 6), Bz = (5, ©). Now as in 663, 2, we have for y>0, 


O a a 4 x 
ie= f sin y Sin xy n= sin ¥y COS HY sin vf COS LY an. 
f le x xy ae ny 


The reasoning of 663, 2 shows that H is uniformly evanescent in Be. 
As to %1, we note first that H=0fory=9. Also that 


ae: |n! |<, 


7 being as small as we choose, if 6 is taken small enough. 
Hence for any y in Bj, 


|e) <**24 a4 (°, 
x zc ot 


which shows that is uniformly evanescent in %. 


2. i\ SSD 2Y ge 0 a 
if 


yer= 


is uniformly convergent in 8 = (0, 8). ; 
For, the integrand f(y) is continuous in R = (00 0 £8), if we set 


S(a, 0) == 


Let us consider therefore the singular integral relative tor=o. We set 8,=(0, 5), 
$2= (6,0). Obviously 1) is uniformly convergent in Bo. 
To show the same for 81, we note that 


sin xy = xy + rx8y3, eel hy 
by the Law of the Mean. Hence 


352 , 
[few (<5 + z , in (0, «, 0, 8). 


Thus, by 659, the integral 1) is uniformly convergent in By. 
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Continuity 
666. 1. Let f(xy) be regular in R= (aw af), B finite or infinite, 


except on the lines =a, +++ V=4,. 


WO, Shae 20 
T= flayyde 


be uniformly convergent in B. 
eon Let lim f(zy) = ¢(@), n finite or infinite 
y=n 


uniformly in any (a, 6), except possibly on the lines x= a, +» 
Then ‘ 
GeSMnits, ic y)dx exists. qd 
y=n VG 


3°. Let d(x) be integrable in any (a, 6). 

Then 4 Ba 
lim J= lim ry dx = x)dz. 2 
im T= lim J fay)de= J $@) ( 


By virtue of 616 we may assume that f is regular in A, and that 
f=¢ uniformly in any (a, 6). 

To fix the ideas let 7 = 00. 

We show first that 7 exists; t.e. for each e>0O there exists a y 
such that 


D= fifa y') —SCa, yd 


is numerically <e for any pair of numbers 9, y!! >y. 
Now 


D= Si fl2y') —fey"hde +f Fay'yde— f Fay" dae 
= D,+ D,+ D3. 
By 1°, there exists a 6 such that 
|D,|, |-Ds|<e/4 re 


for any y’, y’’ in B. 
By 2°, we can take y such that for any @ in (a, b) 


Fan) $@)|<zgi a, y>e. 
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Hence 
fe) fay <s5h, 
for any y’, y'' >y, and z in (a, b). 
a |D,| </2. (4 
From 3), 4) we have |Di<e. 


We neat show that 2) holds; i.e. for each e>0 there exists a 8), 


such that peatacles (9 


for any b>. 
From 1), there exists a y such that 


j=J fayder+e, — |el<$ (i 
for any y>y¥. 
From 1°, there exists a 6) such that 


2 b e 
J Kay)de= J fayderel, — e"|<E 


for any b>6), and any y in B. 
From 2°, we can take y large enough so that also 


S@y=b@t9@y),  |g\< 
for any z in (a, 0), and any y>¥. 


Hence, by 3°, ; é ‘ 
S fede =Joade+e,  le"|<E 


3(6— a) ce 


for any b>6,, and any y>y¥. 
From 6), 7), 8), 9) we have 


seer: MIRE 


for any 6>6,. But this is 5). 


2. The reader should note that the lines x = a, --- on which the 
uniform convergence of f(xy) to (a) breaks down, are according 
to 617, 8 singular lines, whether f(y) has points of infinite dis- 
continuity on them or not. If the integral J is to be uniformly 
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convergent in %, the singular integrals relative to all these lines 
must be uniformly evanescent. , 


667. Example. As we shall show in 675, 


T= {, = sin sede = are te, A#O0. 
0 x r 


The application of 666 gives VP) ONS 
lim J = f, sin We ay = | 0, 0 a 
y=0 Oe 
— 1/2, <0. 


That the conditions of Theorem 666 are fulfilled is easily seen. For, defining the 
integrand f(ay) of J as in 663, 3, it is continuous in R =(0, ©, 0,0). We also saw 
that the singular integral relative to x = is uniformly evanescent in 8=(0, 0). 

Now 


lim f(@, y) = 2 
yur 


uniformly in 9{ =(0, o) except at x = 0. 
The line x = 0 is therefore a singular line by 617, 3. But 


| {, = sin nade] <] ("SB ae | <e, 0<a<i 
1) ay | eA) (lo) 


if 6 is taken sufficiently small. This singular integral is therefore uniformly eva- 
nescent. Hence J is uniformly convergent in 8. ‘Thus all the conditions of 666 
are satisfied. 

From 1) we may deduce the following relations : 


f, sin anes Bu da =0, (2 
0<a<p. 
SA COS CESINI GU > sae tr 
[ye aes & 


which may be combined in a single formula 


f sin Xx COS Mag ie 0<rA<s 
0 x mw /2,0<4<nr. 
In fact, since « + B>0, a —8<0, we have from 1), 
(, GAO! an Ht 3 
0 x mou ( 
{, BE! an =F. 6 
0 x 2 
But . ; 
sin (a + 8)x + sin(@ — B)x = 2 sin ax cos Ba, (7 
sin(@ + B)x — sin(@ — B)x = 2 cos wx sin Bx. (8 


Adding and subtracting 5), 6) and using 7), 8), we get 2), 3). 
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668. That the relation 


ine Gael) aatieweay 
im fF y)dx i eRe y dx qd 


is not always true is shown by the following example: 


From : 
few sin ada =— 2 “¥(cosz + y sin wy) 
1a 
we have for y>0 © os 
’ f, sin % a 1 (2 
0 ery ih ab y? 


Blim {) 22 a0 =1. 
= em 
On the other hand, 


2 * oo 

ersinig, : 

R lim Ohh i) sin «dx 
y=0 ery 0 


does not even exist. 
Thus the relation 1) does not hold. 


669. 1. Let f(xy) be regular in R=(axeB) except possibly on 
tienes (= hi, vd... 

Let f(ay) be a uniformly continuous function of y in B except 
possibly on the linesx=a,,--- Let 


Ky)= J flayde 


be uniformly convergent in B. 

Then J is continuous in B. 

For, f(a, y +) converges uniformly to f(a, vy), h=0 in B 
except on the lines x=a,,--- We have, therefore, only to apply 
666. 


2. Let f(xy) be in general regular with respect tox in R= (axa). 
Let f be in general a semi-uniformly continuous function of y in B. 
Let - 

Hy)= J flay)ae 


be uniformly convergent in B. 
Then J is limited in B, and in general a continuous function of y. 
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For, we can take 6 so large that 


ff fae| <e 


for any yin %. On the other hand, 


{ a 


is limited in B by 618, 1. Hence J is limited in 8. That J is 
in general continuous in % follows from 1. 


8. In this connection let us note the following theorem whose 
demonstration is obvious. 


Let f(xy) be regular in R=(anaB), B finite or infinite, except 
on the lines = 41, ---; y= a, --- Let 


J fendy 


be uniformly convergent in any (a, 6) except at a,,a,-- Then the 
points of infinite discontinuity of 


gay) = { faydy, yin ®. 


must lie on the lines x= ay, + 


670. 1. Let f(xy) be regular in R= (anaB), except on x= ay «- ; 
Yy a= Oty eee 


o B 
WO. SGGi JS fay 


converge uniformly in any (a, 6) except at x= ay 


Peed D oe 
i d= J def ‘fay 


converge uniformly in B. 
Then is continuous in B. 


This is a direct application of 666, 1, where 


y ' 
g( xy) = fl f(xy dy 
takes the place of f in that theorem. 
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In fact, by 669, 3, g(vy) has no points of infinite discontinuity 
except on x=a,---; and is therefore by 2°, regular in R except 
on these lines. 


Also g(a, y+h) converges uniformly in any (a, 6) to g(a, y) 
as h= 0, except at =a, ---; since 


yth ‘ 
g@yth)—gey) =f Sdy 
y 
is uniformly evanescent in (a, 6) by 1°. 


Thus applying 666, 1, we have 


i hy=lim [- g(w r= fii 
im d(y +h) im f g(a, y+h)da JS lim g(a yt+h)dx 


=f def "fy = $y). 


That is, d(y) is continuous at y. 


2. As a corollary of 1 we have: 


Let f(ay) be in general regular with respect tox in R= (awaB). 
Let Ps 
y 
a= JS def Say dy 


converge uniformly in B. Then ¢$ is continuous in B. 


Integration and Inversion 


671. 1. Let f(xy) be in general regular with respect to x in 
R=(aneB). Let f be in general a semi-uniformly continuous 
function of y in B. Let 


JU) = JS feayyae 


be uniformly convergent in B. 
Then J is integrable in B. 


This follows at once from 500 and 669, 2. 


2. Asacorollary of 1 we have: 
Let f(xy) be simply irregular with respect to « in R= (aneB). 
Let J be uniformly convergent in B. Then J is integrable in B. 
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672. 1. Let f(xy) be in general regular in R= (awe), with 


respect to x. « 
1°. Let 2 
if Sdz r¢@ 
be uniformly convergent, and integrable in B. 
2°. Let 


b 
fray f tdz, b arbitrarily large, 


admit inversion in B. 


ae | J "dy ff Hie if cc fay, in B. 


(eefat @ 


Since 1) is uniformly convergent in %, there exists for each 


e>0, a b) such that 
if sda 
b 


for any y in %, and every 6> dp. 
Thus 2), 3) give for any y in &, 


Sow J fax -- Say {fax Si i : S =e. (4 


But by 2°, rer 
y y 
Pe 
SEES 


which proves the theorem. 


We set 


(8 


é 
asin; 


Hence 


<6 b> bo; (5 


2. Let f(xy) be simply irregular with respect to x in R= (awe). 
Let 
Sf Sdxz 


be uniformly convergent in B. 
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JS "dy S of dx, Sf. dxf "fay (6 


are convergent and equal. 


For, by 671, 2, the integral on the left of 6) exists. 
Moreover, condition 2° of 1 is fulfilled, by 622, 2. 


Then 


3. As corollary of 1, we have: 


Let f(ay) be in general regular in R=(awaP) with respect to x. 
Let - 
S fae 


be uniformly convergent, and integrable in B. 


Let 
7 
fidyf fdx, 5b arbitrarily large, 


admit inversion in B. 
Then » , 
J wf Feey)dy 


is uniformly convergent in B. 
This follows at once from 5), since this inequality holds for 
any y in &. 


4. From the relation 4) we have also the following corollary, 
setting y=. 
Let f(ay) be in general regular in R=(anaB8) with respect to x. 


Let Sf jae 


be uniformly convergent, and integrable in B. Let 
[laf far, b arbitrarily large, 


admit inversion. Then 


lim [dy f fae= "dy J fae. 
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5. As a special case of 4 we have, 622, 2 and 671, 2: 
Let f(xy) be simply irregular with respect to x in R= (anc). 
Let ra ; 
JS fae 
a 


be uniformly convergent in B. Then 
*B b B eo} 
li 1 0 Vad dx. 
im fay seem fl a Pe 


673. Let f(xy) be regular in R=(avaP), except on the lines, 


P= A, f= O.5 Yuan Yaa, 


ee Let (ole 


be vonvergent, and admit inversion in any interval (Xr, w), which does 
not embrace t+ ts. 


We, Mt e 5 
dxf "fay 


be a continuous function of y in B. 


"7 K=f"dyf fade, L=f dxf "fay. 


Then K is convergent, and K= L. 


For simplicity, let y=y be the only singular y-line; e<y<fP. 
Then by definition, 


Say f faa = lim f° + lim ff qd 


a<u<y, y<v<BP. 


SSS SL bv. @ 
Jp ei Iai Sih i: @ 


since J is by 2°, convergent. 


Now 


Similarly, 
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limf f= ffs (4 
lim ff = {oe (5 
Hence from 2), 4), ‘ : 


limf f= fs " 
also from 3), 5) ed ava 
To i a ee i F 


Hence from 1), 6), 7) we have 
I Seal I el Aiaaake 


674. 1. Let flay) be simply regular in R=(awuB), except on 


the lines = dy, + Y= a+ 


Now by 2°, 


oe Let C) 
f Say) da 
converge uniformly in B, except on y = a, ++ 
eet 4 
JS Say ydy 


converge uniformly in any (a, 6), except on 7 = ay ++ 


3°. Let (Pies 


converge uniformly in %. 


a K=f"dy f° far, L=fo ae pfily. 


Then K is convergent and K= L. 

This follows from 678. For, in the first place, condition 1° of 
673 is satisfied, by 672, 2. 

Secondly, condition 2° of 673 is fulfilled, by 670, 1. 
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2. Asa corollary of 1, we have: 
Let f(ay) be simply irregular with respect to x in R=(awaf) 


Let a 
4 I (ay dx 


converge in general uniformly in B. Let 


S af Fery)ay 


converge uniformly in B. Then 


{ ‘ay ff ile f “aks fay. 


675. For y>0, we have from 668, 2), 


f sin AX ay r ‘ qa 
0 ery r2 +4 y? 


The integral on the left does not exist for y=0. Let us therefore set 


sin Ax 
So) =——, 99; 
ery 
= 0, y= 0. 
Then integrating 1), from 0 to y we get 
y Seer i aN = y 
fay, fae =f Riegel wets A=; (2 


We may invert the order of integration in 2) by 674, 2. For, fis continuous in 
R= (000y), except on the line y=0, and limited in R. It is therefore simply 
irregular with respect to x The integral 1) obviously converges uniformly in 8 
except at y=0. The integral 


y, eol—e-ry . ; 
f, ae { "fly =i 7s sin \xdx (3 


is uniformly convergent in 8 by 663, 8. Hence the integrals on the left in 2), 3) 
are equal, and 


lene, y 
(\, zz Sin rx dx = arctg x? Nees 


676. We saw in 667 that 0, y =0, 


@sin vy a 
i, ae eu a 


Hence, integrating between 0 and 1, we get 


1 “gin xy 7 
fave aeak ‘ 
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We can invert the order of integration by 674, 2. For, in the first place, the 
integrand, not being defined in 2), we can make it continuous in R = (001), giving 


it the value y at the points (0, y). Secondly, the integral 1) is uniformly conver- 
gent in B, except at y=0, by 663, 2. Finally, 


f dn (" xy dy =f 1 es xy ie 
0 0 «& 0 x 


is uniformly convergent in %, since 


1 — cos xy 
2 


We can therefore invert in 2), which gives 


27, Pr) 24 _ 
kul a4) a sin ny dy= 1 — cos & COS © ax 
2 0 70 0 Mo 


=2 (SE 22 ae = (eee 2 
0 Xe 


0 ue ’ (3 ‘ 
setting LL 2s 
Thus 3) gives 
. sintedx a _ (4 
0 a  @ 


677. That the order of integration can not always be inverted is shown by the 
following examples. 


Ex. 1. Let us consider 
oo B “sin Ba 
= ecole ] 
{ due (, cos xy dy i 55 dx ( 
Tv 


2 . 
The integral obtained by inverting the order of integration, viz., 
B é wo J 
i dy (, cos xy dae 
‘ cos xy dx 


does not. Inversion in the order of integration in 1) is therefore not permissible. 


Ex. 2. Let 


does not exist, since 


pop, 6 ae MRI Le. = xy. 
aaa ear.) eer 
Then % oo 
oo oe. an UOC: Pe 
Let 


1 0 _1 40. 
14, y) =#'w) maces 69 
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We have also 


o(u)=zu-yp'(u), 


where y(w) =are tg u?. 
Thus 
at WY 9" _ wyrqa, 
and hence 
9 #(u) _ av 
Tin Ox 


Hence 


[ae ("40 ay= ( aa 28 ay =e o(w) vas 


“Ifo Hae=t[ve0 = 


On the other hand 


Slav frre nde = SF" se a= fF [oo], =o 


Thus it is not permissible to invert the order of integration in 


Sere nave ff : 


678. 1. Let f(xy) be regular in R= (ana), except on the lines 


B= Ayes YS Hy 
fae f Fay 


Le Let 
be uniformly convergent in B. 


2°. Let A 
ba) =f fay 


be uniformly convergent in any (a, 6), except at My, Ag, +3 and inte- 
grable in (a,b). Then 


ji dx} fdy exists, 


lim {dxf ‘fdy=f def fay. fa 


y= 


and 


This is a direct application of 666, 1; the function 


gay) =f “Flayay 


taking the place of f(vy) in that theorem. For, in the first place, 
g has no points of infinite discontinuity, except on the lines z = ay, 
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+, by 669, 3. Moreover, g(zy) is integrable in %, by 1°. Hence 
g(vy) is regular in R, except on the lines z= a,, «+ 
Secondly, 


{ g (xy da 
is uniformly convergent in %, by 1°. 
Finally 2 
lim g(zy) = fh fay = $(@), 
uniformly in any (a, 6), except on the lines 2=a,, ++; moreover 


¢@ is integrable in (a, 6). Thus all the conditions of 666, 1 are 
satisfied, and the present theorem is established. 


2. As a corollary of 1 we have: 


Let f(xy) be simply irregular with respect to y in R=(awan). 


Let (ie lies 


be uniformly convergent in B. Let 


S fay (2 


be uniformly convergent in any (a,b). Then 
lim J dv} fdy=) dz dy. 
im f def fay = J do. Fay 


For 2) is integrable in any (a, 6), by 671, 2; on interchanging 
x and y in that theorem. 


679. If the conditions of 678 are not satisfied, the relation 
[> 0} y ee) fo 2) 
lim } dz dy=} dx} fdy ¢! 
y= i i f Y J @ 


Consider, for example, 


may be untrue. 


Ap f “dx { "cos xydy, a>0. 


=({ = LY ay 
st) eee: 
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Here lim J= 0, by 663, Ex. 2. 
yo 
On the other hand, the integral 


{ae feos xy dy 


does not even exist, since x 
f cos xy dy 
a 


does not. Thus the relation 1) in this case is not true. 


680. 1. Let f(xy) be simply regular in R=(anan), except on 
the lines x= 41, °°-3 Y=, °° 


ee » 
S fae 
be uniformly convergent in any (a, B) except at ay, 
2°, Let 2 
J fady 


be uniformly convergent in any (a, b) except at ay. +++; moreover let 


it be integrable in (a, 6). 
Sf dx { “fay 


3°. Let 
be uniformly convergent in B. 


ve Say f fae, Sf ae f fay 


are convergent and equal. 


For, by 674, 1, E ‘ 
Jody f fac =f de f*Fay. 


But by 678, 1, we may pass to the limit 6 = 00, which proves 
the theorem. 


2. Let f(xy) be simply regular with respect to y in R=(awan), 


except on the lines y = ay, ++ 
Let y 
f Sdz 
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be uniformly convergent in any (a, 8) except at ty, °° 


Let 2 
J fdy 
be uniformly convergent in any (a, b). 
vs Saef'ay 
be uniformly convergent in B. 


Then : a a e 
S dy J fae, i dxf fay 


are convergent, and equal 
This follows as in 1, by 674, 1, and 678, 2. 


3. Let f(x, y)>0 be simply regular in R=(awvan) except on 


the lines = 4,, ---3 Y= a, -- 
J fax 


Let 
be uniformly convergent in any (a, 8) except at a,, + 
Let z 
if Say 
be uniformly convergent in any (a, b) except at ay, 
Let wo Ps 


be convergent. Then 
fi i dy f Sdx 


is convergent, and K= L. 
This is a corollary of 1. For, condition 2° is satisfied since Z 
exists. That condition 3° is fulfilled follows from the fact that 


the si lar integrals of 
he singular integ Gr 


are < the corresponding integrals of Z since f 50. 
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681. 1 We saw in 667, 1) that 


. 


© gj OF ans = 
r= f, sin ty COS AX 5 _ ’ », yS0. 
wf2,y>. 


Multiply by e-#y, and integrate, »>0. Then 
7 he ee ~ 4 ca dk \ i ie 
ven 
ao : 
= 5 if e-vydy 


a % 
~ 2 weru. 


We can invert the order of integration in 1) by 680, 2. For, in the first place 


sin 2y COS AX 
xery 


Sey)= 
is simply regular in R =(Om02), if we set 


f, =a 


a Ons 
§, fae ipa f, sin xy COS hx 4, 


x 


Secondly, 


is uniformly convergent in 8 =(0, 0) except for y =X by 663, Ex. 4. 
Thirdly, 


f Sdy = cos ha (| pa ed dy forz>0 
0 0 xexry 


2) 


fs AE = 
ay dy fora— 0 


is uniformly convergent in any (0, b) by 665, Ex. 2. 


Finally, 
y= f, “de (ray = (i au | eee ee — oy 


is uniformly convergent in %. 


For, 
sin a 
iV yay =| — enw pee Lie oer 
0 evy w+ a2 : 0 

Hence 

* cos hax “sin xy cosrAx 

i= (, — e-Ky = i i eects 

be 74 ga e-PYCOS xy) dx — we-—KY aes aa gt 


= Y,+ Yo. 
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Yi, Ye are uniformly convergent in 8 by 659. For, 


cos Aa 2 
Frees (1 — e-#¥c0s xy) <a 
Ee xy COS AX i 
eg we+oe2|—e+ar 


Thus all the conditions of 680, 2 are satisfied. 
Inverting therefore in 1), we get 


© COS AL “sin xy 
He Neamt Smear 


(eer [ec py /Sin wy + % cos ay ie: 
= da | — ie aaah wa 
+2 0 
a (es cos AG 
weet 
Comparing with 1), we get 
(ee oe r=0 0 2 
0 e+ ae” ~ Fen 2A eens ¢ 
2. Let us integrate 2) with respect to \. We get 
» cos Ne 
hah Fomor nap fp eman 
Tv 
= 2 ad = e-rK), (3 


We can invert the order of integration in the integral on the left, by 674, 2. 
For, 
if cos ha 1 
ham dx 


is uniformly convergent by 659, since 


1 
eS 2 gt 


COS AX 
pe + x2 


In the second place, 


Gite (i if sin Xe 
SS Xr ) LE 
f, 2+ wo cos And 0 x2 + a) 


converges uniformly in any interval (0, 8) by 661, 2 and 663, Ex. 2. 
Inverting therefore in 3), we get 


See Siny07 nae 0.4¥= 
Sy wary 5 pale). w>0, 9 50. 
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682. Let us evaluate raf de a 


which is convergent by 635, 3. 
We change the variable, setting 


a= xy, y>0. (2 


_ (yd 
=f, ery 


Multiplying by e-#’ and integrating, we get 


y dx 
a ={-4 vf erate) 


This relation is true for any «> 0, by 2). 
Passing to the limit a = 0, we have, since the limits exist, 


OT ae ee HOY OKO 
Tf, aw = {i dy 0 ware (3 


We may invert the order of integration in the integral on the right by 680, 3. 
For, in the first place, the integrand is regular and continuous in R =(000c), 


Secondly, Se 
fi ey? (14-27) 


is uniformly convergent in any (a, 8), «> 0 by 659, since 


y B 


ey(\+2?) 3 eat(l+2?)" 


2 
0 ey?(1+2") 


is uniformly convergent in 9{ =(Qo) by 659, since 


Then 


Thirdly, 


y q 
2 y 


ey*-+2?) = ev? 


30 00 Go} —y1 x? cO 
L= {de () pois (ax | 2 ease! 
0 0 ey’U+x?) 0 2(1 + a?)_lo 


a Ge le ee 


DAK Tange Zi 


Finally, 


is convergent. Thus all the conditions of 680, 3 being fulfilled, we can invert in 8), 
which gives 
Ie Ib, = aiyft\. 
Hence 


J=4V7/2. 


Here we must take the positive sign, since the integral 1) is positive by 649, 3. 
Hence, finally 
4 / (e dx Vx 
0 


ei oa CG 
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Differentiation 


683. 1. Let f(y), fi(vy) be in general regular with respect to 
©, yn R= (ava). 


1°. For each x in U let f be continuous in y, while f!, is in general 
continuous in y. 
2°. For each y in B, let 


b 
f de ‘tidy, b arbitrarily large, 
admit inversion. Then 
es iho y 2 
55, ene = 5 lim f dy f fae, ad 


provided the derivative on either side exists. 
Yor, by 605, . 
JS Ady =f, y) Fe, ©: 


Hence 


j ite = fds Ady + f Vee 


= Hi ‘dy f fae + fr x, &) dx; 
| he lin f "dy f fae + fF, a) de. 


Differentiating, we get 1), since the last term on the right is a 
constant. 


and therefore 


2. As corollary of 1 we have: 


Let f(xy) be regular in R=(axnB) except on the lines x = ay, --- 
and continuous with respect to y for each x in A. 

Let fi, be regular in R except on the lines x= ay, + and uniformly 
continuous in y, except on these lines. 


Let {Taz 


be uniformly convergent in B. 


Then 2 Z 
ad ; 
5,5, fenee = J fiz. 
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' For, condition 2° of 1 is fulfilled by 622, 2. 
Hence by 1), . 


eo) c y b 
sil Hey de= Fim J ay JS fade 
Hee ip. 
=F J dy J fidz, by 672, 4, and 671, 2 


=f fidx, by 669, 1. 


684. 1. When es 
J fide 


is not convergent, the following theorem may serve. 


Let f(xy) be in general regular in R= (an«B), and continuous 
with respect to y for each x in A. 
Let fl be simply irregular with respect to xin R. 


ane Let b 
J fide, b arbitrarily large, 


be uniformly convergent in B. 


2°. For any b, let 
b b 
S fax =f g(azy)dx + h(b, y), where 


3°. g(ay) is simply irregular in R with respect to x and 


JS yay ae 
ws uniformly convergent in B. 
AS. *, 
li = 
lim J h(b, y)dy = 0. 
Then 


P= & JS fay de =f y(ay)av. a 
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2. As corollary we have: 


Let f(xy) be regular in R= (aw «B), and continuous with respect 
toy for eachain%. Let fl be continuous in R. For any 6, let 


b b 
JS fide = J g(ay)de + Wb, 9), 
where g is regular in R, and 
JS yayyde 
is uniformly convergent in B; also 


y 
li b, =0. 
lim J AO, y)dy 


Then 2 2 
7 J fone =Ah gay) de. 


For, condition 1° of 683 is obviously satisfied, while condition 2° 
is fulfilled by 672, 2. Hence 


Pence) OMe 
But Sy SRde= Lidy {gave + ["hdy, — by B. 


Hence by 4°, 7 y b 
Pe oe ah i 
J ie li » fly J ae 


= Als of: yda, by 3°, 
= f gir, which is 1). 


EXAMPLES 


685. 1. Let y= (rs Y ae a 
i) Ee 


We show that ay _ sone a 


y arbitrary, (2 
dy DG 


using 688, 2. For, in the first place, the integrand f(ay) is continuous in 
= (OwaB), if we set 
ees 100, y) =¥. 
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Obviously J is convergent in 8, by 635, 3. 


Secondly, 
y _ COS & 
A= 
e 
is continuous in R; and 
© cos xy 
f, dx 
a Cz 


is uniformly convergent in 8, by 660, 2. Thus 683, 2 gives 2). 
By means of 2) we can evaluate 1). 
For, obviously, A 
f COS LY a, 1 : 
0 ez 1 + y? 


Hence integrating 2), we get 
dy 
J= fis = arc t ; 
Lee syt+C. 
Since J=0, for y=0, we have C=0. Hence 


f sin 2Y gy =arctgy. (é3 
0 xe” 


2. From this integral we can also show that 


x 


-singy 
i dt => y>0, (4 


a result obtained in 667, by the aid of 675. For, set 


U 


v=—, y>0, 
y 
in 3), we get oe 2 
‘ SOM. eydu = arc tg y. (6 


We now apply 666, 1, letting y =o. 
This is permissible, since 


sinwu _“ , sinu : 
CN Ses uniformly 


in (0, ©) except foru=0. The integrand f(u, y) is continuous in R =(OoMo), if 
we set 
FO, y) = 1. 


The only singular line is therefore u = 0. 

Obviously the singular integral for this line, as well as for the line u =o, is 
uniformly evanescent, by 615 and 659. 

Hence passing to the limit, y = a in 5),we get 


cgi 
SIn u us 
fh Oi. 

o 4 2 


If we set u= xy, y >0, we get 4). 
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686, Let coe 
So (gee COR RY. 
J =(/ ae dx. él 


Applying 688, 2, we get 


aJ Be 
=f sin CY ae — 


dy f i + y y arbitrary. (2 


In fact, the integrand f(z, y) is continuous in R = (000 wB), if we set 


FO, y) =0, 
while J is convergent, by 635, 3. 
Moreover : 
sin x 
A= 
is continuous in R, and ; 
“sin xy 
f, dx 
0 


is uniformly convergent in 8, by 660, 2. This establishes 2), 
As in 685, we can use 2) to evaluate 1). 
For, integrating 2), we get 


ly 1 
Ee ee ==l| 1 2 fb 
ity pe ey) + C. 


Here C'=0, since J = 0'fory =0, by 1). 
Thus 


l= CSO) _ il A 
f, ea an = 5 log (1+ ¥). 


687. Let us evaluate Fourier’s Integral 


cos 2 LY g 
i iF em . C 
Using 683, 2, we get he We 
a 2h een TU de = Ke. (2 


For, the integral 1) is convergent by 6385, 2; while the integral 2) is uniformly 
convergent in any («#8), by 660, 2. 
Tn 2), let us integrate by parts, setting 


u=sin 2 xy, dv = — 2 xe-**dz. 


it uv] — (rau 
0 0 


=-2 y{ cos 2 xydx = — 2 yd. 


Then 


This in 2) gives, since J+0, 
aT AS adu' 
7 yay. 
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Hence 
log J=— y+ C. (3 


To determine C, take y=0. Then 


C=log: V7 /2, (4 
by 682, 4). 
Hence 1), 3), 4) give 
(f cos 2 ty 4, vr e-¥, 
0 2 


ex? 


688, In 681, 2) we found 


© LOB EY ay — 0 = 0, 1 
f, e+ 22 x 2 perv’ w>Y, ysSa> ( 


We can differentiate under the integral sign, by 683, 2. For, denoting the inte- 


grand by f(xy), we have f 
xsin xy 


we x2? 


Iy(zy) =— 


which is continuous in # = (Oop). 


Also ; 
(hax =- §, sin xy an 
0 0 x 14” 
ge 


is uniformly convergent in %, by 661, 2. 
Hence, differentiating 1), we get 


IMI oo fa 
f, Baa dx — BY, ty HS: 


689. In 682, 4), let us replace x by xy2, y>0. We get 
(fear = yr, wae 0. al 
We can differentiate under the integral sign, by 683, 2, getting 
(, Pemtae =—y? (2 


In fact, the integral on the left of 2) is uniformly convergent in 8 = (a, 8), since 


Aves ved ; 
gag in B. 


We may obviously differentiate 1) n times, which gives 
2n—1, _2n+1 


vr 1 8 
. . oe 9 
y DD 2 US 2s i= Oe (Gi 


ao 
iY SEIS E LIT 
0 
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690. Fresnel’s Integrals. 
Let us start with the relation 689, 1), 


f, ew'dx = e y4, y>0. @! 
Let 
sin 
fay) =, forx>0; 
=0 f =0. 
Then ‘ ae 
ee fal fin = {a vf sin y 4 poe Say, (2 
erty 2 Jo Vy ; 


since the integral on the right is convergent, by 646. We can invert the order of 


integration here, by 680, 1. For, f(zy) is continuous in R = (Oc00c), except on 


the line «=0. It has, moreover, no point of infinite discontinuity in R. The 
integral 


oe * SI a 
Onan) Ol, 


is uniformly convergent in any (0, 8) except aty=0. The integral 


f, fy = i =p dy, 2>0. 


is uniformly convergent in any (0, b), except ata=0. Finally, 


2 y 
e=lh dec fay 


is uniformly convergent in 8. For 


2 
d is x x? sin y + COS YY 3 
fy fay = Gad aii) ( 
Hence 
hy x? sin y + cos Y a 
ve e if dx = Yi— Ys 
o 14at Jo (14 atyery aes: 


Here Yj; is uniformly convergent in %, since it is independent of y. Likewise Y2 


is uniformly convergent, since its integrand is numerically 


gration in 2), which gives 


1+ a2. 
~ 1+ 24 


Thus all the conditions of 680, 1 being fulfilled, we can invert the order of inte- 


T= (, due {, fay 


2 (ree (4 
0 1+ <a 


as is seen from 3), on passing to the limit y=. But 


( dx _™ 1 ae Sian 
0 1+at 4sin7/4 99 
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This by 2), 4), gives 
Ne Ne ) i sin y ane vr, (5 
. Vy ™* V2 
If instead of multiplying 1) by sin y, we had multiplied by cosy, we would have 
got by the same reasoning od 
(fot ay =. (6 
Ne v2 
The integrals 5), 6) are known as Fresnel’s integrals. They occur in the Theory 


of Light. 
If we set y = x2, these integrals give 


{, sin ada = f,, cos a2 da =4V 71/2. 


691. 1. Let us show that Stoke’s Integral 


S= {, cs (a8 — ay) dz qa 
satisfies the relation 
2S 1 
=—+=yS=0. 2 
ay 3” ¢ 


This fact will enable us to compute S by means of an infinite series, 
We have in the first place, 


ds ie 4 fet 
== s — xy)d 3 
a ) 7 sin (x3 — xy) dx ( 


by 688, 2, since the integral 3) is uniformly convergent in any 8 = (@, £). 
In fact, using the transformation of the variable employed in 657 


Ui AGP? = OD) (4 


exer ita ae _ (rman oe 
f, sin (e xy) da = ] Poteay 


we have 


where b, c are corresponding values in 4). 


But : : 
xsinu _ sin wu xu 


ea 30? — 


= o(u)g(u, y)- 
y 


We can now apply 661, 1, replacing « in that theorem by uv. Thus there exists 


@ Co such that 
fae ce heap 
3 3a2—y ’ > &0- 


But then the relation 4) shows that there exists a B such that 
If, asin (2 — ny) de| <—ie 


for any b S B, and for any y in 8. Hence the integral 3) is uniformly convergent, 
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To find the second derivative of 8, we cannot apply 683 to the integral 3). For 


{2 cos (a8 — xy) da 


is not even convergent, as we saw 657. 
We may, however, apply 684, 2. In fact, 


6 b ye 
f, x? cos (x8 — xy)dx = ih et cos (#8 — xy)dx + ¥ ("cos (28 — xy) dx 


= } [sin (a? — ay) J} + Y 
= tsin (63 — by) + Y. 
§, 008 (x3 — xy) dz 


is uniformly convergent, as we saw 668, 7. 
On the other hand, 


{isin (b8 — by)dy = 28 (03 — by) = cos (b8 — ba) 


which =O0asb=o. Thus 684, 2 gives 


But 


FF f, x sin (23 — xy)dx = =, cos (x23 — xy)da. (5 


From 1), 3), 5) we have 2). 
2. Before leaving this subject, let us show the uniform convergence of the inte- 
gral 3), by another method. 
From the identity 282 ty ySa—y, ye y? 
34 Bi Gay 9 x3” 


we have 


f,esin (x — ay)dx = ( anny Y sin (at — ay)dx + ¥ (Be as Y sin (a — xy) dx 
2 = 
+e a" soe ci Ts. 


Obviously 73 is uniformly convergent by 660, 2. 
That 7, is uniformly convergent, was shown in 663, 6. That 7, is uniformly 
convergent, follows from 661, 2; since 7) is uniformly convergent. 


Elementary Properties of B(u, v), Pu) 


692. 1. In 641 we saw 


BQ = gee a 


is a one-valued function whose domain of definition is the first 
quadrant in the u-, v-plane, points on the u-, v-axes excepted. 
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In 642 we saw 


Tu) = fete ide (2 


is a one-valued function whose domain of definition is the positive 
half of the u-axis, the origin excepted. We wish to deduce here 
a few of the elementary properties of these functions. 


2. By a change of variable, the integrals 1), 2) take on various 
forms. Thus in 1) set 


a= ar 
os BOw ») = fy" — yay. B 
If we set here oes 
eee B(u, v) =i) —2)""ldz. (4 
In 3) let us set y= sin?@; we get 
BQ, v) = 2f teint 6 cos’’-! 6 dé. (5 
If we set elon 4 
in 2), we get ru) = fog (yay, 6 


3. We establish now a few relations for the B functions. In 
the first place the comparison of 3), 4) gives 


B(u, v) = By, wu), Ci 


which shows that B is symmetric in both its arguments. 
As addition formule we have the three following 8), 9), 10), 


Bw +1, v) + Bu, v +1) = Bw, v) (8 
For, 1 
B(u, v) =|) C1 — g(a de 
1 1 
=i “(1 — x)? da +f mI 1 —a)y"de, 
which is 8). 


vB(u+ 1, v) = uBCu, v+ 1). @ 
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For, 1 
B ‘ a aes U 1 Dea NU 1 6 
(w+ 1, v) JS 2 ey 02: 
integrating by parts, =| - ate ao " (od —x)’dx 
v » vo 
=“Bcu, v +1), 
which is 9). a 
From 8), 9) we have 
Bu, vy =" * Bu, jae they 2S iy opeea bas) (10 
U 
We can show now that B(w, n) = B(n, «) is a rational function 
£ ae a. 
Seen taee. | Bu, 1) = 1/u. qd 
BC ee eee eed, A (12 


On age ib jae ronment 


For, l ea 
Bw, 1) =f ada = =| = *, 
which proves 11). From this we get 12), using 10). 
4. We establish now a few relations for the I’ function. 
Tiwt1l)=ul (wu). (18 
For, integrating by parts, 


: ah Ca th —L yu - \ —2,,u-1 
Pwthaf ze os e | tue ode 


2) 
= i) Oat He 
0 


We observe next that Taya (14 


For, 2 © 
ray=f ede -|- | aay 
0 


0 
From 13), 14), we get 
Tut ny=u(ut1)- wtn—Dl~); (15 
and this gives T(n)=1-2-3-+-n—1=2—-1), (16 


on replacing n by n—1 and u by 1. 
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A formula occasionally useful is 


Lid (",-ange-1gy, (7 


It is obtained from 2) by replacing 2, by az. 


5. The I function is continuous for any w>0. This follows 
from 669, 1 and 663, Ex. 1. 
The derivative is given by 


I’(u) =f entr = log ada, u>0. (18 
This follows from 683, 2. Similarly 
T'(u)=f eto" Mogtadz, w>0. (19 


We can now get a good idea of the graph of [(w). In fact, the 
expression 2) shows that (wu) > 0 for allu>0. 


From - 0 
Tu) =f +f 


we see that paki Werses tac 
u=0 


From 138) we see that 


lim P(u)=+ 0. 
u=+-00 


From 19) we see that I'’’(w)>0, and hence the graph of T'(«) 
is concave. 
Since (1) = ['Q), the curve has a minimum between 1 and 2. 


Its value is 
s value is 1.46168 ... 


6. We establish now the important relation connecting the B 
and IT functions, Tu) Pr) 
B Ea aN 
(u, v) Roca (20 
From 17) we have 
1 if 


eS ee eS 7 a ryuUuty—1 
dy Tats SERED 
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Hence by 1) 


co) u—l iy 1 o Co) 
B = Y Y = u+v—-1, u—1,—(1+y)x 
(u,v) b dan mecemh dy gitelyt-le-Atwedy, (21 


We may invert the order of integration, by 680, 3. 
For, in the first place 


ut+v—1,u—-1 


wv 
Say= pate 
is continuous in & = (000), except on the lines z=0, y= 0. 


Secondly, ms 
if} tdx 


is uniformly convergent in any (a, 8), «>0, by 663, Ex. 1. 


Thirdly, a 
S Sdy 


is uniformly convergent in any (a, 0), a>0. 


Finally, jr dy ‘dxf f dy 


es ‘dy 
eee ee 
Seti tea = 0.8 hen 
Y= eta f en dt 


exists. For in 


SA ay 
Hence for a>9, 


in jf iss “fay =T(u) feta? tae, 


But 2 
7 =<, v—l = ip 7 
lim f Clete OL (v) 
inbcialee L=lim L,=T(u)T(). (22 
a=0 


Thus all the conditions of 680, 3 being fulfilled, we have L=K. 
From 21), 22), we have 18). 


CHAPTER XVI 
MULTIPLE PROPER INTEGRALS 
Notation 


693. 1. In Chapters XII and XIII the theory of proper inte- 
grals of functions of one variable was developed. We now take 
up the corresponding theory with reference to functions of several 
variables. 


2. We begin by explaining a notation which we shall system- 
atically employ in the following, and which is similar to that used 
in the earlier chapters. 

Let & be a limited point aggregate in an m-way space f,,. Let 
F(@) *** Lm), Or as we shall often write it, f(z), be a limited func- 
tion defined over 2%. Let us effect a rectangular division D of 
space of norm d. To simplify matters, we shall suppose d is not 
taken larger than some arbitrarily large but fixed number. Those 
cells which contain points of Y, as well as their volumes, will be 
denoted by dy, d,, ---, or by a similar notation. Let MZ, m, be the 
maximum and minimum of f(z) ind,. We shall set 


Sp==Md, Sy = =m d,. qd 
It sometimes happens that we are considering points of two or 
more aggregates MU, B, --- Then we shall write 


Sy,» Sg» S06 


where the subscript indicates that the sums 1) are taken over the 
aggregates YU, G, --- respectively. 


3. We shall denote the maximum and minimum of f in & by 
M and m respectively. The greater of |M| and |m| we shall 
denote by F, so that 

Fi @ire tn) |<, in Y. 
506 
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4. The oscillation of f(x,, +++ x,) in the cell d, is 
o, = M—m. 
OQ pf = Zod, = Sp = Sp 


is the oscillatory sum of f for the division D. 


The sum 


Upper and Lower Integrals 


694. The sums Sp, S, form a limited aggregate, D representing 
any division of norm <dy); moreover 


Sp <p. 
has m<m,<M,<M. 
ane: Sd, <Smd.< =Md, <=Ma, 
or 


md, =< Sn< Ses Mzd.. a 


Since % is limited, the cells d, are all contained in some cube. 
Hence =d, is less than some fixed number, and the theorem follows 
at once from 1). 


695. 1. Let f(xy, ---a%m)50 in A. Let D and A be any two ree- 
tangular divisions of space. Let E be the division of space formed 
by superimposing the division A on D, or what is the same, the divi- 
sion Don A. Then 

Sn<Sp (Ses 8;. 


For, let d, be one of the cells of D which is subdivided, on super- 
imposing A. 
Let dix es Bee 
denote the cells of # in d, containing points of Y. Then, to the 
term Md, in 8», corresponds the term 
=M_d 


M., = M, 2d. — d,. 
Hence SM d a =Md,, <Md.. 


KK —— 


in Sp. Lbut 
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2. Similar reasoning shows that: 
Lf, vs Lin) Q an a, 
Sp ZS, Sx ZS zp. 


696. 1. Let f(2,, --- %n)S 9 be limited in the limited aggregate I. 


Let - x 
5 S= Min Sp, 


with respect to all rectangular divisions D. Then 
lin Sp = 8. | 
d=0 


Let us employ the graphical representation of 231. The points 
of %& lie in a certain cube © of edge C. The representation of © is 
formed of m segments G,.--- ©, on the a, +++ 2%, axes. We shall 
suppose © taken so large that no codrdinate of any point of Qf is 
at a distance <2, from the ends of these segments. This insures 
that the cells d, of any D of norm <d, lie within G, and therefore 
thati td <0". 

Since S is the minimum of all S,, there exists for each e>0 a 
division A, such that 


S< 8. >S+€/2. (2 


Let D be an arbitrary division. Let us superimpose A on D, 
forming a division F. 

The division # is formed by interpolating certain points, let us 
say at most w points in each of the segments ©,, --- ©,,.. The inter- 
polation of one of these points may be interpreted as passing a 
plune parallel to one of the sides of ©. Its effect is to subdivide 
certain of the cells of ©. The volume of the cells so affected is 


<don-1, 


Hence the superimposition of A on D, being equivalent to pass- 
ing at most mp planes parallel to the sides of ©, affects cells of © 
belonging to the original division D, whose volume 


Vc mpdO"-), (3 
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Let A subdivide d,, a cell of D containing points of %, into the 
I 

eee day diy a 

containing points of %, and into the cells 


8a, O20 


containing no point of Qf. 
Then a a 
he S,=2Md,+R; S,=3Ud,.+R, 


where R denotes the sum of those terms common to 8, and S,, 
corresponding to cells of D unaffected by the division A. 


But d,= 2d, +26... 
Hence =8 
Sp = Md, a =M65.,, az R. 
Therefore e, 
Ors, nag Si = =(M, = MG a =MS., 
aide FDO HV, 
ae mpdk On, by 3). 
If we take F € 
we have Sp Sex /2, for any d<d’. (4 


But regarding # as formed by superimposing D on A, 


S2<S,. G 
Hence 2), 4), 5) give 


<8) <8, +6/2<S +e; 


a (SG 


which proves 1). 


2. A similar line of reasoning shows: 
Let f(a, +++ mn) <0 be limited in the limited aggregate A. Let 


SS = Max Sp, 
with respect to all rectangular divisions D. Then 


lim Sy= 8. 
a=0 
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697. Let f(x, +++ %,) be limited in the limited aggregate X. Then 


the limits ; ee 
him S28), 
exist, and are finite. ba a 


Let us take e>0 so large that 
Ixy a De, om. Lm) + Cc 


is positive. Let M, WV, be respectively the maxima of f and g in 


the cell d,. Obviously, 
N, = M, +c. 


We have seen in 696, 1 that 


lim =d,, lim Xed, 
exist. Hence 


lim S,=lim =Md, =lim =(N, —e)d, 
a=0 
=lim 2Nd,—lim Sed, 


exists, and is finite. 
To show that lim 
a0 


exists and is finite, we introduce the auxiliary function 
h(a, sage Lm) = f(a, a LD ye C5 
and determine ¢>0 so large that h is always negative in QM. 
698. The limits S, 8, whose existence was established in 697, 


are called the lower and upper integrals of f(a, +++ x,) over the 
field UA. They are denoted respectively by 


SiG “++ Bm AN =|. F(@4 +°+ Vm )AL, «++ Amys 
e ad 
iL f(t Gp) AM = le Tre aie dee 


When the lower and upper integrals 1) are equal, we denote 
their common value by 


Sie, ty A= SFC ieee (2 
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it is called the integral of f over the field UX. In this case 
F(@ + %,) 18 said to be integrable in A. We also say the inte- 
gral 2) exists. 


The integrals 1), 2) are called m-tuple or multiple integrals. 


699. 1. Let f(x, +--+ x,) be limited and integrable in the limited 
field XU. Let D be any rectangular division of norm d, and &, any 
point of Xin the cell d,. Then 


lim 3f(E)d,= Ip FAM. a 


Conversely, if this limit exists, however the D’s and &’s be chosen, 
the upper and lower integrals of f are equal, and f is integrable. 


For, 


m, BAG a es bs 
aa ae Sm,d,< DHE) a, < 2M, @ 
As 
Hints tae ip 
lim 3Md, = i 


are equal, we get 1) on passing to the limit d= 0 in 2). 

The reader will observe that this reasoning is precisely similar 
to the first half of the demonstration in 493. The second half of 
our theorem is proved by a reasoning exactly similar to the second 
half of the demonstration of 493. Instead of the interval 6— a, 
we have here a cube of volume C”. 


2. The theorem 1 shows us that we may take 
lim 2 f(E,)4, 
d=—0 


when it exists as a second definition of the integral of f over I. 


700. 1. The theorems of 495, 496, 497, and 498 may now be 
extended without trouble to functions of several variables. For 
convenience of reference we restate them here for this general 
case. 
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2. In order that the limited function f(x, +++ U») be integrable in 
the limited field , zt is necessary and sihidan that the oscillatory 
sum ,f = 0, as the norms of the divisions D converge to \. 

3. If the limited function f(x, +++ %,) ts integrable over the limited 
field X, it is integrable over any partial field of A. 

4. In order that the limited function f(a, +++ %) be integrable in 
the limited field Y, it 7s necessary and sufficient that for each e>9, 
there exists a division D for which the oscillatory sum 


Of <. 


5. In order that the limited function f(x, +++») be integrable in 
the limited field X, it is necessary and sufficient that, for each patr 
of positive numbers w, o there exists a division D, such that the sum 
of the cells of D in which the oscillation of f 18 >@, 1s <a. 


EXAMPLES 
701, 1. Let % be the square (0, 1, 0, 1). 
Let iG |) S=- for x, or y irrational; 


1 
=i for 2 = ~ ; m, n relative prime, y rational. 


Then f is integrable, by 700, 5. For, fis >. only on the lines x = 1, 4, 4, 2, 4, 
$, 4, 2, 3, #, ---, the denominators of the fractions being Sq. On each of these 
lines ie oscillation in any little interval is So On all other lines the oscillation 
is <-. Obviously there exists for es g a division for which the sum of the 


bi in which the oscillation is S7 — is <a; and the integral is zero. 
2. Let 9{ embrace the points 2, y 2 the square (0101) for which « is rational. 
1 m : : 
Let NES Dy = ap LOT ce relative prime. 


Then f is integrable in Y{, as the above example shows. 


Content of Point Aggregates 


702. 1. We extend now the notion of content, ete., considered 
in 514 seq., to limited aggregates in ®,,. Let us effect a rectan- 
gular division of space of norm 6. Let 


d v dy, ds, 
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be those ceils containing at least one point of the limited aggre- 
gate 2%; while 
di, a), dl, 
denote those cells, all of whose points lie in %. 
Then the limits 
Y= lim Sd; Yh Sd! qd 

- f 5=0 6=0 
exist, and are finite. 

For, let us introduce the auxiliary function f(a, + 2,), whose 
value shall be 0 in §,,, except at the points of %, where its value 
is 1. Then, using the notation and results of the previous articles, 
we have: 


SS iah = ek. 


yn a= 0 
But by 697, 
lim %p, lim > 


4 5=0 5=0 
exist, and are finite. 


2. The numbers 9, 2 are called the upper and lower content of 


We have thus: 7 
A= fifa, — X= f fart. 


When 2% =, their common value is called the content of YL. 


We denote it by aah 
ont A, 


or when no ambiguity arises, by %. 
To be more explicit it is often convenient to set 


= Cont A, WU = Cont A. 


A limited aggregate having content is measurable. 
Thus, when % is measurable, 


Contol f fa. 
DE 


The content of a measurable aggregate in ft, is called its area; 
in R, the content is called volume. We shall also use the term 
volume in this sense, when n> 3. 
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3. As immediate consequence of the reasoning of 1, we have: 
Let & be a partial aggregate of U. Then 


B<%; B<A. 


703. By the aid of the auxiliary function employed in 702 
we can state at once criteria in order that 2 is measurable. 

1. For U to be measurable, it is necessary and sufficient that the 
sum of the cells containing both points of XU, and points not in A con- 
verge to 0, as the norn: of the division =0. 

This follows from 700, 2. 


2. In order that X be measurable, it is necessary and sufficient 
that for each e>0, there exists a division such that the sum of the 
cells embracing both points of Uand not of Wis <e. 

This follows from 700, 4. 


Frontier Points 


704. 1. The frontier § of any aggregate UX is complete. 

For, let p be a limiting point of @. 

Then in any D;*(p), there are points of §. If f is such a point, 
there are points not belonging to % in any D,*(f). We may take 
7 so small that D, lies in D;. Hence p is a frontier point of . 


2. Let &% and S be two point aggregates. Let 


D= Dist @, y) =V@,—y)° + + Gn— Yn) 
be the distance between a point # of % and a point y of B. Let 8 


be the minimum of D, as x runs over %, and yruns over 8B. Then 
650, and is finite. We say 6 is the distance of X from B, and 


write : 
5 = Dist (A, B). 
In certain cases, 2{ may reduce to a single point a. 


3. If UL, B are limited and complete, there is a point a in A, and 
a point b in 8, such that 


Dist (a, 6) = Dist (A, B). 
Lf Dist (A, B) > 0, the two points a, b are frontier points. 
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For, we may regard 2, +++ t, Y1 °°" Ym a8 the codrdinates of a 
point z in a 2m-way space ®,,,. We form an aggregate © whose 
points z are obtained by associating with each 2 of YM, every y of 
&. Then the domain of definition of Dist (2, y) in 2, considered 
as a function of 2m variables, is precisely ©. To represent © we 
may employ 2m axes, as in 231. Obviously © is limited and com- 
plete, since Y and B are. 

Then by 269, 2, there exists a point (a, ++: a, 6,-+-6,,) in G, at 
which D takes on its minimum value. Then 


a= (a; eee Oy b=(, eee db) 
are the points whose existence was to be proved. 
The points a, 6 are frontier points of % and B respectively. For, 
if they were inner points, the distance between D,(a) and D,(d) 
ocuale Dist (a, 6)— 28 < Dist (a, 5). 


4. Let B be a partial aggregate of WU. If the distance between 
the frontiers of &% and B is not 0, we say B is an inner partial 
aggregate of XA; also YF is an outer aggregate of B. 


Discrete Aggregates 
705. 1. Definition. An aggregate of content 0 is discrete. 
Obviously, if Cont 0, 
{ is discrete. 


2. Hvery limited point aggregate of the first species is discrete. 


Let & embrace at first, only a finite number of points, say n points. 
Let us effect a cubical division of space of norm 


s</f, 
n 
such that the points of 2% lie within their respective cells. Then 
the sum of the cells containing the points 2 is 
Su, < nO" <e. 


Thus % is discrete, and the theorem is true for aggregates of 
order 0. Let us therefore assume the theorem is true for aggre- 
gates of order n — 1 and show it is true for order n. 


516 MULTIPLE PROPER INTEGRALS 


By 265, %” embraces only a finite nuinber of points, say 
\ 
Ua Oa ge 


We can, as just seen, inclose these within cells of total volume 
<e/2. The points of & not in these cells form an aggregate B 
of order n—1. By hypothesis we can effect a division of space, 
such that the total volume of the cells containing both points of 
¥% and not of B is <e/2. Thus the division formed by superim- 
posing these two divisions, is such that the volume of the cells 
containing both points of % and not of Wis <e. 


706. Let X be a limited aggregate whose frontier points ®§ form a 
discrete aggregate. Then X is measurable. 

For, using the notation of 702, the volume of those cells of a 
division D, containing both points of % and not of Y, is 


Wp — Un < Fo; 


where §, is the volume of those cells containing at least a point 
of %. But, as § is discrete, 
bp = 9. 


Hence, by 703, 1, 2 is measurable. 


707. 1. Let ®,, be an m-way space. Let us give certain of the 
cobrdinates of x=(a,, +++ %,) fixed values. For example, let 
Tp41= App *** Im=Apn. The aggregate of points c= (a, --- Lp, Ayr 

-@,) may be regarded as constituting a p-way space, RK, lying 
mR, The point 2, when considered as belonging to 9,, may be 


denoted more shortly by «= (a, -+ a). 


2. Let U be a limited aggregate lying in R,. If we consider X as 
lying in an m-way space R,, m>>p, tt ts diserete. 

For, let %& lie in a cube C, of volume @, in §t,,so large that none 
of the points of 9 come indefinitely near the sides of C. Then the 
upper content of QI, relative to R,,is <C. We can effect a division 
D of ®,, of norm d such that the points of Yf lie within the cells of 
D, ‘Shen the volume of all the cells containing points of 9 is less 


the 
1an Can-?, 


which converges to 0, with d. 
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708. 1. Let y=f(a,, +++ v,) be defined over an aggregate YA. 
Dera (f,--e,), v= (a4 +hy, +++ %m +h) be two points of A. 
The increment that f receives when 2 passes to x’ we have denoted 
by Af. Let us set 


Az = Dist (a, 2 )= VAP + + hand 


Af 
Ax 


and call 


the total difference quotient of f. The point 2! may or may not be 
restricted to remain near x; if so, it will be stated. 


2. Let the limited functions 


91 =F + Lm)s 0° Yn =F @p ** Bm) n=M+p>m 
have limited total difference quotients in the limited discrete aggre- 
gate X. Then B, the y-image of A, is also discrete. 


For, let us effect a cubical division of the z-space of norm d. 
Since the difference quotients are limited in Q, there exists a 


fixed G, such that 
(Ava aG, v=1, 2,---n, 


as x ranges over any one of the cells d, of D. Hence each codrdi- 
nate y, remains in an interval of length <d@ as xz ranges over the 
points of Wind, Therefore y=(y,, +++ Y,) remains within a cube 
of volume a@”G”. Hence the points of 3 have an upper content 


Ze GIG ad GN p. 
B Wt 


gE Cont B = 0. 


3. As a corollary of 2 we have: 
In the region Rf let 
yy Sai (ee Boe Lin)» Yn PA CaY oc a) n>m 


have limited first partial derivatives. 
Let X& be a limited inner diserete aggregate. Then B, the image 
of A, 7s discrete. 
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4. Let the limited functions 


Al =f (4 COS Li) En Yn =F 2 aa 2m) n=M+pr>m 


have limited total difference quotients in the limited aggregate XY, 
except at points of a discrete aggregate A. In the cells of any cubical 
division of norm d<db), let at least m of these difference quotients 
remain limited. Then the image B of A 2s discrete. 


For, consider one of the cells d,, containing a point of A. At 
least m of the codrdinates of a point y remain in intervals of length 


< Gad. 


All we can say of the other codrdinates of y is that they remain 
in intervals of length 2 F, where |f,|< #, +=1, 2, ---n. Thus the 
image of the points of %f in the cells d, has an upper content 


<< (Gd)"(2 Fy” = @" 2? FS d = 2” FPG", < 6/2, 


if dy is taken small enough. 
The content of the image of the other cells d, is 


< sang <APG"°A>. 


As p31, we can take d, sufficiently small, so that the content of 
these cells is <€/2. 


709. An important class of discrete aggregates is connected 
with functions having limited variation, which we now define. 
Cf. 509 seq. 

Let f(a, ---x,,) be limited in the limited aggregate YU. Let D 
be a cubical division of space of norm d<d)._ Let the oscillation 
of f in the cell d, be w,. If there exists a number ® such that 


2o,d"1< , al 


however D is chosen, we say that f(x, +++ a,) has limited variation 
tn XM; otherwise it has unlimited variation. 
From 1) we have 


~ 


@ 


to, < aa (2 
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710. Let the limited functions 


N=AiCy oa ) Yn = fray oe Lm) N=M+ p>m 


have limited total difference quotients in the limited aggregate X. 


Let 
Ue =f,(@, eee Ln 


have limited variation in UX. As x=(a, ++ @,) ranges over A, let 
Y¥=(44°°° Yn) range over B. Then B is discrete. 


For, let us effect a division of the z-space of norm d. Then 
Yp ** Yn-) TeMain in intervals of length <dG as x ranges over the 
points of Qf in one of the cells d,. Thus if @, is the oscillation of 
J, in d,, the point y remains in a cube of volume 


< PG Ney, 

when z ranges in d,. Thus the upper content of % is 
ee Ge a, 
<= OP G9 a, bys109, 2). 


As this converges to 0 as d= 0, % is discrete. 


Properties of Content 


711. 1. Let & be a limited aggregate. With the points of 
let us form the partial aggregates ,, --- ,, such that the aggre- 
gate of the common points, or of the common frontier points, of 
any two of these aggregates is discrete. We shall say that we 
have divided X into the unmixed aggregates %,,-- A, Also, A is 
the union of %,, -- U;. 

2. Let the limited aggregate UX be divided in the unmixed aggre- 
gates A,, Wo -+* As Then 

A=W te 4%; WHA +--+ A. 

For, let D be a rectangular division of norm 6. Let ¥» be 

the volume of all those cells of D which contain points of more 


than one of the aggregates %,. --- %,. Let fp be the volume of 
those cells containing points of %,, ¢= 1. Oe ee 4 hen 


ZA te + Us, 0 < Up + 8Bo- dl 
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Now, by hypothesis, lim ¥,% 0. 
$=0 


Hence passing to the limit in 1), we get 
A= %,+ Puy oe 
The other half of the theorem is similarly proved. 


3. If the aggregate X can be divided into the measurable unmixed 
aggregates Uj, +++ U,, it is measurable, and 


Cont % = Cont A, +--- + Cont A,. 


This follows as corollary of 2. 


4. Let U,, --- U, be limited aggregates whose frontiers are discrete. 
Let X be the union of these aggregates. Then X is measurable, and 


Cont & = Cont UW, +---+ Cont A. 


For, we may divide % into %,, --- %,, and these latter aggregates 
are unmixed, by hypothesis. The aggregates ,, --- %, are also 
measurable by 706. 


712. 1. Connected with any limited complete aggregate Y of 
upper content %>0 is an aggregate B, obtained from % by a pro- 
cess of sifting as follows: 


Let D,, D,, --- be a set of rectangular divisions of space, each 
formed from the preceding, by superimposing a rectangular divi- 
sion on it. Let the norms of these divisions converge to 9. 

The division D, effects a division of 2% into unmixed partial 
aggregates. Let %, denote those partial aggregates whose upper 
content is >0. Then, by 711, 2, 2, =. 

Similarly, the division D, defines a partial aggregate of YU, and 
hence of %, such that I, =, ete. Let us consider the cells of D, 
which contain points of %,. As n+, these cells diminish in 
size, and in the limit define a set of points 8. The upper content 
of the points of 9 in the domain of any point of Bis >0. Thus 
each point of & is a limiting point of Y, and hence a point of Qf. 
We shall prove, moreover, that % is perfect. 
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For, suppose 6 were an isolated point of 8. Let @ be a cube 
whose center is 6 and whose volume is small at pleasure. Let a 
be the points of &% in C. Let us divide C into smaller cubes, say 


1 ‘ 
of volume at The points of %& in at least n of these new cells 


must have an upper content >0. Thus there are other points of 
8 in C besides 6. Hence % has no isolated points. To show 
that B is complete, let 8 be a limiting point of %; it is therefore 
a point of {. The upper content of the points of 9 in any domain 
of 8 is >0. £8 will therefore lie in one of the cells of D,, n=1, 
2,---. Hence it is a point of %. 

Finall 

inally, Tes 

For, any cell of D, which contains a point of 8 contains a point 
of %,, and conversely any cell which contains a point of Qf, con- 
tains a point of %, or is at least adjacent to such a cell. 


2. The aggregate 8 may be called the sifted aggregate of Y. 


713. 1. We shall find it useful to extend the terms cells, division 
of space into cells, etc., as follows : 


Let us suppose the points of any aggregate %, which may be 
MN, itself, arranged in partial aggregates which we shall call cells, 
and which have the following properties: 


1°. There are only a finite number of cells in a limited portion 
of space. 

2°. The frontier of each cell is discrete. 

3°. Each cell lies in a cube of side = 6. 


4°, Points common to two or more cells must lie on the frontier 
of these cells. 


We shall call this a division of WX of norm 6. 


2. Let A be such a division of space. Let % be a limited aggre- 
gate. As in 702, %, may denote the content of all the cells of A 
which contain at least one point of 9; while %, may denote the 
content of those cells all of whose points le in . 
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3. Let be an aggregate formed of certain of these cells, U,, --- U,. 
Then X is measurable ; and ‘ 


Cont & = Cont W, + --- + Cont %,. 


This is a corollary of 711, 3. 


714. Let be a limited point aggregate, and A a division of space 
of norm &, not necessarily a rectangular division. Then 


lim %, = %, lim 2, = 2. (1 
5=0 6=0 


Let us prove the first half of 1); the other half is similarly 
established. 
For each e>0 there exists a cubical division D of norm d, such 


that a gas yee 
i <A, <A+ 6/2. (2 


Let D’ be another cubical division of norm d’. 
Let 8, denote the volume of all those cubes containing points 
of %». We can choose d’ so small that 


Wn < Bo <Ay+ e/2. 
Then 2) gives eee ae 
A< Bp <A+e. (8 
Let A be any division of space, not necessarily cubical, of norm 
b<dd. 
Then %, contains every point of %; and isa part of Bp, since 
the distance of % to B, is zd’. Henee, by 702, 3, and 713ye; 


This gives with 3) 


for any 6<d'. 


715. 1. Let & be a limited aggregate. If Y is not complete, let 
us add to it its lacking limiting points. The resulting aggregate 
8B may be called the completed aggregate of YX. 

A limited aggregate X, ana its completed aggregate B, have the 
same upper content. 
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For, let us effect a rectangular division D of norm d. The cells 
containing points of B fall in two classes: 1°, those cells d,, d,, -- 
containing points of X; 2°, those cells e,, e,, +++ containing no point 
of Y. Each of these latter cells, as e,, is contiguous to at least one 
cell d,. Ife, --- are contiguous to d,, we will join them to d,, to 
form a new cell 8,, in such a way that each e-cell has been joined 
to some one d-cell. 

The cells 6,, ,, --- together with the cells d,, d,, --- which remain 
unchanged by this process of consolidation, define a division A 
of the kind considered in 718. The norm 6 of this division is 
evanescent with d. 


Now, for the division A, 
W, = B.. 
By 714, the left side = %. Hence 
B= A. 


2. The lower contents X, B do not need to be equal. 


For example, let 2{ = rational points in the interval J=(0, 1). 
Then G=J. 
But 


3. Let XU be measurable. Then X, and its completed aggregate B. 
have the same content. 


For, we have just seen that 
A= A= B. ae 
On the other hand, every inner point of & is an inner point 
of 8. Hence 1, < By 


Hence, passing to the limit, 


<S 
Il 
pS 
WAN 
Ics 
lA 
er] 
EN 
bo 


Hence 1), 2) give 
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4. If U is measurable, the content of X and its derivative A! are 
equal. \ 

For, let B be the completed aggregate of Y. Since every inner 
point of Q{ is an inner point of ’, and every point of 9’ is in %, 
we have for any cubical division D, of norm d, 


Uy < Ub < Uy < Bp. 
Passing to the limit d = 0, this gives, since %{ is measurable, 
Aa =H = B. é 
But, by 38, %=B. Hence 8) gives 
A=W = W. 
716. Let U be a limited aggregate whose upper content is X. Let 
B be a partial agyregate depending on u such that 
lim 8 = W. 


u=0 


Let D be a rectangular division of norm d. Then for each «>0 
there exists a pair of numbers uo, dy, such that 


Ay — Bua<e @! 


for any V<Uu<uy, 0<d<d). 
For, if d<d,, 


W<A,<A+€/2; 
and, if w< up, X j2<¥ 
=6 as 
But — a 
: Bu, p< Ad- 
Thus 


x — 6/2< By < By, p< Up <U+ €/2, 
which establishes 1). 


Plane and Rectilinear Sections of an Aggregate 


717. 1. Let U be an aggregate in R,. As #=(a,---2,,) ranges , 
over A, a, will range over an aggregate x, on the 2,-axis, which we 
call the projection of X on this azis. 
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The points of &,, for which one of the codrdinates as x, has a 
fixed value x, = &, lie in an m—1 way plane, which we shall say 
is perpendicular to the x-axis. We may denote it by Pz or more 
shortly, by P,. The points of & in P, form a plane section of 
corresponding to the point &, in xy, which we denote by Pz, or P,. 
We also say §, is a plane section of X perpendicular to the x-axis. 


2. As x= (@:-2%,) ranges over the points of %, the point 
(yy ++ Bay 0, Vay +++ Ln) Langes over an aggregate X, in the plane 
x, = 0, which may be called the m—1 way plane II, of the axes per- 
pendicular to x, We call &,, the projection of XU on II,. 


3. Let us fix all the codrdinates of x = (a, ---¥,), except Z,. 
Then z describes a right line parallel to the x,-avis. Let a, denote 
the points of % on one of these lines. We shall call it a rectilinear 
section of X, parallel to the xv,-axis. 


4. Let X be limited and complete. Then the 8, and the a,, also 
the x, and X,, are complete. 

Let us show that the $, are complete. Let p be a limiting point 
in one of the ,. Let 
Py Po d 
be a sequence of points in this plane which =p. Then 1) is a 
sequence in %, and as %& is complete, p lies in YU, and hence in §,. 

Let us show that x, is complete. In fact, let g be one of its 
limiting points. Let q,, q. --- be a sequence in y, which =q. In 
each plane section $, , take a point r,. 

This gives a sequence 

Rite oe 
whose limiting points lie in Y, since Y is complete. Moreover, the 
projection of these limiting points is q. 


718. 1. Let UX be a measurable aggregate. 

Let x, denote those points of x,, for which the upper content of the 
frontier points of B, is So. Then t, ts discrete. 

For, let us effect a cubical division D of ®,, of norm d. This 
effects also a division of norm d of the z-axis. Let d,, d, --- denote 
those intervals on this axis, embracing at least one point for which 
the frontier points of the corresponding plane section have upper 
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content So. If §» denote the volume of those cells containing 
frontier points ¥ of M2, we have »* 


%p sold, for any D. 
Let d=0. As % is measurable, 
o Contr, = 0. 
Asa>0, Contr, = 0. 
2. In a similar manner we prove: 


Let X, denote those points of the projection of the measurable aggre- 
gate A on the plane x,=0, for which the content of the frontier points 
on the corresponding rectilinear sections is So. Then X, ts discrete. 


3. Let x, be the projection of the measurable aggregate X on the 
x -avis. Let D be a division of R,, of norm d. Let f,, fy «++ denote 
those intervals on the x-axis containing frontier points of x, Let 
y>0, o>0 be taken small at pleasure. If fi, fo --- denote those 
F-intervals containing points of x, for which the upper content of the 
corresponding plane sections J is Sy, we can take d, so small that 


Shee, dae 


For, in the contrary case, the upper content § of the frontier 
points of WU is = yo. a 


But % being measurable, § = 0, which contradicts 1). 


Classes of Integrable Functions 


W195 Let fea ae) be continuous at the limiting points of the 
limited complete field XU. Then f ts integrable in %. 

For, reasoning similar to that of 852 shows that we can effect a 
cubical division D, such that the oscillation of f in each cell of D 
containing points of {is <. Then by 700, 4, f is integrable. 

2. In the limited complete aggregate X, let the limited function 
S(®1°+* Ym) be continuous, except at the points of a discrete aggregate 
B. Then f is integrable in X. 


Since % is discrete, there exists a cubical division D such that 
the volume of those cells containing points of B is <e. 
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Let ©, denote those cells which contain points of %, but do not 
contain points of B. Since f is continuous in ©», we can effect a 
cubical division D! of €p, such that the oscillation of f in any cell 
OLD iso, 

Then by 700, 4, f is integrable in Q. 


3. Let f(a +++ &m) have limited variation in the limited field %. 
Then f ts integrable in %. 


For, ORFS od, <a" se., 
<= do, by 709, 2). 
Hence lim’ 0,7 = 0, 


and f is integrable, by 700, 2. 


720. As in 504, 505, 507, and 508, we may establish the follow- 
ing theorems : 


1. Let f(a, +++) be a limited integrable function in the limited 
field X. Then | f(a, +++ &p)| 18 integrable in A. [507.] 


2. Let fi. fy f, be limited integrable functions in the limited 
field U. Tf c, eg, «++ ¢, denote constants, then 


Oy teatat- +t, and fy -fy-S, 
are integrable in %. [504, 505.] 
3. The converse of 1 is not necessarily true. For example, in 
ROR eg ge top Oa vials for x, y rational ; 


=—1, for other points in R. 


Obviously f is not integrable in R. 
On the other hand, |f| obviously is integrable. 


4. The product f-g may be integrable without either f or g 
being integrable in 9. For example, in a rectangle & let f(y) 


be defined as in 3; while 
g(zy) =-1, for x, y rational ; 


= iil for other points of BR. 
Then fy =—1 in R, and is hence integrable in A. 
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721. Let f(a, %p,) be integrable in the limited complete field 
W. Let € be the points of A at which f is continuous. Then & = %. 


For, if is discrete, the theorem is true, even if f has no points 
of continuity in %. Let us therefore suppose A>0. Let B be 
the partial aggregate formed from % by the process of sifting, 
considered in 712. 


Let D be a rectangular division, and d one of its cells containing 
points of 8; we can choose D so that no cell has points of B only 
on its sides. Let a be the points of 9% in d. Since q is a partial 
aggregate of WU, f(x, ++ %) is integrable in a. The reasoning of 
508 shows now that f must be continuous at one point, at least, 
of a and hence at an infinity of points of a. 

Among these points, lie points of 8. Thus every cell of the 
division D, which contains a point of %, contains a point of €. 


Hence C= 


| 


Generalized Definition of Multiple Integrals 


722. Let f(a, --- x») be limited in the limited field A. Let A be 
any division of space of norm 8 into cells 6,, 6,, +++, not necessarily 
rectangular. Let It, m, be respectively the maximum and minimum 


of fin 8. Then 


lim 5, = lim [M6, =f ‘far, ‘al 
5=0 6=0 De 
lim S, = lim =m,6, = } fd. (2 
5=0 6=0 “7 


Let D be a cubical division of norm d. Let d,, dy --- be the 
cells of D containing points of %. We may denote their volumes 
by the same letters. Let M,= Max, in d,; also FS Max|f| in 
Y%,and $1. Then for each e>0, there exists a d such that 


a (alte 
Sp =f << 9” (3 
where, as usual, om 


Sp = 2M d.. 
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Furthermore we may choose d so small that 


Fe a ee 
Wp Df < 8 Fr (4 
where Ay = Xd, 


Consider now the division A. Those of its cells containing 
points of Y fall into two classes: 1°, those lying in only one cell 
of D; 2°, those lying in two or more cells of D. Let 8, 8,, «+» be 
the cells of the 1° class lying in d.. Let 6, 8, --- be all the cells 
of the 2° class. Then the content of all the cells of A containing 
points of QI is 

Zoe 20, = 91. 


But since the frontier of YM, is discrete, there exists a 5, such 
that 


Ds < Te S<6,. (5 


As moreover %, = %, by 714, we may suppose that 


— A E 5<6,. 6 
WM, 16 FR’ aD 1 ( 
From 5), 6) we have 
PN ase 
|6,,. Seat 


This with 4) gives finally 


ar € 
eas (7 
Now 
= TM,.5, + LMS, 
where M,,, Vt! are the maxima of f in 6,, 6! respectively. Hence 
8,2 2M, + FUE, (8 
wince MM, = M, M < F. 
Thus 5), 8) give 
Sy ee ~ 


4 
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|Sp— 2M8,| = |2M.Cd, — 28,.)| 


<F|2d, am 28, = F |p — >6,| 


Thus 9), 10) give 
een Giawiae 
Se <Sp + 2 . qd 


In the same way we may show that for a properly chosen cubi- 
cal division £, 


Sp<S.+5 (12 
From 3), 11), 12) we have 


S.-S\<s 020). 


This proves 1). Ina similar manner we may demonstrate 2). 


723. Let f(x, +++ v,,) be limited in the measurable field X. Let 
A be an unmixed division of X of norm 6, into the cells 64, do, ++ 
As usual let 


Sy = m6, Sy. = MS. 


Let m be the maximum of S,, and M the minimum of S, for all 
divisions A, 6=0. Then 


pe dE fa, Mf FL, 


Let us divide one of the cells as 6, into two unmixed cells 6, 
' 6’. This gives a new division A’. Then the term m6, in S,, is 
replaced by the two terms 


mis! + mis!’ Sms, 
in S,. Hence 
ee SS, = Sia 
Similarly 


SSIS 
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The theorem follows now from 722. For, there exists a division 
A, such that 

m—e<S,<m. qd 

Let us now take a sequence of divisions A’, A’’, --- whose norms 

=0; each A” being formed by subdividing the cells of A®-. 

Then 
SZ Sy ZSyr =f fay. @ 
=o 


From 1), 2), we have 


f fant = m| <€; 
na) | 
hence 


m= if Gone Pare 


Properties of Integrals 


724. Let f(x,--- %,) be limited and integrable in the limited field 
%. Let B bea partial aggregate depending on u, such that B =A, 
asu=0. Then 


lin I), faB = fi Fadl a 
Since f is integrable over YQ, 
pf <€/2 @ 


for any division D of norm d<d,, by 700, 2. 
Moreover, by 716, if d, and w are taken small enough, 
Tiana hdjcety Halik (3 
where |f|< F in %. 
Let d,, d,, --- be the cells of D containing points of B,, and 
d, di, +» the cells containing only points of %&. Then 


Su, = 2 Md, + 2Mid), 
Se, ,=2NMd, 
where WV, = Max f for points of B in d.. 
Nene [Baty — Se, |< EM — Wd, + FEA, 
=e, by 2)5.3)- (4 
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Let now d=0. Then 4) gives 


edie 
Je Jo,| 5 


725. 1. Let f(x, +++ x) be limited in the measurable field Y. Let 
B be an outer field of UX. Let g(a, ++ &,)=9 in B, except at the 
points of A, where it = f(a, +++ %m). Then 


Sf = fg: jl fat = if gd. 


For, let D be a division of space of norm d, not necessarily 
rectangular. Let the inner cells of % be d,, d,, --- while CMe tiie one 
denote cells containing frontier points of {. Let JZ, V, denote 
the maxima of f, g in d,, while M’, N’ are the maxima of f, g 


. 7 : 
in ad): Then S,=>Md.4+=M'd 


caaeak) 


Hence 


which gives 1). 


T,==Nd, + =N'd. 
Hence, since M,= NV, we have, setting | f| <<’ in A, 
|Sp— Ty|< F2di. 


Let now d=0. Since Y% is measurable, we have the first part 
of our theorem. The second part follows likewise. 


2. In a similar manner we establish the following theorems: 


Let f(a ++ x,) be limited in the measurable field YA. Let 
G(% + Mm)=F at inner po'nts of A, and =0 at frontier points. 


Sgt = SJ f2%s Sig = f ft 


3. Let fay ++ nj, YX, +++ Lp) be limited in the measurable field 
Y. Let them be equal except at the points of a discrete aggregate. 


Then Sift = Sig Si fat= f gaa 
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726. 1. Let f(a,-+-x,,) be limited and integrable in the limited 
field U. Let B bea partial aggregate of A, such that X= B. Then 


Sfit= Sf, fas- fal 


Let D be a cubical division of space of norm 6. Let d! denote 
those cells containing points of G, and d’! denote the cells con- 
taining points of %, but not of B. Then employing the usual 


notation, 
SPE) A, = TICE d+ BAEY A. 
Since Xd!! = 0 as 6= 0, we have 1) on passing to the limit. 


2. Let f(a, +++ 2,) be limited and integrable in the limited complete 
field UX. Let © denote the points of NA at which f is continuous. 


Then 
i fal = ff ae 
This follows from 1 and 721. 


727. Let f(x, +++ %m) be limited in the limited field U. If for any 
cubical divisions D, of norm d < dy, 


A<>f@)d,<B; 


We jl fat fh fat < B. fal 


For, in each cell d, there are points 2/, a’, such that 


then 


fa@d<m+o, fai)>M,—-¢, 


however small o > 0 is chosen. 
Hence 


A<SfG!)d,<Sp + 03d; BSSf(a!)d,>8,-oSd, (2 


Let Z € 
BS Cont 1 
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Then passing to the limit d =0 in 2), we get 


= 


A-—e< ff. <j <Bre. 
mea. wt 
From this we conclude 1) at once. 


728. Let f(x, +++ %m) be limited in the limited field A. Let U be 
divided into the unmixed fields X,, +. U,. Then 


ij fa = J fay e+ i fA 


J 7m = J ft orcas +f fa%y 


For, let |f|< Fin MW. Let D be a rectangular division of norm 
d. As in 711, 2, let %,p, --- Up be the cells containing points of 
W.-Y, respectively; while §, constitute the cells containing 
points of more than one of the fields 9, --- Then 


| Sp — O84, o + as So) bly, 


Letting d=0 in this relation, we get the first part of the 
theorem. ‘The rest is proved likewise. 


729. Asin 504; 489, 4; 526, 2; 531, we may prove the follow- 


ing theorems. 


1. Let fi, ++: f, be integrable in the limited field X. Let 4, +++ ¢, be 


constants and 


F=afptootesfy 
Then 
FdaX=c¢ AY 4-.-- ; ar. 504 
J, Cy i at taf [504] 


2. Let f(a, ++ %,) be integrable in the limited field Y. and numer- 
teally <M. Then 
()p Far 
a 


3. Let flay +++ pm). G(X, +++ &,) be integrable in the limited fiell 


YM, and let f<g. Then 
J fil < {grt (526, 2] 
: J 


<M Cont Y. [489, 4] 
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4. Let f(xy +++ &y), Y(@y +++ &m) be integrable in the limited field 


WU. Let at 
FS 05 © = Mean g, in Qf. 


Then 
fod =O} fa. pal 


5. The following theorems are readily proved : 


Let f(a, ++ &,) be limited in the limited field Y. Tf f(a, +++ &,) >A 
tn A, 


Span See 


6. Let f(1, -- tp) be limited in the limited field U, and =0. 
Lf B is a partial field of A, 


ANS | fdB. 
Sf Sfp 
T. Let f,, ---f, be limited in the limited field X. Then 


(es ++ +f, dX <f fae fo +f fa, 


SA+ Ate +fyQU> J fal + ae +f fad. 


For, in any cell d, of the division D, 
Max(f,+ + +f.) <Maxf, +--+ Maxfy, 
Min(f, +: +4.) 5 Minf, +--+ Minf,. 


8. Let f, g be limited in the limited field X. Then 


Ser— mans fp — Fre 


Si (f— gyal f Fil — uf gaX. 


536 MULTIPLE PROPER INTEGRALS 


For, in any cell d, of the division D, 
Max(f—g) S Max f— Max g, 
Min( f—g)< Min f— Min g. 


9. Let f, g be limited in the limited field U, and let f<g. Then 
aN < fadu; [ fan< f{ far. 
ie vi I ale 


730. Let f(x, +++ %,) be limited in the limited field A. Let A, 
denote the points of % at which |f\>o. If XA, ws diserete for any 
> 0, x Se 
f far = { fay = 0. 
291 or 


For, let ds 
o<e/i, fe ae 


Let D be a division of norm 6. Let d/ denote the cells in which 
\f|So, while ad’? denotes the cells in which |f|<o. Then 


Js = 2fE)d. = TEA + EO. 
ence |g] < FEd! + o3d'!. 
Let 60. The right side is 
<!o, Cont | —e, 


which establishes the theorem, by 727. 


731. Let f(a, ++ &,) $0, be limited and integrable in the limited 
field X. If 
J, Fal = 0, 


the points U,, at which f(x) >o, an arbitrarily small positive number, 
form a discrete aggregate. Let 3 denote the points at which f =0 
If A is complete, 


B=. 


0 =|: i > by 128, 6. 


For. 
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But 7s 
It So by 729, 5. 
Hence a 
oN, = 0, 
Since o >0, ) must = 0. 


To prove the second part of the theorem, let 6 be a point of %, 
the sifted aggregate of %, at which f is continuous. Cf. 712. 

Then if f>0, we can choose 6>0 so small that f>A>0 in 
V;(6). But the upper content of the points a of Yin Vs isa>0. 
Hence 


SFE J fea>ra > 0. 


Hence f=0 at every point of continuity of Win B. Let now 
D be a rectangular division of space. The reasoning of 721 shows 
that every cell which contains a point of % also contains a point 
of continuity lying in 8. Hence, 


which gives, 


BSB, o B=B. 


Reduction of Multiple Integrals to Iterated Integrals 


732. 1. Let f(z, ---%,) be limited in the limited field &. Let, 
t, be the projection of 2% on the x-axis. Let $, be a plane section 
of % perpendicular to the x-axis. Then the Gm—1)tuple upper 
and lower integrals 


J, fa, Ih Fa, fal 


are one-valued limited functions of x, defined over yz, For, let % 
lie in a cube of side C. Let | f(a, +++ %m)|<#. Then both inte- 
grals are numerically 


< FO}, 


for any x, in X,. 
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2. Each of the integrals 1), considered as functions of x, defined 
over x, have therefore upper and lower integrals in y,, viz. : 


finkyen, foes 
J def FO. Site f 72%. 


For brevity these may also be written 


Sel Heels 


L 


733. 1. Let f(a, +++ %,) be limited in the measurable field %. 
Let x, be the projection of X on the x-axis. Let , be the plane 
sections of XM corresponding to the points of xy, Then 


JS fnt< J df Fa, < fade f fa “e J faX:; qd 
Span a J ae f J < J dx, if Fa, < i “fa. Q 


Let us establish the relation 1); the demonstration of 2) is 
similar. 

Let & le in an outer cube %, whose projection on the z,-axis is 
6, and whose plane sections perpendicular te this axis, we denote 
by Q. 


We introduce an auxiliary function 
9 Gis Hie, 2), at points of WU; 
aa () at other points of %. 


Let D be a cubical division of ®,, of norm d. This divides B 
into cells which we denote by 6. It also divides the planes Q into 
cells which we denote by 6’; and the segment 6 into intervals 
which we denote by 6”. 

Let M, M' denote the maxima; and m, m’ the minima of 
9(%, +++ @,) in the cells 8, 8’. Let G, @ be the upper and lower 
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integrals of g in the field B. Let | f(a, + 2,)|<F in Y. Then 
for each e>0, there exists a d, such that 


G—e<Fmb<3M<Gte, d<dy. (3 
B 
Moreover, we note that for each 2, of b, 
sm < fgdQ<=M's. 
g ¥S 2 
Or, since 


m<m! Vi = M, 
/ t 
zmé <fyde = = M6 : 
Multiplying by 8’, and summing over b, we have, since =8! 0’, 
Smd<%8" {<3 MS. 
B 1) age 8 
Making use of 3), this gives 
eS sy ‘el 
G—eEe< ~ 8 J<@ +6 
for any ad <d,.) Lous, by 127, 


gee ffeffco+ 


Or, since ¢ is small at pleasure, 


! e. 4 
a<J fi< <4 ( 
But, by 725, Rite 
ie a(t fl, F=f far 
yf 


Th : = A 
a Sfi<S SJ J< Spat (5 


Let Oy denote the upper content of the frontier points of §.. 


Then Gres - f yaa] < Fy é 
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L 
et h(a.) = fa, for points of t.3 


oman 


=(), for other points of 6. 


Then, by 718, 1; 730, and 6), 


i h(x, de, = jf def gdQ. 
But, by 718, 3, ae 


Ji (a) dai = fia ae, = {ide i. faB. 


In the same way, we show 


Sav, If gdD =f ae, { fa, 


Thus 1) has been proved. 


2. In a similar manner we may demonstrate the following 
theorem. 


Let flay +++ &%,) be limited in the measurable field UX. Let ¥, be the 
projection of Mon the plane x,=0. Leta, be the rectilinear sections 
of U parallel to the x-axis. Then 


Sf aA < fae ae, < fae f faa, Ze if far, 
Sf < fans. faa. < fav, f fda< if far. 


734. 1. As corollaries of 733 we have: 
Let f(x, ++ X,) be integrable in the measurable field X. Then 


St fir f= fae 
= fy0 Jo ft, 


For, in this case, 


Hence the upper and lower integrals of J,and J,are equal. 
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2. Let f(a, +++ ©) be integrable in the measurable field A, as well 
as in each of its plane sections %. Then 


ie fa = jp af fa. 


Lf f is integrable in each of the rectilinear sections a, we also have 
aA = 3 
if Fa ‘je dB Jf ae 


EXAMPLE 


735. Let us find the volume V of the ellipsoid 2, 


By 708, 4, the surface forms a discrete aggregate; hence # has a volume, 


By 702, 2 
v= 4a dy dz 


=) fe fa dz, 


where F is a quadrant of the ellipse 


y? gus ee ee 0<2 a 
pm a Ses 


Hence Vi? 1-5 — x 


fu de = {ay ay 
V2 
=fayi-%-# 
ae 
2 
= pber (1 al 


Thus a 2 
Va moe ( (1 _ “aya = $rabe. 
0 a 


736. Let f(x, ++ &,) be limited and integrable in the measurable 
field UX. Let o>0 be arbitrarily small. Let x, denote the points 


of x, for which >a 
ays — d ; 
Jf dh if $ So 
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Then x, is discrete. If X is complete, the upper content of the 
points where this difference vanishes is %,. A similar theorem holds 


for the differences 5 
J tdx,— Sf fale, 
Me S200 


Sf =a. 
[KL LSS 


The theorem follows now, by 731. 


For, by 784, 1, 


Hence 


737. 1. Let & be a complete measurable field. Let yx, be its pro- 
jection on the x-axis. Let y, be the points of yx, for which the 
corresponding plane sections are measurable. Then \y,=X,- 

A similar relation holds for the prajection X.. 

For, let : : 

Satie F(@1 +++ %m)=1, at frontier points F of W; 


= 0), at other points of Y. 


0=f san= ffs. 


Since 2% is measurable, % is discrete, and hence measurable. 
Hence, by 734, 1, 
0O=}dzr} fds. 
Stef Fa 


Hence, by 731, the points y, at which 


Then, by 702, 


_ fag =0 
J, fas 
have the same upper content as x,. 


2. Let f(x, +++ x,,) be integrable in the measurable complete field I. 
Let y, denote those points of x, for which the integrals over the corre- 
sponding plane sections B, exist. Let Y), denote the points of X, for 
which the integrals over the corresponding rectilinear sections q, exist. 


Then 
" fyate fen fro=fafre, a 
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Let us prove the first half of 1); the other half follows similarly. 


By 734, 1 
ff fa = J de, Sa Fa, 


a J an J, FAR, by 126, 137, 
= J de, if FAB, 
since {Ladl, 


at the points 4. 


Application to Inversion 


738. 1. In 570 we saw that 


Slay f fae 


admits inversion, if f(#, y) is limited in the rectangle R= (aba), 
and continuous except on a finite number of lines parallel to the 
x and y-axes. We can generalize this result as follows: 


Let f(a, y) be limited in the rectangle R=(abaB). Let the points 
of discontinuity A in R be discrete. Let the points of A on any line 
parallel to either axis form a discrete aggregate on that line. Then 


JS ‘ay f fae, Saf Fay 
exist and are equal. 


For, by 719, 2, the double integral 


Jf far 


exists. The theorem now follows from 734, 2. 


2. If the points of discontinuity of f(vy) on any line parallel to 
the x or y-axes do not form a discrete aggregate, we may apply 
the following theorem : 
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Let f(xy) be limited in the rectangle R= (abeB). 
If the points of discontinuity of f in Rh form a diserete aggregate, 
we have 


Siiy f fax = Say f ax = S de {fay = Ste f Fay. 


739. 1. Let f(x, y, 2) be limited in the rectangular parallelopipea 
ie, Dounded.by ther planes i —= 0; 2— 08 —O. = 0, 2 —— Ane oe 
Let it be continuous in R, except at the points of a discrete aggre- 
gate A. Let the points of A on any line or plane parallel to the axes 
be discrete with respect to that line or plane. Then the triple iterated 


integral 
JS de f dy f frye dae 


exists, and admits unrestricted inversion. 


For, 


Sf F(ayzaadkh 


exists by 719, 2. Let P denote a plane section of R parallel to 
the 2, y-plane. Then the double integrals 


JL f(ayz)dP, A<2<B, 


also exist by 719, 2. Hence by 734, 2, 


JS HR = jf ee JS far. 
JS PAP = S'dy f fae = [de fay. 
Medd Ss 


exist, and are equal. In the same way we may treat the four 
other inversions. 


But by 7388, 


Hence, 
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EXAMPLES 
740. 1. Let R=(0101). Let 


J(, y) = 0, for irrational «, or y; 


=- LODE = ; m, n relative prime, and y rational. 
Then - 
J, Samar 
R 


exists by 701, Ex. 1. Its value is easily seen to be 0, by 780. 
We have now : 


§ fix =0, ii fay =0. 
Also ee = 
f Jdx = 0, for irrational y, obviously ; 


= 0 for rational y, by 730. 


1 
{fe = (0), for any 7; 


sod ac 
{au {fax =0. 


On the other hand, ai 1 
{f= for 2 = ™%. 
0 


nu nN 
1 
f fay 
0 


does not exist for rational ~; 7.e. for a point set which is not discrete. 


However , : 
i ‘fay =0 


1 1 
f,faR = f, ase §) Fay; 
which is obviously true. ; r= 


This example illustrates the theorem of 736. 
For, the points # at which =, ’ 4 
fie fras 


Hence 


and therefore 


Hence 


forany x. Hence, by 734, 1, 


are the rational points p/qy whose denominators q < n. 


Remark. Wet R, denote the content of those points of R for which f(xy) = 0 
Obviously R,=0. Hence lim R, = 0. 


o=0 


It would therefore be wrong to infer that 
Cont AX = 0, 


because Cont 4, = 0, 
for any ¢ >0. 
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2. Let R be the rectangle (0101). Let us suppose the codrdinates of its points 
x, y expressed in the dyadic system. Cf.144, We define now a partial aggregate 
9 of Ras follows. Allits points lie on certain lines parallel to the y-axis, viz.v = a, 
where 0<a< 1 is any number having a finite representation. Let a particular 
value of a@ embrace p digits in its representation. Those points of the line =a 
belong to X, whose ordinate is expressed in p digits. Obviously this set of points is 
symmetrical with respect to and y. If the representation of a is not finite, there 
is no point of Yon the line «=a, or ony=a. In any case, there are but a finite 
number of points of 9{ on any line parallel to the « or y-axis. Not so, for lines 
passing through a point of %{, making an angle of 45° with the x-axis. Obviously, 
any little segment of such a line has an infinity of points of 2 in it. Thus % is 
dense. 

Let us define now f(xy) as follows : 


S(xy) =9, for. any point of M1; 


=1, fora point of R not in YF. 


Since the oscillation of f in any cell of R is 1, the double integral 


iL, FaX, does not exist. 
) 


However, 1 1 
f, fae = § fay =1. 


Hence both iterated integrals 


fafa fa fe 


exist and are equal. (Pringsheim.) 


3. In the rectangle R = (0101) let us define another aggregate B as follows. As 
before, the of every point of 8 must have a finite representation. If the repre- 
sentation of @ embraces p digits, all the points of the line « =@ belong to 8 whose 
ordinates are expressed by p or less digits. 

Thus on any given line « = a, are only a finite numwer of points of 8. On the 
contrary, on any little segment of the line y = a, lie an infinity of points of B. It 
the representation of a@ or 6 is not finite, there is no point of $ on the lines x = a, 
or y = 0, as in Ex. 2. 

Let us define f(ay) as in Ex. 2. 


JS(«xy) =0, for any point in 8; 


= 1, for a point of R not in B. 
Then as before, the double integral 


ip JdB does not exist. 
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fi, fae 


does not exist for any y whose representation is finite, since 


1 (ie, 
ih fax = 0, if fde = 1. 


the Jjdy=1, forany a. 


The integral 


On the other hand, 


Hence 1 1 
f, de i fdy=1. — (Prinysheim.) 
4, Let f(xy) be limited in the rectangle R= (0101). Let 
"dy (f(ay)a 
(av Creenae 
exist. The reader might be tempted to conclude that therefore 
fay (fae, ORS a8 <e 0<a<bd<il, 


exists. To show this is not always so, let us set with Du Bois Reymond, 


iG) 3, for rational y ; 
=e, for irrational y. 
Then x 
(fae = (dp for rational y; 
= 05 for irrational y. 
Hence 1 
§, fae =i, for any y; 
and therefore 1 i 
if dy i ‘dee = 1. 
0 0 
On the other hand, 1 b 
§, eu §, fa 0<b<1, 


does not exist, since = 


1 b _ 22 it \ a 
fp dy (fae =, dy {fae =. 


Transformation of the Variables 


RAL Let 
ns Ue diy i: tm) SU = Pmt ihe tm) ad 


be defined over an aggregate Y. These equations may be re- 
garded as defining a transformation 7, which transfers the points 
t= (t, +++ tm) of & to the points w= (ty «+ Up). The points ¢t, u 
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may be regarded as lying in the same space, or in different spaces. 
What we have called the image of % defined by the equation 1), 
may now be regarded as the transformed aggregate of , and 
may be denoted by Up. 


2. If the correspondence between the points of % and Y%p is 
uniform, the equations 1) admit as solutions the one-valued in- 
verse functions 


t= Oh Ae Wp). =: t= On (Uy ae Um)* (2 


The equations 2), regarded as a transformation, convert the 
points of %, back to %. For this reason it is called the inverse 
transformation of T, and denoted by 77. 


8. The transformation 
Uy= hy 11+ Um = tn 


is a special case of 1). As it leaves every point of 9 essentially | 
unaltered, it is called the ¢dentical transformation, and is denoted 
bya: 


4, Let 
ie Ly = (iy Un)s -* Lin = Vm Oy 2 Un (8 


be another transformation defined over 2%, which we denote by U. 
The transformation resulting from the successive application of 7 
and U is called their product, and is denoted by 7'U. The trans- 
formation which is applied first is written first. 

The result of effecting 7, and then its inverse, is to leave every 
point of Y at rest. Hence 7’7'' is the identical transformation ; 


in symbols 1 = 1 


5. If Wp goes over into Lp, on applying U to Xp, we may regard 
Wry as the image of A, afforded by the equations 1), when we con- 
sider the ¢’s as functions of the a’s through the w’s, as given by 3). 


6. The functions ¢, y being one-valued, to any point in % cor- 
responds one point in %p, Xp. Suppose the correspondence between 
Y, Xry is uniform. Then the correspondence between Y%, %, and 
between Xp, Wrz is uniform. 
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For, suppose, for example, that to the point uw of Xp correspond 
two points ¢, t’ of Yt. If now x corresponds to w; to the point z 
will correspond at least the two points ¢, t’. The correspondence 
is thus not uniform between YA, X77 


7, If the functions ¢ have first partial derivatives in , we call 


Gy 96mm 

ot ot 

Fym BC bm) |" 
a(t, os tn) ap, ad 
i Otin 


the determinant of the transformation. 


If the first partial derivatives of the ¢’s are continuous in a 
region #, while the first partial derivatives of the wW’s are con- 
tinuous in a region containing R,, we have, by direct multiplica- 
tion of the determinants J;, J,, and using 430, 5), 


Jay =S p+ Soy 4 


which we may state roughly thus: 


The determinant of the product of two transformations is the prod- 
uct of their determinants. 


742. 1. Let 
Gs Uy b(t, + bn)y 00° Un = bn(ty » tm) (al 


have continuous first partial derivatives in the region Rk, Let the 
correspondence between # and #, be uniform. Let the determi- 
nant of the transformation J;#0 in R. In this case we shall say 
the transformation 7 defined by the equations 1) is regular in R. 


2. Let T be a regular transformation in R. Let t be a point of 
R, to which corresponds the point u. Let E he the imaye of D,(t). 
There exists an n>, such that D,(w) lies in EH. Furthermore, if 
t runs over an inner aggregate UX of R, the ns do not sink below some 
positive number no. 

For, suppose there exists no »>0, such that D,(w) les in Z. 
Then there exists a sequence of points u,, Ug -» which =u, and 
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which do not lie in #. The inverse functions of 1) being one- 
valued and continuous about u, by 443, the image of the above 
points form a sequence ¢,, t,, +++ which =¢. Hence all the ¢, for 
nSsome m lie in D,(¢), and thus Uy, Up41 +++ Must lie in #, which 
is a contradiction. This establishes the first part of the theorem. 
Turning to the second part, suppose 7 = 0 as ¢ runs over Y. Then 
reasoning similar to that of 352 leads at once to a contradiction. 


3. Let T be a regular transformation in the region R. Then Ry 
is a region. Let X be an inner aggregate of R. To inner and 
frontier points of X, correspond respectively inner and frontier 
points of B= Ap, and conversely. 

This is a direct consequence of 2. 

4. If Tis a regular transformation in the region R, T is a regu- 


lar transformation in Ry. The determinant of the inverse transfor- 
mation ws 1 


J p-1=—- 
7-1 ai 


r 
This follows at once from 443 and 741, 4). 


5. Let T be a regular transformation in the region R. Let X be 
an inner aggreyate of R, and let B be its image. If either AX or B 
ts measurable, the other is. If one is discrete, the other is. 

This follows from 4 and 708, 3. 


743. 1. Let 7 be a regular transformation 


Ee “y= $, (4 eee Gas wate ee ees Pin( ty eee ‘m) a 


in the region R. Since Jp+0, not all the derivatives 


og, 


at, 


vanish at any point of R. ‘To fix the ideas, let 


2m 
a cae e 


at a point ¢t, and hence, as it is continuous, in a certain domain 


D;(t) of t. 
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We show now how 7’ can be expressed as the product of two 
special regular transformations. The first transformation we define 
4 
thus : 


Lf 
LT; 5) Uy = ts SO et Casi Un = Pmt ian tm) iG) 
By virtue of 2) this system may be inverted, giving 
t, a a 2 tm—1 = Umi bm = A(u, ae Um) 


Here @ is one-valued, and has continuous first partial deriva. 
tives in a certain domain D,(u). If 6’<6 is taken sufficiently 
small, the image U of D,(¢) lies in D,(w). 

We define the transformation 7, over U by 


T, ea ihe fy (uy Hee Un), stern) Pm-1( Uy pa Um—19), Lm = Uns 


where @ is the above one-valued function of the w’s. 
We see at once that 


T= T; bd Ae 
when ¢ ranges over D,(¢). 
Since 
Jr, = 9m ae 0, 
Ot 
and 


Ip =I 77, #9, 


it follows that J7,#40in UY. Since the correspondence is uniform, 
and the functions ¢, y have continuous first derivatives in the 
respective domains, the two transformations 7), 7, are regular. 


2. Let % be a limited inner aggregate of the region R. We can 
effect a cubical division of the t space of norm d such that for the 
points of X in each cell d,, there exist two transformations T,, 
fae of the type just considered, such that 


T= T,©T,. (4 


For, we can take d so small that not all the first partial deriva- 
tives vanish in any cell. For if they did, reasoning similar to 
that of 264 shows that they must then vanish at some point of A, 
which would require J= 0 at that point. Thus these cubes may 
be taken as the domains D,(t) in 1. By reasoning similar to that 
of 352, we show that the norms y of the domains D,(w) considered 
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in 1 do not sink below some positive number. The same reasoning 
applied to the norms 8 of the D,(¢) above, shows that the norms 6! 
of the above D,(t), are all greater than some positive number. 
Thus if d is taken small enough, the relation 4) will hold in each 
cell containing points of 2. 


744, Let 
the vi bi ot tm)s peel sae bn hy ee tm) 


define a regular transformation of determinant J in the region R. 
Let Z be any inner measurable perfect aggregate of R, and let X be 
tts image. Let f(a, +++ Xm) be continuous in X. Then 


JS em = i |T| falty -» Ebgs d 


For m=1 the relation 1) is easily seen to be true, taking 
account of direction in Y. Let us therefore assume it is correct 
for m— 1, and show it is so for m. Let D be a cubical division of 
the ¢ space, such that in each cell containing points of I the trans- 
formation 7’ can be expressed as the product of two transformations 
vibe U= tis 200 Frnt Un-1) Un = Pn oe PoE 
Ty; Hy = Dy (Myo U1 )s °° Vn = Pm—-1(Uy 0+ Un=19) 5 Ln = Us 
of the type considered in 743. 

Let J,, J, be their determinants. Then 

Sd Fe Bs 


If the relation 1) holds for each of the partial aggregates into 
which & falls after effecting D, it obviously holds in , by 728. 
We may therefore assume, without loss of generality, that the 
same transformations 7’, 7, may be employed throughout %. 

Let the image of X in the uw space be Ul. We have now 


J, faz,» dt, = i diy {E file, + By by 737, 2, 


=f din Soll fi du; +++ du, 4, by hypothesis, 


where },,, $;, are the transformed p,,, $,,, respectively. 
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Since X is measurable, 1 is so, by 742, 5. The same is true of 
$i. Hence, by 787, 2, 


Sits + Aig =f \ Ty] fay + dy 


Applying the transformation 7, to the integral on the right, 
similar considerations show that 


Sy fit, + diy = SV F,|| Ia] Flt, > by 
which is 1). 
Uae ere i SS $1 (t rae PE 009 ir bint ee tm) 
define a regular transformation of determinant J, in the region R. 
To a rectangular division D of norm d of the t-space into cells d,, 
corresponds a division A of norm 6 of the x-space into cells 6,. Let 
T be any inner region of R, and X its image. The cells of A falling 
within % are unmixed, and their contents are 

6, = |J|d,.+e,d,, tin d, qd 

where \e,|<e uniformly, on taking d sufficiently small. 

For, £ being an inner region, to each inner rectangular cell d, 
of , corresponds a measurable cell 6, of ¥ by 742, 5. Hence the 
cells 6, within X are unmixed, limited, perfect, and finite in number 
for any A. 

Since the determinant J is continuous in Z, we can take d) so 
small that in any d, in &, 


IF| = [5,1 + a3 C 


where 7, is any point d,, and 
lo, | < €, 


for any division D of norm <d). 
From 702, 2 and 744, 1), we have for divisions of norm <a), 


Cont 8, = fl dary +++ dain =f |T|dty + dy 
eae af dt, + ty + fopdt, ln, by (2 
a |J,, |. aN EAs 


where le,ice 
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746. 1. Let 
(AS t= p(t, act ys oD = Pin (by sis ti) 


define a regular transformation of determinant J, in a region R. 
Let © be any inner aggregate of R, and let X be its image. Let 
SF (21 +++ m) be limited in X. Then 


Sie ++ Uy AX =f f\J|a&, ‘al 


Sf 1 Big EH = ffl |az. 2 


For, let us effect a cubical division of the ¢-space of norm d. 
To it corresponds a division of X into cells of norm 6. 

Let us consider the integral on the left of 1). Using the cus- 
tomary notation, we have, letting J, denote the value of J at some 


SM8,=SM(\F)+e)d, by 745, 1, 
= 3M |J,\d,+3<,Md,. é 


point in d,, 


But if |f|< F in X, 
|S¢ Md,|<eF(Cont I +¢)=7. (4 
Let us now consider the integral on the right of 1). In the 
cell da Max f'- Min |J|< Max -f|J|<Max f- Max |J|) 
if Max fis positive; while the signs are reversed, if it is negative. 
AY Mi=Max-f|J|, in d,. 
hen MM, = M(\4.| + €!), |e|<e uniformly, 
since the oscillation of Jin any d, is uniformly <e. Thus 
2M d, = 2M,|J,|\d,+ te Md, (5 
where, as in 4), SéMd|<n. (6 
Thus 3), 5) give in connection with 4), 6), 
[2M5,—=M'd|<2n, 


which establishes the relation 1). Similarly we may prove 2). 


TRANSFORMATION OF THE VARIABLES 555 


2. From 1 a great variety of theorems may be deduced by a 
passage to the limit. We note here only the following: 
Let 


Wige OTC eG, a ae Oy (by +++ fy, ) 


be continuous in the measurable agyregate ZX, containing all its 
Frontier points § 3 and regular in any inner measurable aggregate U. 
Let the deierminant of T be limited in Z. Let X, the image of &, 
be measurable also; and let its frontier be the image of ®. Let 
F(@1 +++ Lm) be limited in X. Then 


Sie ty dE = f FT| aR, 


provided either integral exists. 


For, let ¥) be the image of U. Then, by 1, 


Ss= Su 


Let now U=f@, then 9) =X. 


INDEX OF SOME TERMS EMPLOYED 


(Numbers refer to pages.) » 


Addition of inequalities, 23, 55. 
Adjoint, integral, 405. 
Archimedean number systems, 21, 53. 


Branch, 219. 
principal, 138, 189. 
point, 219. 


Cells, 157, 521. 
Content, 352, 513. 
upper, lower, 353, 513. 
Continuity, 208. 
uniform, 215. 
uniform with respect to a line, 388; 
except for certain points, 390. 
uniform in an interval, 388. 
semi-uniform, 431; in general, 431. 
regular in an interval, 431; in gen- 
eral, 431. 
Convergence, absolute (of an integral), 
405, 445. 
normal (of an integral), 433, 437. 
uniform, 199. 
uniform with respect to a line, 388; 
except at certain points, 390. 
Correspondence 1 to 1 or uniform, 133. 
m to n, 133. 
Curve, 221. 
arc of, 221. 
closed, 221. 
multiple points of, 221. 


Derivative of a point aggregate, 162. 
Determinant of a transformation, 549. 


Difference quotient, 222. 
total, 517. 
Differentials, first order, 269. 
higher order, 277. 
Discontinuity, 211. 
finite, 212. 
infinite, 212. 
removable, 212. 

Distance between two points, 149; 
between two point aggregates, 
514. 

Division of an aggregate or space, 157, 
521. 

unmixed, 519. 
Domain, deleted, 154. 
of definition of a function, 120. 
of a point, 153, 195. 
of a variable, 119. 


Evanescent, singular integral, 401. 
uniformly, 201. 
Extreme, of a variable, or rectilinear 
domain, 165, 166. 
isolated, 166. 
point of (functions), 317, 322. 
relative (functions), 329. 


Field of integration, 510, 511. 
Forms, definite, indefinite, semidefinite, 
324, 
Frontier, 124. 
Function, algebraic, 128, 142. 
Beta, 422. 
Cauchy’s, 205. 
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Function, composite, 145. 
decreasing, 152. 
Dirichlet’s, 204. 
Dirichlet’s definition of, 120, 148. 
Gamma, 453. 
implicit, 282, 283. 
increasing, 132. 
integrable, 336, 400, 404, 445, 511. 
inverse, 133, 135. 
iterated, 160. 
limited, 147; in general, 399. 
limited variation, 349, 518. 
monotone, 132. 
primitive, 380. 
totally differentiable, 269. 
transcendental, 125. 
univariant, 132. 


Ideal points, 172, 194. 
numbers, 173. 
Image, of a number, 21, 79. 
of a domain, 146. 
Infinite, function is, 213. 
Infinitary, 313. 
Infinity of a function, 213. 
Integrable (integrand limited), 336, 356, 
511; absolutely, 405. 
(integrand infinite), 400, 404; abso- 
lutely, 405. 
(interval infinite), 445; absolutely, 
445, 
Integrals, adjoint, 405. 
convergent, 400, 445; absolutely, 405, 
445. 
definite, 381. 
Euler’s, 453. 
Fourier’s, 497. 
Fresnel’s, 499. 
generalized, 356, 528. 
improper, 361, 399, 400, 404. 
indefinite, 381. 
iterated, 394, 537, 544. 
lower, 337, 510. 
normally convergent, 433, 487. 
proper, 361. 


INDEX 


Integrals, uniformly convergent, 425, 
465; in general, 465. 
Stoke’s, 463. 
Integration with respect to a parameter, 
394. 
Iteration, 160. 


Jacobian, 297. 


Limits, iterated, 198. 
upper and lower, 205. 
right and left hand, 172. 
unilateral, 172. 

Limited functions, 147. 
integrand, in general, 399. 


Maxima and Minima, isolated, 160. 
of a variable or rectilinear domain, 
165, 166. 
points of (functions), 317, 322. 
relative, 329. 
Mean, law of, 248. 
first theorem of, 366, 417, 459 
535. 
second theorem of, 377, 421, 459. 
value, 167. 
Multipliers, undetermined, 336. 


Norm, of a division, 157, 336, 506 
521. 
of a domain, 153. 
of a vicinity, 155. 
Normal form of a number, 93. 
singular integral, 433, 437. 


Order, of infinities, infinitesim#'s, 318, 
314, 316. 
of a point aggregate, 163. 
Oscillation of a function, 341, 507. 
Oscillatory sum, 341, 507. 


Parameter of an integral, 387. 
Parametric form of a curve, 220. 
Partition, 82. 

Period, 127. 


INDEX 


Points, at infinity, 172, 194. 
frontier, 154. 
limiting, 157; proper, improper, 158 ; 
bilateral, unilateral, 158. 
ideal, 172, 194. 
isolated, 158. 
outer, 154. 
within = inner. 
Point aggregate, complement of, 149. 
complete, 167. 
completed, 522. 
configurations of, 149. 
content of, 352, 518; upper, lower, 
354, 513. 
dense, 167. 
derivative of, 162. 
difference of two, 149. 
discrete, 355, 515. 
distance between, 514. 
finite, 156. 
frontier of, 154. 
limited, 156. 
limiting points of, 157, 158. 
inner, 515. 
isolated, 167. 
measurable, 353, 513. 
outer, 515. 
partial, 148. 
perfect, 167. 
projection of, 524, 525. 
section of; plane, 525; rectilinear, 
525. 
sifted, 521. 
sub, 148. 
sum of, 149. 
union of, 519. 
unmixed, 519. 
Poles, 123, 142. 
Projection of point aggregates, 524, 525. 


Region, 167; complete, 167. 
Regular (integrand limited), 887. 
(integrand infinite), 424. 
in general, or except at certain 
points, 400. 
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Regular (integrand infinite), in gen- 


eral, or except on certain lines, 
494, 437. 

simply, except on certain lines, 
424, 437. 

(interval infinite), 445, 464. 

in general, or except on certain 
points, 445. 

in general, or except on certain 
lines, 465. 

simply, except on certain lines, 
465. 


Rolle’s theorem, 246. 


Scale, of infinities, infinitesimals, 312. 
exponential, 315. 
logarithmic, 314. 
Section plane, rectilinear, 525, 
Sequence, 24, 61. 
convergent, 25. 
decreasing, 68. 
increasing, 68. 
limited, 68. 
monotone, 68. 
partial, 65. 
regular, 35, 62. 
univariant, 68. 
Singular Integrals, relative to finite 
points, 401; ideal point, 447. 
relative to finite lines, 425, 437; 
ideal line, 465. 
evanescent, 401. 
normal, 433, 437. 
uniformly evanescent, 
465. 
Singular Lines, finite, 425, 437; ideal, 
465. 
Singular Points, finite, 399; 
447, 
Species of point aggregates, 345. 
Successive Approximation, method of, 
284. 
System of Numbers, base of, 92. 
dense, 20, 54. 
dyadic, triadic, m-adic, 92. 
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ideal, 
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Total difference quotient, 517. 
Totally differentiable function, 269. 


INDEX 


Variation, of a function, 349. 
functions having limited, 349, 518. 


Transformation, of an aggregate or | Vicinity of a point, 155, 195. 


space, 547. 
inverse, 548. 
determinant of, 549. 


Within an interval, 119; 
sphere, 150. 
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INDEX OF SOME SYMBOLS EMPLOYED 


(Numbers refer to pages.) 


(a, 5), (a*, 5), (a,@), etc. 119. 

D(a), Do(a), Dp*(a), De), etc., 158, 
154, 195. 

V(a), Vp(a), Vp*(a), V(o), etec., 155, 
195. 

Dist (a, 6), 149; Dist (2, B), 514. 

Max, 165; Min, 166. 

Mean, 167. 

Cont, Cont, Cont, 353, 513. 


lim, lim sup, lim, lim inf, 205, 206. 
sgn, 203. 


R, right or right-handed, 155, 172, 206 
L, left or left-handed, 155, 172, 206. 
U, unilateral, 172. 

sae OH (G2, g/l, I )s5, 

>, <, ~, 3138, 314. 
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f ii , 887, 510. 


Sp, Sp, 387; 506. 
Ap, 354, 513. 


%a, Wa, 521. (A general division.) 
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